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PREFACE. 


THE special object of the present work is to meet the 
requirements of the Science and Art Department's Examina- 
tions in the first three stages of Pure Mathematics as set down 
in the Syllabus of the Science Directory. This will account 
for the arrangement of the subject matter. J hope, how- 
ever, that it will be found not unsuitable as a general class- 
book in Elementary Mathematics. 

In the Arithmetical Section my object has been to deduce 
the rules from first principles, avoiding as much as possible 
algebraical considerations. | 

The Geometry consists simply of the first three books 
of Euclid's Elements with exercises, the only point calling 
for remark being the marginal notes. I have found it 
useful in class teaching to put down upon a blackboard 
the chief steps of the proposition—just those points, in fact; 
which it is necessary to retain in the memory ; and to 
encourage the pupil to depend upon himself for supplying 
the connecting links. This skeleton, as it were, of the 
proposition is placed in the margin, with the hope that 
it wil be specially appreciated by many students of the 
industrial classes to whom the language of Euclid is 
ordinarily an insuperable barrier. Particular reference is 
here made to such of those classes as have grown up to 
almost manhood without any mathematical training. 

In the Algebraical.Section of Stage I., the more difficult 
examples are set particularly for the exercise of those 
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students who take up the work of Stage II. without having 
previously used this book for Stage I. 

The amount of Plane Trigonometry included in this 
volume is small, extending only to the solution of triangles 
and the simpler cases of heights and distances. There 
1s, however, sufficient to fully cover the requirements of 
Stage II. of the Government Syllabus, The treatment of the 
"higher parts of Algebra and Plane Trigonometry, as well 
as that of Spherical Trigonometry, is reserved for a second 
volume. | 


E. A. 


LEICESTER, November, 1873. 
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MATHEMATICS. 


FIRST STAGE. 


SECTION I. 


ARITHMETIC. 


CHAPTER I. 


THE FUNDAMENTAL PRINCIPLES AND RULES APPLIED 
TO WHOLE NUMBERS AND DECIMAL FRACTIONS. 


Notation and Numeration. 


1. We learn from elementary books on Arithmetic, that 
figures have a local as well as an intrinsic value, and that 
the local value of a figure increases tenfold, or diminishes 
tenfold, according as its position 1s changed from right to 
left, or from left to right. Thus, commencing with the right 
hand figure of an ordinary number, the respective figures of 
the number stand for units, tens, hundreds, thousands, de. ; 
or, beginning with the left hand figure, which, we will 
suppose, stands for thousands, the respective figures repre- 
sent thousands, hundreds, tens, units. Let us carry this 
principle a little further. Take the figures 68754, and 
suppose that 7 represents 7 units; the question then arises 
as to the number represented by 68754. Now, as 7 is the 
units figure, we have evidently, by the above principle, 6 
hundreds, 8 tens, 7 units; and further, remembering that the 
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local value of a figure decreases tenfold for every remove to 
the right, the 5, on our supposition, must represent 5 tenths, 
and the 4 must represent 4 hundredths. Let us, as is 
usual in numbers thus represented, mark the units' figure by 
placing a dot to the right of it. Thus, 357-2605 will then 
represent 3 hundreds, 5 tens, 7 units, 2 tenths, 6 hundredths, 
5 ten-thousandths ; and to take one other example, 3065, 
where the units’ figure, though not expressed, is actually 0, 
will represent 3 tenths, 6 thousandths, 5 ten-thousandths. 
The dot is called the decimal point, and the digits to the 
right are called decimals, because they represent portions of 
the unit obtained by cutting 1t up into a number of equal 
parts, which is always some power of 10. It may be 
remarked, that 10 is called the first power of 10; 100, 
or 10 x 10, the second power, sometimes written 10?; 
1000, or 10 x 10 x 10, the third power, written 10?, and 
so on. 

To make the subject clear, let us see what the decimals, 
:237, 2370, 0237 respectively represent. Now, the digits 
2, 9, 7, in the first two decimals, are in exactly the same 
position with regard to the decimal point, and the respective 
digits in each have the same absolute value; moreover, the 
cipher affixed to the right of the -decimal :2370, has no 
intrinsic value, and hence the two decimals, 237, and :2370, 
have the same absolute value. And since the reasoning is 
the same, no matter how many ciphers are affixed to the 
right, we get the following important principle :— 

The value of a decimal is not altered by affixing ciphers 
to the right. | 

We will now compare the first and third of our examples, 
namely, the decimals 237 and :0237. The cipher which is 
here prefixed to the left, has again no intrinsic value; but it 
has removed the digits 2, 3, 7, one stage to the right, and 
has, therefore, diminished their local value tenfold. The 
effect of prefixing the cipher, is therefore to diminish the 
absolute value of the decimal tenfold, and as every additional 
cipher so prefixed has a similar effect, we get another funda- 
mental principle, as follows :— 

The value of a decimal is diminished tenfold for every 


cipher prefixed. 
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After the above it is easy to see that we have only to 
remove the decimal point one place to the right or left, in 
order to increase or diminish respectively the value of a 
decimal tenfold. And if we allow the term decimal to in- 
clude numbers which are greater than unity, as 35:721, we 
may extend the principle thus :— 

A decimal may be divided by 10, by removing the dot one 
place to the left; by 100 or 10* by removing the dot two 
places to the left; by 1000 or 10? by removing the dot three 
piaces to the left, and so on ; and further, à decimal may be 
multiplied by 10, 100, 1000, &c., that is, by 10, 102, 105, &c., 
by removing the dot 1, 2, 3, &c., places respectively to the 
right. Thus, 6872:3476 divided by 10, 100, 1000 respec- 
tively, becomes 687:23476, 68:723476, 6:8723476; and mul- 
tiplied by the same becomes 68723: 476, 68723476, 6872347-6 
respectively. 


Addition and Subtraction. 


2, Tf the student has understood the preceding article, he 
will at once perceive that, provided we keep the units’ figure 
under the units’ figure in every case, there is no difference 
between the addition and subtraction of decimals, and the 
addition and subtraction of ordinary integers. All he has to 
take care of is that the decimal points are kept under each 
other. 

Ex. 1.—Add together 325-02, :647, 5:6073, 00214, 290, 
and 47001. Proceeding as in ordinary addition: 


325:02 
647 
5:6073 
00214 
290: ` 
4-7001 
62597654 


Ex. 2.— Take 6:291 from 18-3064. Proceeding as in 
ordinary subtraction: 
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Ex. 3.— Find the difference between 15:02 and 6732. 
15:02 
6732 
14:3468 
Norz.—In an example of this kind, where the number of decimal 
figures in the lower line exceeds the number in the upper, it is ad- 
visable to mentally supply ciphers to make up the deficiency in the 
upper line. This may be done, as we have seen, without altering 
the value of the upper line. 


Multiplieation. 


3. Suppose we have to multiply 2:935 by 6:34, and let us 
suppose the dot in each case removed to the extreme right. 
Then (Art. 1), we have multiplied the number 2:935 by 1000. 
and the number 6:34 by 100, and we have obtained the 
numbers 2933: and 634: respectively. As these numbers are 
integers, we may omit the dot, and write them 2935 and 
634. Now 2935 x 634 = 1860790, but as we increased our 
original numbers one thousand and one hundredfold respec- 
tively, 16 1s evident that our product is increased 1000 x 100, 
or one hundred thousandfold. Dividing, therefore, the 
above result, 1860790 by 100000, or what is the same thing 
(Art. 1), writing it 1869790: and removing the dot 5 places 
to the left, we get for our product of the numbers 2:935 
and 6:34 the result, 18:60790. We may remark that the 
number of decimal figures in the product, namely, 5, is the 
sum of the numbers of decimalfiguresin the twogivennumbers. 

We have, therefore, the following rule for multiplication :— 
Multiply the given numbers exactly as integers, regardless 
of the decimal points, and after the operation is finished, 
point off as many decimal figures in the product as there 
are together in the multiplier and multiplicand. 


Ex. l.— Mulüvly 6°35 by 1703. 
:1703 
6:35 
8515 
5109 
10218 
1081405 


DIVISION. 13 


Now, the number of decimal figures in the multiplier and 
multiplieand together, is (4 4 2), or 6, and therefore we 
mark off 6 decimal figures in our product. This gives us 
1:081405. | 


Ex. 2.—Multiply.:0063, by :017. 
; :0063 
441 
63 
1071 
And pointing off (4 + 3), or 7 decimal figures, we obtain for 
our product :0001071. 


Division. 

4. Suppose we have to divide ‘76875 by 6:25, We will 
proceed as in the case of multiplication, by imagining the 
decimal points in each number removed to the extreme right. 
The numbers will then be 76875, and 625', or, omitting the 
dot, as they are now integers, they will be 76875, and 625. 

Proceed now as in ordinary division (which operation it is 
unnecessary to explain), and we get for our quotient 123. 

Now we must remember that we have increased our divi- : 
dend 100,000 or 10°-fold, and that, consequently, our quotient 
will require to be diminished 10°-fold. This is done (Art. 1) 
by removing the dot of the number 123: five places to the 
left. But, before doing that, we know that the divisor has 
been increased 100 or 10%fold, and on this account our 
quotient must be increased 10%fold. This is done (Art. 1) 
by removing the dot two places to the right. Hence, to get 
the true quotient of 76875 by 6:25, we must remove the dot 
from the extreme right of the number 123-, five minus two, 
or three places to the left. Now three is the excess of the 
number of decimal figures in the dividend over the number 
in the divisor. We hence arrive at the following rule :— 

Proceed as in ordinary division, and when all the figures 
of the dividend have been brought down, aud the remainder, 
if any, obtained; cut off as many decimal figures in the 
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quotient, as the number of decimal figures in the dividend 
exceeds the number in the divisor. 


Norz.— When the number of decimal figures in the dividend is less 
than the number in the divisor, affix a sufficient number of ciphers 
to make the number of decimals in the dividend equal to the number 
in the divisor. After finishing the operation of ordinary division, 
there will be no decimal figures to cut off in the quotient. If there 
be a remainder, and the division carried on further, by affixing 
ciphers to the successive remainders, all the quotient figures thus 
obtained will be decimals. 


Ex. 1.—Divide 117:85088 by 6:272. 
6:272)117:85088(1879 
6272 


55130 

; 50176 
4 49548 
| 43904 
56448 
56448 


We see that there are five decimal figures in the dividend, 
and three in the divisor, and so we cut off (5 —3) or 2 in 
the quotient. The answer is therefore 18-79. 


Ex. 2.— Divide 527:2 by :0008. 


Here it wil be necessary to affix three ciphers to the 
dividend, and the operation will stand thus— 


-0008)527:2000 
659000 


As there is no remainder, and the number of decimal 
figures in the dividend is equal to that in the divisor, we 
have none to cut off. The answer is therefore 659000. 


Ex. 3.— Divide 463-7 by 2-769 to four places of decimals. 


Here we must affix two ciphers to the dividend, and the 
operation, as far as the ordinary remainder of long division, 
stands thus :— 


DIVISION. 15 


2°769)463-700(167 
2769 
18680 
16614 
20660 
19383 


1277 


The quotient up to this point is integral; but, as we have 
a remainder, we must continue the operation of division, 
first placing a dot at the right of the figures in the quotient, 
and affixing a cipher to the present and each successive re- 
mainder, until we have the requisite number of decimals in 
the quotient. By thus proceeding, it is easy to see we 
arrive at an answer—167:4611. 


Ex. I. 


1. Increase the numbers 4:523, 29, :02367, :07 respectively 
10, 100, 1,000, 10,000-fold. 


2. Divide by inspection the numbers 0:05, 1111, 4:0020, 
45 respectively by 100, 10,000, 1,000, 10. 


9. Express in words 3467, 34:67, 0003467, 9:467 ; and 
compare the values of the last three with the first. 


4. Add together— f 
(1.) 6:732, 14:9, -0064, 14:27006. 
(2.) 00291, 291, 29, 29100°9. 
(3.) 821, 29:60, 29:6, 0029. 


5. By how much does 5 exceed 42763, and 16:021 exceed 
12570009? 


6. Find the value of— 
(I.) 74:25 + 0067 — 3:0298 + 1:032 — 2:73. 
(2.) 3:276 — 8:2409 + 10:0326 — :00091. 
(3.) 2-5 — 00029 — 7:364 + 5:2791. | 


7. What number added to four thousandths will give three 
hundredths, and what number subtracted from 8,000 units 
will give 291 units 29 hundredths? 


16 ARITHMETIC. 


8. Find value of— 
(I.) 3 x 3. (2.) 9:001 x 27:06. (3.) 0:403 x :009. 
(4.) 17 x :017 x 100. (5.) 3 x :005 x 64. 
(6. (4)? x (032). 
9. Find the quotient of— 
(J.) 79:4 by 397. (2.) 5:928 by 4742-4. (3.) 28 
by :007. (4) :6426 by 2:83. (5. (24) by 96. 
(6.) 1:806 by (1:9). 
10. Given the quotient :00073, the dividend 124:1, find 
the divisor when there 1s no remainder. 
11. What is the value of— 
(1.) 12 - :8151 + 1:201 + 039 — 002? 
(2.) 1(693)? — (3071 + 1:693 — 30717 
12. If I add :061 to a certain number, and then divide 
the result by 290, I get 0009 for a quotient ; what is the 
number ? 


CHAPTER II. . 
THE TREATMENT OF FRACTIONS CONSIDERED AS RATIOS. 


5. A Fraction is a part or parts of a whole. It is gener- 
ally expressed by two numbers, the one placed above the 
other and separated by a line. The lower number expresses 
the number of equal parts into which the whole quantity has 
been divided, and the upper number, how many of those 
parts are taken. Thus 2 is a fraction, and tells us that 
unity has been divided into 5 equal parts, and that we have 
taken 3 of those parts. The fraction 3 is read three fifths ; 
each of the equal parts into which unity has been divided 
being called a fifth. | 

The denominator of a fraction is the lower number, and 
therefore shows the number of equal parts into which we 
have divided the unit. 

The numerator is the upper number, and tells us how 
many of these equal parts are taken. 

When the numerator is less than the denominator, the 
quantity expressed is actually less than a whole. The 
quantity is therefore a real or proper fraction. Again, when 
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the numerator and denominator are both integral numbers, 
the fraction is termed a simple fraction. 


Thus 3, z, 19, are both proper and simple fractions. 


It is however usual. to include in the term fraction every 
expression which contains one or more simple fractions, with 
or without integral numbers. 


3 35 41. of 3 of SCH are all included 


Thus 2, 4, 42, 61, — 
3?) 12 5 7 2) H 11? 
ay 7 1 


a | 


in the term fraction. 


They are, moreover, called vulgar fractions to distinguish 
them from decimals, which, as will be shown further on, 
may be looked upon as fractions, according to the above 
definition, whose denominators are powers of 10, and not 
expressed but understood. 

It is convenient to classify fractions as follows :— 

(1.) A proper fraction is one whose numerator is less than 


its denominator, as 2, 2, 12, . 
(2.) An improper fraction is one whose numerator is not 


° ° 54 l 
less than its denominator, as 2, 8, 12, 
21 l 


(3.) A simple fr action is one whose numerator and denom- 
inator are both integral numbers, as 5, 2, 4&. 

(4.) A mixed number is a fraction expressed by an integer 
and a simple fraction, as 21, 42, 35. 

(5.) A complex fraction has its numerator, or denominator, 
3 24 5 
51 65 11 
(6.) A. compound fraction is a fraction of a quantity which 


or both, in a fr actional form, as 


is itself fractional, as š of 21, 21 of 6 41- of ES 


(+ 

6. In the preceding article we have spoken of fractions in 
the ordinary way. We will now approach them from a 
different point of view. 

By the term ratio we understand the result of the com- 
parison of two quantities with regard to magnitude. There 
are two kinds of ratios—ratio by difference or subtraction, 

d—I. B 
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and ratio by quotient or division. Thus we may consider 
how much one quantity exceeds another, or we may consider 
how many times one quantity contains another. The former 
kind is called the arithmetical ratio, and the latter the 
geometrical ratio. We shall speak only of the latter. 

DErINITION.—The ratio between two quantities is that 
multiple, part, or parts which the former is of the latter. 

It is evident that a ratio can exist only between quantities 
of the same kind ; thus, we may compare 12 horses and 6 
horses, but not 9 men and 4 miles. And if the quantities 
are reduced to the same denomination, we may treat the 
quantities as abstract, just as we find the quotient of one 
concrete quantity by another, by reducing them both to the 
same denomination, and dividing as if they were abstract 
quantities. 

Now, according to what has been stated above, the ratio of 
12 to 7, or, as it is usually written, 12 : 7, is obtained by 
dividing 12 by 7 ; and thisis the same thing as dividing unity 
or l into 7 equal parts, and computing how much 12 of such 
parts amount to. It hence follows that the fraction 12 is 
properly expressed by the ratio 12: 7. 

The first term of a ratio is called the antecedent, and the 
second is called the consequent; and hence we may consider 
a fraction as a ratio, the numerator being the antecedent of 
the ratio, and the denominator the consequent. 

When the antecedent is equal to the consequent, the ratio 
is said to be a ratio of equality ; and it is said to be a ratio 
of less or greater inequality according as the antecedent is less 
or greater than the consequent. 


Thus, 6 : 6 1s a ratio of equality. 
3: 4 is a ratio of less inequality. 
11:9 is a ratio of greater inequality. 

The student will therefore have no difficulty in assenting 
to the following definitions :— 

(1.) A proper fraction is a ratio of less inequality. 

(2) An improper fraction is a ratio of equality or of 
greater inequality. 

(3.) A simple fraction is a ratio whose terms are integers. 


Thus, 3 = 3:5 is a simple fraction. 
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(4.) A mixed number is a ratio of greater inequality, whose 
antecedent has been actually divided by its consequent, and 
the result expressed as an integer and simple fraction. 


Thus 23 = 17 = 17 : T. 


(5.) A complex fraction is a ratio, whose antecedent, or 
consequent, or both, are not integers. 
PTE 5 
are complex fractions. 


Thus, = respectively to 31 : 12, 2: 76, 91:5 


(6.) A compound fraction is an expression containing two 
or more ratios to be compounded together. 


Thus 4 of 


compounded ; 


contains the ratios 3:4 and 7:9 to be 


DO op 


Los. x | | | 
* of 61 of CR contains the ratios 21:7, 
3:61, 71:9 to be compounded. | 


7. A fraction whose numerator and denominator are mul- 
tiplied or divided by the same quantity is not altered in value. 

Suppose, for example, we multiply the numerator and de- 
nominator of the fraction š each by 4, we get 3 = 12. Now 
the ratio of 3 : 7 is, from the definition of a ratio, four times 
as small as the ratio (3 x 4): 7 or 12: 7; and the ratio 12: 7 
is, for the same reason, four times as great as the ratio 
12: (7 x 4) or 12: 28. It therefore follows that the ratio 
3 : 7 is exactly equal to the ratio 12 : 28, and consequently 


3 — 12 


7 — TE 

Again, suppose we divided each term of the fraction 15 by 3, 
weget1$—8. Now the ratio of 15: 27 is, from the definition 
of a ratio, three times as great as the ratio (15 + 3) : 27 or 
5:27; and, again, the ratio 5 : 27 is three times as small as 
the ratio 5: (27 3) or 5:9. It therefore follows that the 
ratio 15 ; 27 = the ratio 5 : 9, and consequently 12 = 8. 

Cor.—An integer may be expressed as a fraction with any 
given denominator. | 

For we may consider an integer as a ratio whose conse: 


quent is l, and we may multiply each term of this ratio by 
any given number without altering its value. 
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Thus—6 = $ = BEI = 42, 
1 1 X 7 7 

Or, )).. ue us 
1 X 9 9 


8. To multiply a fraction by a whole number, we may 
either multiply the numerator by the number, or divide the 
denominator by it. 


Ex. 


x 9 = 8*2 = 24; or we may proceed thus— 


9 

Ka 3 = * = 9. 

973 3 

As to the first method— 
The ratio 8 : 9 will be evidently increased three times if 
we multiply its.antecedent by 3; this follows from the defi- 
nition of a ratio. We thus get the ratio (8 x 3): 90r 24 : 9. 


It therefore follows that 8 x 3 = 


Cla D 


As to the second method — 

The ratio 8 ` 9 will be evidently increased three times if 
sve make the consequent three times as small; and we thus 
get the dee 8. (9 + 3) or 8:3; and hence it follows that 
E E 

It may be remarked that the two results, 24 and 8, are of 
exactly the same value (Art. 7), since the latter may be ob- 
tained from the former .by dividing each of its terms by 3. 

In actual practice we :sometimes pursue the first method, 
-and sometimes the second. If the denominator.of the given 
‘fraction contains the multiplier as a factor, it is more con- 
venient to use the second method, thus :— 


dol x Ə =—- 11 = 11 
1.2 12 — 3 4 


On the other hand, when the denominator does not contain 
the multiplier.as a factor, we use the first method, thus :— 


(1) 2 . x D = RB = 35, 
(2.) ; ° x 10 = 2% 19, 


“Here we see that the numerator and denominator have a 
common factor 5, and therefore, by Art. 7, if we divide them 
both by it, we have: 


esc ds DU dur. i 
% x 10 = 5 


`~ 


0 
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9. To divide a: fraction by a whole number, we may either 
multiply the denominator by the number, or we may divide 
the numerator by it. 


Ex. Divide 12 by 4. 


We may proceed thus, (I.) 17 + 4 = HH = Pz. 
e z SCH 12 4 2425 
(2. ) 17 i 4 — 17X4 — $8 


As to the first method. 

The ratio of 12 : 17 will evidently be diminished 4 times 
1f we divide its antecedent 12 by 4. We thus get the 
"on (12 + Pd 17 or 3:17; and it therefore follows that 

2 4 = 
As to the. PP... method— 

The ratio of 12:17 can also be diminished 4 times by 
increasing its consequent or divisor 4 times, so that we thus 
get [oes ratio 5 d x 4) or 12:68. It therefore follows 
that 3 + 4= 

It may be but as in Art. 8, that the two results, 53, 
and 12, have exactly the same value, for the latter can be 
obtained from the former by multiplying each of its terms by 
4 (see Art. 7). | | 

And again, in actual practice, we usually take the first 
inethod when the numerator contains the divisor as a factor, 
but not otherwise. Thus— 


1.) + 8 + 6 = 1876 = 8. 
( LS = de 
(4) 11 D Lt e. 
13 * 13X5 6 5° 
(3.) 18 2 82.12. 
pu 17X8 


Here it is convenient to divide the numerator and denomi- 
nator by the common factor 4 (Art. 7). 


We then have 12 + 8 = 7 ETE 


17X(8—a) ^ 17X2 3 <° 


10. To reduce a mixed number to an improper fraction. 
Looking at our definition of a mixed number (Art. 6), the 
following rule is evident: 

Multiply the integral part by the denominator of the 
fractional part, and add in the numerator ; this gives the 
required numerator, and the denominator of the fractional 
part is the required denominator, 
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Ex.— Reduce 52, 72 to improper fractions. 


(1.) 52 = — ¿Lota Sar 

d = xl ¿= 38 

cn i D: 
11. To reduce a complex fraction to its equivalent simple 
fraction. Before stating a rule, let us take an example. 


SR 
Suppose we have to reduce m to an equivalent simple 


fraction. 
1 3X5>+1 16 
— — EN > DR — —. 
Now, by the last Art., 53 mas 


9 
Again, the ratio 46 : 47 will not be altered in value if we 
multiply both its terms by thesame quantity. Let us multiply 
them by 9 and it becomes 16 x 9: V x 9. Now, by Art. 
8, 5 x 9 = 152% and $ x 9 = Atos - 47. Theratio 
ie becomes 19*9 : 47, We will. again pu the terms 
of this ratio by the same Ie viz by 5, and we get the 
ratio Lee x 5:47 x 5. Now, by Art. 8, L x Ó = 

169 = 18% = 16 x 9. Hence the ratio 18 : % is equi- 


valent EN ratio 16 x 9: 47 x 5, iud hence the 


16X9. 


16 
E C 
fraction 5 


Now 16 and 9 are called the extreme terms of the complex 


fraction = and 5 and 47 are called its mean terms. 
9 

We arrive then at the following rule :— 

RuLe.—Bring the numerator and denominator to the form 
of simple fractions, then multiply together the extreme terms 
for a new numerator, and the mean terms for a new denomi- 
nator. 


l 7X 5 +1 36 
— — 5 — 36 X 9 324 — 339, 
Thus, 2; ° 9 +1 19 5X 19 29 95 
9 9 


12. To reduce a compound fraction to its equivalent 
simple fraction. 

Let it be required to find the simple fraction equivalent 
to the compound fraction 3 of 5. 
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PE 


Now 2 of £ is the ratio 3:4, where the unit of this ratio 
is 5 Iti 18 therefore, from the definition of ratio, equal to 3 
times this unit divided by 4. 

Now 3 times $ = $ x 3 = 24 (Art. 8), 


And. times ) + 4 = 4 ed 9x3 = 
Hence we arrive at the 5 


240k 58:3 55 
—— 4 


E. 
D 


x 
X 7 
And in the same way we might show that 
3 of 4 of 2 of 11 = Traxx, 
Hence the rule :— i 


Rurgzg.—Maultiply together the 11 numerators for a 


new numerator, and the several denominators for a new 
denominator. 


Ex. 9j of 27 of 6 = 2%8tı of 2X21 of $ 


25 of 3 of $ — 25X5X6 
8 *X2X1 


Ex. II. 


1. Reduce the following to improper fractions— 
34, 43, 10045, 5512 1998, 1184. 


17? 


2. Reduce the integer 19 to sixths, tenths, thirteenths, 
eighteenths, nineteenths, and twentieths. 


3. Bring the following fractions to integers, and reduce 


them respectively to fourths, sixths, eighths, tenths, twelfths, 
and fourteenths— 


1 ES 1331 27 70 
3) Eo d 5“ 


4. Multiply the following — each by 10, 11, 12— 
$, To Ye 13, 74, 34. 
5. By how much does 8 times the fraction 2? exceed the 
quotient of % by 3? | 
6. Divide the following fractions each by 6, 7, 18— 
37, 1$, 13, 9455, 1034, 118. 
7. Diminish the following ratios respectively 6, 7, 8-fold— 
12:5, 9435 : 4, 97:22, 
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8. Simplify the D 


NV of 13. (2.) z of 12 of 11 of 4. 
(3.) Fr Of 32 of 3 of 13. (4.) 42 of 2 of 14 of 12, 
of $ of 3. (5.) 21 of š of Í} o of 42, 
9. Reduce to simple fractions— 
11 22 52 of 61 21 29 of A „ p02 e 
„„ 3 a TE . s 
72 * SC did 91 of di ` 44 SES 


9 
12. Add the sum of the fractions 3 d to their 
difference, 


13. To reduce a fraction to its lowest terms. 

Derr. A fraction is in its lowest terms when its numerator 
and denominator have no common factor, or are prime to 
each other. (Among such common factors, we include either 
the numerator or denominator itself, when one of them 
happens to be a divisor of the other.) 

When the numerator and denominator have a common 
factor, we may divide them both by it (Art. 7) without 
altering the value of the fraction. Now, the highest common 
factor of two or more numbers is called their greatest common 
measure, usually written G. C. M. 

Hence we have the following rule :— 

RULE.— To reduce a fraction to its lowest terms, divide 
the numerator and denominator by their G.C. M. 


Ex.— Reduce 24 to its lowest terms. 
We can easily see that 12 is the G. C. M. of 24 and 84; 
hence, dividing each by 12, we get— 


24 = 24-12 — 2, the fraction required. 
84 84 — 12 


14. It is not, however, always easy to tell by inspection 
ihe G.C.M. ; but, before giving a general method for deter- 
mining it, it will be useful to make a few remarks as to the 
divisibility of numbers in certain cases. 


m 
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A number is divisible as follows: 

By 2, when it is even. 

By 3, when the sum of its digits is divisible by 8. 

By 4, when the number formed by the last two figures 1s 
divisible by 4. 

By 5, when it ends in 5 or 0. 

By 6, when it is even, and is also divisible by 3. 

By 8, when the number formed by the last three figures 1s 
divisible by 8. 

By 9, when the sum of its digits i is divisible by 9. 

By 10, when it ends in 0. 

By 11, when the sum of the digits in the odd places (that 
is, the sum of the Ist, 3rd, 5th, Kc.) i is equal to the sum of 
the digits in the even places, or the one exceeds the other by 
a multiple of 11. 

By 12, when the number formed by its last two figures 1s 
divisible by 4, and the sum of its digits is a multiple of 3. 


We may add also :— 

(1.) A number is divisible by 37, when it is composed of 
digits which are repeated three times, or any multiple of 
three times, as 111, 333, 444444, &c. 

(2.) A number which has three figures repeated in tlre 
same order 1s divisible by 7, 11, 13. 

Thus 271271, 165165, 23023 are divisible by 7, 11, and 
13; for the last may be written 023023. 

(9.) A number which has four figures repeated in the same 
order is divisible by 73 and 137. 

Thus 53245324, 2760276 are both divisible by 73 and 137; 
tor the last may be written 02760276. 

Hence a fraction may often then be reduced to its lowest 
terms by gradually striking out factors determined by in- 
spection. 


Ex.—Reduce 722, to its lowest terms. 


Now 792 and 2244 are each divisible by 4, for the num- 
bers 92 and 44, which are formed by the last two figures of 
each, are evidently so. Hence, dividing numerator and de- 


nominator by 4, we have 92 = rorta = 198. each 
` 2244 2244 —4 561 7 

is evidently divisible by 3. Hence ee = 1983 = 068. 

: i 224 561 + 3 187 ? 
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and each is now evidently divisible by 11. Hence 
.292 — 66 — 11 — D, 
2244 187 — 11 17 


REMARK.—It may sometimes happen that, although we are able to 
tell by inspection some of the factors of numerator and denominator, 
none of them are common to both numerator and denominator. We 
cannot then strike them out, but we may use them to determine 
what would be left supposing they are struck out, and we may thus 
often come upon the G.C. M. of both numerator and denominator. 


Ex.— Reduce 4, to its lowest terms. 


Now 474 is even, and therefore divisible by 2; thus 
474 + 2 = 237. Again, 2133 1s divisible by 9, for the sum 
of its digits, viz., (2 + 1 + 3 + 3) or 9 is so divisible; thus, 
2133 +9 = 237. 

We have thus learned that, although 2 and 9 are not com- 
mon factors, 237 is a common factor, and, in fact, the 
G.C.M. Dividing the numerator and denominator of the 


given fraction by 237, we get 474 = 4114231 = 2. 
2133 2133 F 237 9 


We proceed now to give the general method of determin- 
ing the G.C. M. 

15. To find the G.C.M. of two numbers. 

Rurr.—Divide the greater number by the less, and if there 
be no remainder, the less is the G. C. M.; but if there be a 
remainder, make a divisor of this remainder, and a dividend 
of the first divisor ; if there be a remainder again, make a 
divisor of it, and a dividend of the preceding divisor, and so 
on until there be no remainder. The last divisor will be the 


G.C. M. 
Ex.—Find the G.C.M. of 282 and 799, 


The operation will stand thus— 


282)799(2 or thus— 282 | 799 | 2 
564 564 
235)282(1 235 | 282 | 1 

235 235 
-47)235(5 47 | 235 | 5 
235 235 | 


The G. C. M. is therefore 47. 
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The reason of this rule is easy tosee. 47 divides 235, and 
it therefore divides 235 + 47 or 282. Hence it isa common 
divisor of 282 and 235, and itis therefore a common divisor 
of 282 and 282 x 2 + 235 orof 282 and 799. 

It is, moreover, the highest common divisor; for every 
number which divides 799 and 282 must also divide 799 — 
282 x 2 or 235; and hence every number which is a measure 
of 799 and 282 is also a measure of 235 and 282. Similarly, 
every number which divides 235 and 282 will also divide 
282 — 235 or 47, and hence every measure of 799 and 282 is 
a measure of 47. But no higher number than 47 can divide 
47, and therefore 47 is the G.C.M of 799 and 282. 


16. It is now easy to see GES any fraction may be reduced 
to 1ts lowest terms. 


Ex.— Reduce 148 to its lowest terms. 


148 | 703 | 4 Hence 37 is the G.C.M, and dividing 
592 numerator and denominator by 1t, we get 
111 | 148 | 1 | 103 = Yw 
111 
37 | 111 | 3 
111 


17. To find the G. C. M. of more than two numbers. 
The following rule needs no explanation 


RULE.— Find the G. C. M. of any two of the numbers, then 
the G.C.M. of this result and the third number, and so on. 
The last result will be the G.C. M. required. 


Ex.— Find the G. C. M. of 282, 987, 658, 1128. 
The operation will stand thus— 


982 | 987 141 | 658 | 4 47 11198 | 24 
846 564 94 
141 282 2 94 | 141 1 188 
282 94 188 
| 47 94 2 SE 
94 , 


Hence the G.C.M. is 47. 
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Ex. IIL. 


1. Resolve into prime factors 44, 64, 150, 252, 1969, 462, 

2. Find the prime factor of 1386, 1720, 4608, 21175, 
15972, 14256. 

3. A number is said to be a perfect number when it is 
equal to the sum of its aliquot parts. Show that the follow- 
ing are each perfect numbers—6, 28, 496, 8128. 

4. Show that 284 and 220 are a pair of amicable numbers; 
that is, such & pair that each is equal to the sum of the 
divisors of the other, unity being here counted as a divisor. 

5. Reduce, by inspection, to their lowest terms; the follow- 
ing fractions : 


6. Find the G.C.M. of 
(1.) 304, 323. (2.) 413, 448. (3.) 377, 533. (J.) 1866, 
2832. (5.) 1189, 1517. (6.) 4374, 5103. (.) 168, 
378, 602. (S.) 539, 616, 792. (9.) 780, 1092, 2145. 


7. Reduce to their lowest terms the following fractions— 
(1 ) 975 952 702 2068 1392 1555 
16259 1224? 2574) 6721? 19,72? 2799 
(2 ) 1226 474 1053 194 1302 1599 
18397 5539 12159 17469 1344? 2106% 
8. Show, without applying the rule for the G.C.M., that 
344 — 225423 — 93 
3344 = 4% and that 335433 = 33. 


9. It rains in a certain district 634 days out of every 
2,219; express this fact in the simplest way possible. 

10. Out of 1,659 men engaged in a battle, only 1,185 
answered the roll-call in the evening ; ; express by a ratio in 
its simplest terms the number missing in velation to the 
whole. 

11. There are 40 numbers less than 100, and prime to it; 
what are they? 

12. A, D, C can do a piece of work respectively in 318, 
477, (95 hours; express the relative value of A, B, C as 
workmen by the simplest integral numbers possible. 
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The Least Common Multiple. 


18. It is often necessary to express fractions as equivalent 
fractions, having a common denominator; and it is, more- 
over, convenient.to have this denominator as small as possible. 
Now, there are always an infinite number of numbers which 
will contain each of the given denominators as a factor, and 
our problem is therefore to obtain the least of such numbers. 

Der.—The least common multiple (L.C.M.) of two or 
more numbers is the least number which contains each of 
the given numbers exactly. 

RuLE.—Arrange the numbers in a line, putting one of 
them as a divisor. Strike out the greatest factor common to 
this divisor, and each of the numbers separately, and place 
the several quotients in the line below; at the same time 
bring down every number prime to the divisor. Repeat the 
operation upon the second line, and so on until we have a 
line of numbers prime to each other. Multiply the several 
divisors and the numbers in the lowest line together, and 
their continued product will be the least common multiple, 

Ex. 1.—Find the L.C.M. of 12, 16, 36, 45, 60. 

36 | 12, 16, 36, 45, 60 
5 1, 4, 1, 5, 5 
| 4, l, 1 
Hence the L.C.M. is 36 x 5 x 4 = 720, 
Ex. 2.—Find the L.C.M. of 15, 21, 60, 84, 140. 


60 | 15, 21, 60, 84, 140 


Ko eod s 
I, l, 1 

Hence the L.C.M. is 60 x 7 = 420. 
. 19. Reduction of fractions to equivalent fractions having 

the least common denominator. 

It is evident that the least common denominator cannot be 
2, less number than the L.C.M., and therefore the following 
rule needs no explanation :— 

RuLk.— Divide the L. C. M. of the given denominators by 
each denominator in turn, and multiply the corresponding 
numerator by the quotient. The product thus obtained is 
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the new numerator, and the L.C.M. is the least common 
denominator. ' 

Ex. 1.—Reduce 2, 45,, 2, 14 to equivalent fractions, having 
the least common denominator. 


12 | 3, 12, 8, 10 
e Ps DECHE 
. The L.C.M. is 12 x 2x 5 = 120. 
Dividing 120 by the respective denominators, we get as 


quotients 40, 10, 15, 12; and hence the given fractions 
become 


Ex. 9. Reduce to their least common denominator the fol- 
lowing :—4}, 13, 28, 33. 
poa 18, 45, 63 Hence the L.C.M. is 45 x 2 x 7 
2! 2 25 ac 1, GE. = 630. 
— 1, 1, 7 


Dividing 630 by the respective denominators, we get for 
quotients 21, 35, 14, 10. Hence the required fractions are 


11 X 21, 13 uM „ 29 X 10; Or 231, 455, 728, 290, 
630 630 63 630 7 630^ 630” 630 630 


Nore 1.—The operation of dividing the L.C. M. of the denominators 
is often simplified by using the L.C. M. in its factorial form. Thus, 
in our present example, the L. C. M. is 45 x 2x 7. Now it is easy 
to see that the quotient of this by 30 or 3 x 2x 5 is 3 x 7 or 21, and 
that the quotient by 18 or 9 x 2185 x 7 or 35, and soon. We thus 
avoid the process of long division. 

NorE 2.—It is sometimes necessary, and generally advisable, espe- 
cially for beginners, to reduce the given fractions to their lowest 
terms before applying the rule for the least common on 
Thus, the least common denominator of the fractions 2, J, 11, taken 
as they are, is 60; whereas, if we reduce the second fraction to its 
lowest terms by striking out the factor 3, common to both numerator 
and denominator, the fractions become 2. 3 2, EE and the least common 
denominator is 20. If, however, the denominator of any such frac- 
tion not in its lowest terms is contained in the L.C.M. of the deno- 
minators, when the fractions are all in their lowest terms, 1t is unne- 
cessary to reduce the fraction to its lowest terms. 

We strongly recommend the beginner, however, to always com- 
mence by reducing the given fractions to their lowest terms. 
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Ex. IV. 
]. Find the L.C.M. of— 
(I.) 2, 6, 8, 12. (2.) 4, 9, 10, 14. (3.) 15, 21, 40 
5 


(4) 12, 20, 35, 126. (5.) 39, 65, 52, 140. 
(6.) 37, 60, 222, 225. 


2. Reduce to their least common denominator— 


(1.) 3, 2, s 11 (2.) 2, 45 13 11 (3.) 4 2. LL 

° 49 59 15? 20° es |^ 12) 28? 21° : 39 9? 12? 

13 l 4 1 ( ) 3 7 3838 175 

14 Kä 3) 20? 7° 5. 4) 169 1625 360° 
(6.) Ing. 19. Cou 
126» 153? 289° 


9. A can run round a ring in three minutes, D in four 
minutes, and C in six minutes, and they start together. In 


how many minutes will they all be again at the starting 
point ? 


^ * A z 1 5 1 a œ = 
4. Arrange the fractions yx, +k, $8, 41, in order of mag 
nitude. 


9. Multiply the greatest of the fractions 22, 233, 355 by 
339. 


6. Divide the least of the fractions 45, +, 12, by 6. 


7. Reduce to a simple fraction the complex fraction having 


the greater of the fractions 3, 3 in the numerator, and the 
less in the denominator. 


8. Which of the fractions 1, A, is nearer to 1 


E) bo d: 
toas lav wi" 


9. Show that E 1s less than 
3 
10. Arrange in order of uude the following :— 
43 of + 11 of 3 11 
“Gy II oF 29’ 13 oF Y 
11. Show that. nine times the less of the fractions 1$, x 


— 


li 


Oba 
o3 
"ek 


ei 
T 


is eight times the greater. 


12. Show that the ratio 18 : 7 is a ratio of greater in- 
equality than the ratio 41 : 16. 


Addition of Fractions. 


20. We have shown (Art. 6) that the numerator and deno- 
minator respectively represent the antecedent and consequent 
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of a ratio; and it is evident from the definition of a ratio 
(Art. 6) that the sum of two ratios having the same conse- 
quent is equal to a ratio whose antecedent is the sum of the 
given antecedents, and whose consequent is unaltered. Hence 
we have the following rule for addition of fractions— 

RuLe.—Bring the given fractions to their least common 
denominator, add together the numerators thus obtained, and 
place under the sum the least common denominator. 

Ex. 1.—Add together 2, 12, 4, 8. 

The least common denominator is easily found to be 42, 
Dividing this by each of the given denominators, we get 
as 3 14, 2, 3, 7. 


2 W >< 1 4 10X2 9X3 5 X 7 
ence, $ + L0 4+ £ 4 4 =2214 10^2 9-3 ph SAT 
Tid 21 14 ° 42 42 42 42 
28 20 27 35 — 28720422435 
ay T 4 2 = 4o t 493 ^ 42 
110 = 9 = x 


The sum of ES degt KR of the given fractions — 
3 7 27 17 4=10. Hence, 33 $9541) + 4,75 = 10 + 
$ T+ $ + 30 + Te: 

The least common denominator is easily found to be 180. 
Dividing this by each of the given denominators we get as 
quotients 36, 20, 6, 15. 

Hence the required sum 

= Ju 1256 3. 24:99 a A 


Q 
+ 
- 
X 
— 


180 180 180 
n 36 140 66 105. 
— 10 T 180 + 180 T 180 + 180 
T 36+140+66+105 .. 347 
= 10 + 2stisotestios = 10 + 347 


180 


= 10 + 1483 = 11482. 


Subtraction of Fractions. 


21. After the preceding article there will be no difficulty 
in comprehending the following rule— 

RuLE.—Bring the given fractions to their least common 
denominator, subtract the numerators thus obtained, and 
under the difference place the least common denominator. 


Ex. 1.—Subtract 2 from z. 


H. — S xm ERS ye SB. = 
8 ? 40 40° 


35 — 24 — 35724 — 
40 40 
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Ex. 2.— Take 63 from 91. 
9p - 6$ = 335 — 3 = 3 + 23-22 
3 m dee NEA 
Here the number to be subtracted is the greater. We 
shall, however, take the less from the greater, and put the 
negative sign to the remainder, meaning by this that the 
remainder has yet to be subtracted. 
Hence, 94 - 62 = 3 — 11 = 2 + (I — 11); now 11 
taken from unity or 1 2 evidently leaves Pg. 
is vibra: result = 2 + 4% = 245. 


We will now give an example involving both addition and 
subtraction. | 

Ex, 3.—Find the value of 61 — 72 + 4454 — lj. 

Whenever we have an expression involving both + and 
— signs, the simplest method is to add together all the 
quantities affected with the plus sign, and likewise those 
affected with the minus sign; then taking the difference 
between these two sums, we ‘place the sign of the greater sum 
before the result. 

Thus, taking first the integers, we have 6 - 7 + 4 — 1 = 
10 — 8 = 2 (it must be remembered that the sign + is 
understood before a number which appears without a sign 
when it stands alone or at the head of an "ewe 


Hence the given expression =`2 + i — 2 + 4*4 — 45 
= 9 + 1X12 — 2X4 y 5X3 .. 5X2 = — 2 + 1l12—8+15—10 
Ze 36 36 36 3 
== 27 — 1 — 9. — 1 
= 22118 = 2% = 2]. 


We shall give one more example in order to show how 
brackets are to be treated. 

Ex. 4.—Find the value of 74 — (91 — 31) + (43 — 14) 
= (24 To + 372). 

The general rule, which the student will better understand 
when we come to Algebra, is this 

When a minus sign stands before a bracket, it changes all 
the signs within on removing the bracket; but when a plus sign 
stands before the bracket, the latter may be removed without 
changing any of the signs within. 

0—41. C 
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Thus, taking the expression — (21 — 31) :— 

We must remember that the sign of 21 when within the 
bracket is, according to a remark made in Ex. 3, understood 
to be plus. In fact, though it 1s unusual, we might write the 
expression thus: — (+21 — 3). 

Now, remove the bracket, and it becomes — 21 + 31. 


Again + (44 — 11) = + 41 - 
And — (23, + 32) = — 24 
Hence our given expression— 


12 
— = 1 — 4 c e Macc m 
= 14 S E 3 st ot 3 3 10 12 
=. 6 23215. 1524 IAGO .1*20.5*40.3512 .. 1510 
120 120 120 120 120 120 120 
= 6 + 1a15—24*60*4120—40—36—10 — 6 + 925—110 


120 
6 dën = D — F 5 J (15) = 53. 


1. Add together (I.) 3, 1. 15 (2.) 3, 45, 11; 
2. Find the sum of 34, 1722, 2750 
3. Add together 23, 2 2i 22 of 11,52 of 14: 
4. Find the difference between (1.) z and 3; (2.) £ and 4; 
(3.) £ and z 
5. letal (I.) 63 from 845 ; (2.) 37 from 444; (3.) 
270 from 64. 
6. Take l fgg ife 
12 2 — 14 
7. Find the value of 13, — 2 
8. Simplify the expression (2 
9. By how much does 3% — 12 bind 219 — PE] 
10. Take the difference of 6, and 13, loni their sum. 
11. Add the difference of the same two fractions to their 


6 1 
pax 14 
1 

2 


12. Find the value of the expression uH — (5; = 4 ) 
£ 22 
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Multiplication of Fractions. 


29. RuLE.— Multiply together the numerators of the frac- 
tions for a new numerator, and the denominators for a new 
denominator. 

The reason of this rule is eas ily seen. Let it be required 
to find the product of 3 and 2, or the value of 8 x 2. 

Now, what is the meaning of multiplying the ratio 3: 5 by 
the ratio 7:82 It means evidently that the ratio 3:5 is to 
be multiplied by 7, and the result divided by 8. 

Now. (Art. 8) the ratio 3: 5, when multiplied by 7, be- 
comes 3 x 7:5; and (Art. 9) the ratio 3 x 7:5, when 
divided by 8, becomes 3 x 7:5 x 8; and we have 


3 x 2 = 3X7 


And so on for any number of fractions. Hence the above 
rule. | 
Ex 1.—Multiply together the fractions $, 2, 12. 


8? 
A x 3 x i2 — 5X3X12 
9 8 6X8X25 


Before actually performing the operation of multiplication, 
it is advisable to strike out any factor common to both 
numerator and denominator. We see that 5 is common to 5 
and 25, 3 common to 3 and 6, 4 common to 12 and 8, and we 


then have 


5 x 23 x 12 —1X1X3 — 3. 


The whole operation is sometimes written thus— 


3 
5 3 19 — R&XSX] — 3 
s X 8 * 7 E, 8 
— 2 2 5 
1 3 13 l 8 
Ex. 9. —Multiply. together 23, 91$, 05 ore 
8 — , Q 
23 VF x Woe X $5 * $i 
5 
— ISIS 881 oe um 


— 


SXLIXNOX93 
Y 


Division of Fractions. 


28. RuLe.—Invert the divisor, and proceed as in multi- 
_ plication. 

To explain this rule, let-us endeavour to divide z z by š. 
We may evidently consider the required quotient as nothing 
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else than the ratio z : 5, and this, by the reasoning of Art. 11, 
is equivalent to the ratio 7 x 8:9 x 5, and we hence get 
4 + 4 = 22. 

Now, 2 is the divisor 5 when inverted, and hence the 
above rule. 

Ex. 1.— Divide 2, by 8. 

3 4 

— 8XS 


9 . 8 ° — EE ox 2 
0 78 5930-5. a roe = 2 
5 
Ex. 2.—Divide 12 of 71 by 31 of 32. 
12 of 71 PET of 32 = š x SZ + (19 x 29) 
= 3 x W * 10 x 25 = 442 = LAS. 
2 


We have introduced a bracket on the right side of the 
first equality, for otherwise the sign + affects only the first 
fraction 19. On the other side a bracket is unnecessary, for 
the sign + standing before a compound fraction (not two 
fractions) affects the whole. 

Ex. 3.—Simplify the expression 


115 + 62 x 41 +22 of 242, 


The given expression = 1i + 32 x y + (8 x 239) 
3 
= Ax S Ly S 1 — _3 
= ix X ge X Y X 8 X see = 758 


Ex. VI. 
1. Find the sum, difference, and product of 21 and 13. 
2. Multiply the sum of the fractions 33, 2, by their 
difference. 
3. Simplify the expression HES SR - (134)1 + 377 113. 


4. Reduce to a simple fraction each of the following ex- 
pressions— 


(1.) 14& t x 82 + 22 of 201. 

(2.) lA iof 82 + 22 + 201. 
5. Whatisthe WË between (81 - 32) and (51 — 14)1 
6. Divide —Ú— py LOD, 

3 + 21 4 
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7. Reduce to a simple fraction 3 + E 
7 + y; 
8. Simplify the expressions (1.) à — Ys " 2$ — +8, 
¿25 lité 


61 
Cl ora x 135 — (23 — 1j. 


9. Find the quotient of 10315 by 301 of 283. 


10. The cost of 72 articles is £652, what is the cost of 
each article ? 


11. Find the cost of 891 articles, when one cost £4 n 


12. The sum of two quantities is 9447, and their difference 
is 011 ; required the greater. 


Reduction of Fractions to Decimals. 


24, If we place a decimal point to the right of an integer, 
and add as many ciphers as we please, it is clear, from Art. 1, 
that we do not alter its value. And hence a given ratio, as 
3: 8, is not altered in value by writing it 39:000 : 8; and 
further, dividing each of its terms by 8, according to the rule 
for division of decimals, it becomes 375: 1. It therefore 
follows, putting each of these ratios in a fractional form, that 


We get, therefore, the following rule:— 


RULE.— Place a decimal point to the right of the numera- 
tor, and add as many ciphers as may be thought necessary. 
Divide the new numerator by the given denominator, accord- 
ing to the rule for division of decimals, and, 1f necessary, add 
ciphers to the successive remainders until the division ter- 
minates, or until we have obtained as many decimal figures 
as required. 
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Ex. 1.—Reduce 44, to a decimal. 
32)5:0(:15625 
32 
180 


Ex. 2.—Reduce 454 to a decimal. 
296)5:00(-016891 
296 
2040 
1776 
2640 
2368 
2720 
2664 
560 
296 


264 


It will be seen that we have arrived at a remainder, 264, 
exactly the same as the second remainder; and that, there- 
fore, the quotient figures 891 will continually repeat, and 
that the division will never terminate. We call 891 the 
recurring period of the decimal, and it is usual to indicate 
the fact of its recurrence by placing dots over its first and 
last figures, as above. 


We have, therefore, as a result, >š = 016891. 


NorE.—It is easy to see that no fraction, reduced to its lowest terms, 
whose denominator contains any prime factor, other than 2 or 5, can 
be expressed as a terminating decimal. For every terminating deci- 
malis an exact number of tenths, hundredths, &c., and may, there- 
fore, be transformed into a fraction, having some power of 10 as its 
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denominator. Now, if we wish to bring a fraction already in its 
lowest terms to an equivalent fraction having some power of 10 for 
its denominator, it can only be done by multiplying its numerator and 
denominator by some integer; and it is impossible to obtain any 
power of 10 by multiplication only, from à number which contains 
any prime factor, other than 2 or 5. 


Reduction of Terminating Decimals to Fractions. 


25. Remembering (Art. 1) that any given terminating 
decimal may be considered as derived from an integer by 
diminishing it 10, or 10?, 10?, &c. fold, we have 

| 345 = 345 + 105. 
Hence, 345 is the value of the ratio 345: 10%; and we 
345 345 
have, also, 345 = 30 ^ 1000 

The following rule is, therefore, clear :— 

RULE. Make a numerator of the integer, formed by tak- 
ing away the decimal point ; and for a denominator put 1, fol- 
lowed by as many ciphers as there are given decimal figures. 


— em x 5 — 
Ex. is 625 — 1000 — 833 mE 3 


8 X 125 8 
° — 95_ —- 19 ^5 — 19 
3:95 — 37050 = JLo 8 oe 219. 
° = 25 a mE 
ida il Cr rr 


Reduction of Recurring or Circulating Decimals to 
Fractions. 


26. There are two kinds, and it is convenient to treat 
them separately. 

(1.) Pure circulating decimals, where the whole of the 
decimal figures recur. 

RuLE.—Take away the decimal point and the dots, make 
a numerator of the integer thus obtained, and place under 
this as denominator as many nines as there are recurring 
figures. 

The following example will make this rule clear. 

Ex.—Reduce :207 to a fraction. 

The value of the decimals is evidently not altered by 


writing it :207207. Let us remove the decimal point three 
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places to the right, or, what is the same thing (Art. 1), let 
us multiply the given decimal by 1000. 


We then get 207-207 as the value of 1000 times the given 
decimal. Now the number 207-207 includes the integer 207, 


and the given decimal :207; and it therefore follows that the 
integral part 207 is (1000 — 1), or 999 times the value of 
the given decimal. 

Hence, dividing it by 999, we get 

207 = 207 + 999 = 2293. 

(2.) Mixed circulating decimals.— Where part only of the 
figures recurs. 

RuLE.—Take away the decimal point and the dots, sub- 
tract from the integer thus obtained the integer formed 
by the figures which do not recur, and make a numerator of 
the result. Then, for a denominator, place underneath as 
many nines as there are recurring figures, followed bv as 
many ciphers as there are figures which do not recur. 

We shall make this rule clear by the following example :— 


Ex.—Reduce -24573 toa fraction. 


Let us remove the decimal point two places to the right, 
thus, by Art. 1, multiplying the given decimal by 100; we, 
then get - | 
100 times the value of -24573 = 24-573. 

Now, by case (1) above, 24-573 = 2 
to an improper fraction, and noticing t 


24000 — 24, we have 


24.573 = 2400024 + 573 — 24578724 
999 


999 
Hence, dividing this result by 100, we get 
24573 = 24578 — 24 “ 100 = 24878 — 24 (Art. 24.) 


ei Gi — 428571 — X 142857 — 3 


3 
7 
.97(0 — 2709-27 — 2682 — 149 X 2 X 9 — 149 
Ex. 2 2709 — ees — 9900 — 5 5 0 


5 Be a ta 1 
573 ; or reducing 


4 
hat 24 x 999 =. 


27. In arithmetical operations involving circulating deci- 
mals, and, indeed, any decimals having a large number of 
decimal figures, it is generally sufficient to obtain a result 
correct to a given number of decimals. 
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1. In addition and subtraction we obtain this result most 
easily by using in our operation one or two more figures of 
the given decimals than are required in the result. 


Ex. 1.—Add together (correct to five places) the follow- 
ing: — 


3026, 6:7294, -016, 4163729. 


3026026 
67294444 

' 0166666 
4163729 


74650865. Ans. 7.46508. 


NorE.—If our object is to obtain a decimal of five places which 
shall give the approximate sum of the given decimals we must write 
7:46509 as the approximate sum; for 7:46509 is nearer to the true 
value of 7:465086 &c. than 7 46508. The general rule is to increase 
by 1 the decimal figure at which we stop, when the next figure is 5 or 
above 6. 


Ex. 2.— Find the difference (correct to six places) of 3:0745 


and 4-263, and express the approximate difference by a deci- 
mal of five places. 
426326326 
307454545 
| 118871781 

Hence the difference correct to six places is 1188717, and 
the required approximate difference 118872. 

2. In multiplication and division of circulating decimals it 
is generally preferable to reduce the given decimals to frac- 
tions, bring out the result in a fractional form, and afterwards 
reduce this to à decimal. 


Ex. VIL 


1. Express as a decimal the sum of the following fractions 
$ $6 ri» $5 eo t 
2. Reduce to fractions the following decimals :— 
35, :026, 16, -142857, :16, 4285714. 
3. Find the value (correct to six places) of :237 + 3:816 — 
6:0235 + 4:29 — :002 + 1:374, | 
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4. Add together :62, -037, 2:4761, . 8106, -7, -375. 
5. Find the product and quotient of 3:54 by 4:3. 
, 6. Simplify the expression— 
(46 x 428571 — 2:2 x 36) (1 — -16). 
In the next six examples the dots are signs of multiplica- 


tion, and you are required to give the values of the expres- 
sions correct to six places. 


7. 1 + + es + "s + me + &c. 

` ; T j 5 ry SES 

: 12 123 + pega 12375 4 

10. h fr Fr got do 

u. fl uh A 7 sand - af ly 
F 


CHAPTER III. 


APPLICATION OF THE PRECEDING ARTICLES TO CONCRETE 
QUANTITIES. 


To find the Value of a Fraction of a Concrete Quantity. 


98. RuLe.—Multiply the concrete quantity by the nu- 
merator of the fraction, and divide the product by the deno- 
minator. 
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Ex. 1.— Find the value of 3 of 2 tons, 3cwt. 21 lbs. 


2 tons,3 cwt. 21 lbs.) x 3 6 tons,9 cwt. 2 . 71b 
3 of 2 tons,3 cwt. 21 Ibs. = —— 21 Ibs.) x 3 _ 6tons,9cwt. 2 qrs 7 Ibs. 


1 
= 18 ewt. 2 drs. 1 Ib. Ans. 


Ex. 2.—Find the value of 32 of £12. 6s. 24d. 
| £. s. d. 
3 times £12. 6s. 21d. = (£12. 6s. 24d.) x 3= 36 18 6% 


l 
p of £12, 6s, 2], - 12 9 240) 2 


£24. 12s. 44d. 
— 9 — = 214 8j 
Hence, adding, the value required = £39 13 31 


Ex. 3.—Find the value of 3 of 4 miles + z of 3 fur. + 4& 


of 8 poles. 
Mile. Fur. Poles. Yards. 


° 4 x 3) mil 12 mil 
of 4 miles = e === 1 5 28 3 


«dle 


3 7) fur. 2] fur. 
3 of 3 fur. = “DE . 8m 0 2 13 14 
6 5) poles 40 pole  — 
2 Of 8 poles = — 777 = 73-0 0 1 4g 


1 
3 
Hence, adding, the value required = 2 0 3 419 


NoTE.—The addition of the yards is thus effected :— 


(31 + 18 + 442) s. = (8 + 47) yds. = (8 + 122) yds. 
| = 922 yds. = 1 pole, (34 + 22) yds. 
= 1 pole,(3 + +°) yds. = 1 pole, 412 yds. 


Ex. VIII. 
Find the values of— 
1. 2 of £1; 3 of ls.; 2 of 12s.; 3 of £3. 
z of £5; 2 of a guinea; Pr of 2s. 6d.; 2 of a crown. 
. 32 of £l. 12s.; 21 of £3. 10s.; 7-2, of £3. 4s. 51. 
sof 1 ton; 2 of l qr.; $ of 1 gege 3, of 9 lbs. 
32 mile; #of 3 fur.; 2 of 15 poles; 31 of 22 of 12 yds. 


01 
: 105 of 10 h. 15’ 12”. 
. 12 lbs. 3 oz. 7 dwt. 5 grs. x 31; 10 oz. 4 gr. + 161. 


8 2 
- 201 leap year ; is lunar month ; 


a 2 * ç bo 
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8. 82 of 4 ac. 3 po. — Ps of 1 sq. mile + 13 of 3 r. 20 sq. yds, 

9. 01 of 49. + 1545) of 35? 36' 25^; (2.35 + 13 of 12) of 30°. 
10. s of 1 lb. Troy + £ of 1 lb. Troy — 2, of 1 lb. Avoir- 
dupois (= 7000 grains). 


11. 55 of 3 guineas 
$0 3 of £l. 38. 10d? ? 
12. 23, of 15 h. 10' 131” — 2, of 1 day, 12 h. 11’ 124”. 


2 of 1 ton + 2 of 3 qrs. — 5 of 7 cwt. 


To Reduce a given Quantity to the Fraction of any 
other given Quantity of the same kind. 


29, Rurr.— Reduce both the given quantities to the same 
denomination, and the fraction required will have the number 
of units in the first quantity as numerator, and that of the 
second quantity as denominator. 

Ex. 1.—Reduce 3s. 8d. to the fraction of £1. 


os. 8d. = 44d, 
and £1 = 240d. 
Hence, the fraction required = 4% = 44. 


Or, better, thus: 
9s. 8d. — 11 fourpences, 
and £l = 60 fourpences. 
. Fraction required = 3}. 
Norr.—It is always best to keep the denominations to which the 
given quantities are reduced as high as possible. 
Ex. 2.—-Reduce 2 of a moidore to the fraction of 24 guineas. 


i of a moidore = G x 27)s., and 24 guineas = = (24 x 21)s. 
1x 27 EE 1 


Hence, the faction required — SCH x90 7 sx 91 — 


— 


192 18 
— 57 * 245 
Ex. 3.— Reduce 3 cwt. 21 qrs. to the fraction of 4 cwt. 


2 qrs. 4 lbs, 
9 cwt. 21 qrs. = 14) qrs., and 4 cwt. 2 qrs. 4 lbs. = 4 cwt. 


21 qrs. = 181 qrs. 


A 
| 


1435 m 
.. Fraction required = T 9 27 X 
T 


| 
ox 


1 
127 9 X 127 
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Ex. IX. 

Reduce— 

1. 1s. 8d. to the fraction of £1; 71d. to the fraction of 10s. 

2. 2s. 4d. to the fraction of 10s. 8d.; ls. 71d. to the frac- 
tion of 3s. 41d. 

9. 9 qrs. 15 lbs. to the fraction of 1 ton; 2 stones 10 oz. 
to the fraction of 3 cwt. 

4. 3 Ibs. avoirdupois to troy weight; 10 lbs. 3 oz. 4 dwt. 
troy to avoirdupois. 


5. 3 quires, 10 sheets to the fraction of 2 reams, 3 quires ; 
9 ft. 81 in. to the fraction of 3 yards. 


6. 309 3' 12" to the fraction of a right angle (= 909); 
57° 16’ 21,9” to the fraction of two right angles. 
What fraction is— 

7. $ ac. of 31 ac.; 2} days of 17 weeks? 


125 + 1:875 3:16 x 144 
9. 6140625 “res of 191 poles ; 2.375 «1 


T} 11 x 14 
9. ( rood + 42 poles. + "DOM yd. ) of 3 acres ? 


yds. of 31m? 


5 3 
10. js gal. of ES? pipes ? 
11.. What fraction of his original income has a person left 
after paying a tax of 4d. in the Zi: 
12. A garden roller is 2 ft. 6 in. wide, and it is rolled at 


the rate of 1 mile in 20 minutes: find in what fraction of a 
day a man will roll 1 of an acre. 


To Find the Value of a Decimal of a Concrete Quantity. 


30. RurE.—Multiply the given decimal by the number of 
units in the concrete quantity when expressed in terms of one 
denomination, and the integral part of the result will be the 
number of units of this denomination. Then multiply the 
decimal part of this denomination by the number of units 
connecting it with the next lower and the integral part 
will be units of this latter denomination, and so on. 
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Ex. 1.—Find the value of 325 of £3. 10s. 


£3. 10s. = 70s.; proceeding then according to rule, we have : 


e 


70 
22:750s. 
12 
9-00d. Ans.: 22s. 9d. or £l. 2s. 9d. 


Ex. 2.— Find the value of 546875 of 3 tons. 
546875 
3 


1:640625 tons. 
20 


12:812500 cwt. 
4 
3:2500 org, 
28 
200 
50 
7:00 lbs. Ans.: 1 ton, 12 cwt. 3 qrs. 7 lbs. 


Ex. 3.—Find the value of 6:66875 acres. 
6:66875 acres. 
4 


2:67500 roods. 
40 
27:000 poles. Ans.: 6 acres, 2 roods, 27 poles. 


Ex. 4.—Find the value of :316 of £1. 


First Method. Second Method. 
316 — 316 — 31 _ 285 
3166667 nearly. 5 Sat 
9() = 15X60 ^ 60 
6-33333408. Then by rule for reduction 
12 of fractions, 
4:000008d. Ans.: 6s. 4d. £19 = 6s. 4d. Ans. 


The latter method is preferable when perfect accuracy is 
required, 
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Find the value of — 
4.375; £98125 ; £:815625. 
416 of £3; 428571 of 6s. 5d. ; 8571428 of 38. 02d. 
625 of 1 ton; :046875 of 3 tons; 4:39 of 1 cwt. 53 lbs. 
1:6671875 acres; :3475 rood; 076923 of 5 acres, 6 poles. 
2083 of 1 ream ; 4583 quire; :383 of 3 reams,12 sheets. 
3078125 pipe; 490625 tun; :37125 bushel. 

7. Express in grains :142857 of 4 lbs. avoirdupois, and 
express the result in troy weight. 

8. Express 10 oz. 3 dwt. 14 grs. as the decimal of 1 Ib. 
avoirdupois. ' 

9. What is the sum of :6 of 1 guinea, 083 of 1 crown, 
and :037 of £1. Os. 3d. 

10. Find the value of . 


(4 KEE — cwt. + (95 ton — 769230 qrs.) x 26. 


po AA em e SB sa 


*  :91875 
11. What is the value of 
(3 " — of 1 ewt. 35 Ibs. $ 
1 


12. Simplify 6 — NE S 2i of 1 oz. 15 dwis. 
Lole ^ 12446 


To Reduce from one Denomination to the Decimal of 
another Denomination of the same kind. 


31. RurE-— Bring the given quantity. to the fraction of 
the proposed denomination, ‘and reduce this fraction to a 
decimal. 
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Ex. 1.—Reduce 38. 3d. to the decimal of 8s. 11d. 
3s. 3d. = 26 three-halfpence, 
8s. 14d. = 65 three-halfpence, 
and the fraction 4 $$ = X23 = # = 4. 
Hence :4 is the Í required. 
Ex. 2.—Reduce 3 qrs. 21 lbs. to the decimal of 2 cwt. 3 qrs. 
3 qrs. 21 lbs. = 105 lbs. 
2 cwt. 3 qvs. = 308 lbs. 
and the fraction 105 2 5.5 7 us 19 295 — 5109. 
44 X 7 11 
Hence -3409 is the decimal required. 
Ex. 3.—Reduce 18s. 81d. to the decimal of £1. 
The rule may be applied most concisely as follows :— 


4| 1: 


| 


| fl 


12 | 8:25 
20 | 18:6875 
934375 .. 934375 is the decimal required. 


The farthing is first reduced to the decimal of a penny, and 
the 8d. prefixed ; then 8:25d. are reduced to the decimal of a 
shilling, and the 18s. prefixed; lastly, 18:6875s, are reduced: 
to the decimal of £1. 

Ex. 4.— Reduce 3 qrs. 21 lbs. to the decimal of 1 ton. 


E 
L 3 
4| 3775 
20 | 9375 


046875 Hence 046875 is the decimal required. 


Ex. XL 

Reduce— 

1. 12s. 6d., 10s. 12d., lls. lid., 18s. 63d., each to the 
decimal of £1. 

2. 13s. O3d., 10s. 84 d., 9s. 6d., each to the decimal of 
15s. 51d. 

9. 7s. 83d. to the decimal of a guinea; and 3s. 21d. to the 
decimal of a moidore. 
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4. 1 qr. 7 Ibs. to the decimal of I ton; 3 cwt. 3 qrs. 20 lbs, 
to the decimal of 3 tons. | 
5. 31 lbs. to the decimal of lu ewt.; 14 oz. to the decimal 
of 3 cwt. 2 qrs. 
6. 20 grs. to the decimal of 1 Ib. Troy; 3 dwts. 16 grs. 
to the decimal of 4 oz. 11 dwts. | 
7. 1 rood, 10 poles to the decimal of 1 acre; 3 roods, 152 
square yards to the decimal of 5 acres. 
8. 3 hours to the'decimal of 10 weeks; 7 h. 18’ to the 
decimal of I year (365 days). 
9. Bring the sum of = of 9 hours, £ of 121 days, 2 of 71 
minutes, to the decimal of a week. 
10. Express a pound troy as the decimal of a pound avoir- 
dupois. 
11. Reduce the sum of 6 lbs. 6£ oz. avoirdupois, and 
8 oz. 6 dwts. 16 grs. to the decimal of 1 ton. 


12. Express 2:36 of 4s. — 518 us 9s, 2d. + 1:4583 of 6d. as 
the decimal of £5. EE 


EE s 


CHAPTER IV. 
THE METRIC SYSTEM. 


32,—The fundamental unit of the metric system is the 
M. 1 
metre. A metre is the ten-millionth, or 107 Part of 90" of 


the earth's meridian, and measures 39:3708 English inches. 
In order to express multiples and sub-multiples of this unit, 
and, indeed, of any unit in. the metric system, we make 
use of one or more of the following prefixes :— 


Deka, ; 10 times. Deci, ; : 10th. 
Hecto, . 100 „ Centi . l 100th. 
Kilo, . . 1000 „, Mili . . 1,000th. 


Myria, . 106,000 „ 
We will arrange these prefixes and the word unit in order 
according to their signification, thus | : 
Myria, Kilo, Hecto, Deka, Unit, Deci, Centi, Milli. 
Now, as we read this line from left to right, it is evident 
5—I. D 
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that the words have a signification decreasing tenfold in value; 
and as we read 1t from right to left, they have a signification 
increasing tenfold in value. ` 

It therefore follows that figures placed under the above 
words have a local as well as an intrinsic value; and further, 
if when a figure is wanting to complete the series, its place 
be filled up by a cipher, it will be seen that the local value 
corresponds exactly with the ordinary decimal notation. 

Moreover, we have only to place a mark (in fact, a 
decimal point) at the right of the figure standing under any 
of the words of the above memorial line, and the given 
quantity is at once expressed in the denomination corres- 
ponding to that figure. 


Thus, taking the metre as our unit: 
Myriam. Kilom. Dekam. Metres. Decim. Milim. 


5 4 7 8 


Myriam. Kilom. Hectom. Dekam. Metre. Decim. Centim. Millim. 


= 32054708 myriametres. 

= 32:054708 kilometres. 

= 320°54708 hectometres. 

= 83205:4708 dekametres. 

= 282054708 metres. 

= 320547:08 decimetres. 

= 3205470:8 centimetres. 

32054708: or 32054708 millimetres. 


The following rule for expressing any quantity in terms of 
any one multiple or sub-multiple of the unit, or of the unit 
itself, is therefore evident :— 


I 


RuLE.— Put ciphers in the place of any multiple, unit, or 
sub-multiple absent in the series, and write the figures in close 
order, as in the ordinary decimal notation. Then place a 
decimal point at the right of the figure corresponding to the 
denomination in which we wish to express the given quantity. 


Ex. 1.—Express 5 myriam. 3 hectom. 6 decim. as metres. 


Filing up with ciphers the vacant spaces, we have— 


Myriam. Kilom. Hectom. Dekam. Metres. Decim. 


0 3 0 0 6 
= 50300:6 metres. 
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Ex. 2.— Express 3 dekam. 4 decim. as myriametres. 
Filing up with ciphers, we have 
Myriam. Kilom.  Hectom. Dekam, Metres. Decim.  Centim. Millim. 
0 
= 0:0030400. myriametres = 0:00304 myriametres. 
(The student will see that it was unnecessary here to 
extend the series beyond decimetres.) 


Ex. 3.— Express 13 metres 502 millimetres as kilometres. 
We may write the given quantity thus— — 
Kilom. Hectom. Deckam. Metres. di Centim. Millim. 
— 0:013502 . kilometres. 

We have hitherto spoken only of the fundamental unit, and 
its multiples and sub-multiples. We shall hereafter (Art. 35) 
explain the principal derived units, viz., the Gram, the Are, 
the Stere, the Litre, and the Franc; but as the multiples and 
sub-multiples of these derived ünits bear the same relation 
respectively to the corresponding derived unit, as in the case 
of the fundamental unit, all the preceding remarks relative 
to the multiples and sub-multiples of the fundamental unit 
apply equally to those of the Gram, the Are, the Stere, the 
Litre, and the Franc. 

With regard to the units, multiples, and sub-multiples of 
square and cubic measure, properly so called, it 1s necessary 
to make a few remarks. 


33. Square Measure.—The unit of square measure is the 
square metre; and since the series myriam., kilom., hectom., 
dekam., metre., &c., decrease in value tenfold when read from 
left to right, and increases similarly when read from right 
to left, it follows that the series square myriam., square 
kilom., square hectom., square dekam., square metre, &c., 
will decrease or increase 10* or 100-fold. Hence we see that 
in square measure the multiples and sub-multiples increase 
or decrease successively 100-fold, and, therefore, when quan- 
titles in square measure are expressed by the ordinary 
decimal notation, each multiple or sub-multiple must occupy 
the place of two figures, a cipher being supplied when we 
have less than ten of any multiple or sub-multiple, and two 
ciphers when there is any blank in the series 
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| Sq. kilom. Sq. hectom. Sq. dekam. Sq. metre. Sq. centim. 

Ex. 10 15 3 5 

Sq. kilom. Sq. hectom. Sq. dekam. Sq. metre. Sq. decim. Sq. centim. 
10 03 15 03 0 05 


— 
mn 


d 


10:0315030005 square kilometres. 
1003:15030005 . „„  hectometres. 
100315-030005 „  dekametres. 
100315030005 „, metres. 
1003150300:05 „  decimetres. 
100315030005 „ centimetres. 


Hl H H H 


34, Cubic Measure.—The unit of cubic measure is the 
cubic metre, and hence after the remarks in the last article, 
since 10* = 1000, when quantities in cubic measure are ex- 
pressed by the ordinary decimal notation, the units, mul- 
tiples, and sub-multiples must respectively occupy the place 
of three figures, eiphers being supplied to fill up blank 
spaces when necessary. 


Ex. 1. 325 cubic metres 51 cubic decimetres. 
225 ,, „ 051 „ T 
325051 cubic metres. 

325051 cubic decimetres. 


9.— 95 cubic metres 3 cubic decim. 40 eubic centim. 
25 cubic metres 003 cubic decim. 040 eubic centim. 
25:003040 cubic metres. 

25003-040 „,  decimetres. 

25003040 „, centimetres. 


E 


7 


l H H og 


39. Derived Units.—The principal derived units of the 
metric system are— 


1. The Gram, for measures of weight. 
The gram is 'the weight of a cubic centimetre of distilled 


water at the temperature of 49 C. 
1 gram = 15:4323 grains, 1 grain = 0648 gram. 


2. The Are, for land measure. 
The are is a square whose side measures 10 metres ; it is 
therefore equal to a square dekametre, or 100 square metres. 
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1 are = 119-6033 square yards, 1 hectare = 2-471 acres, 
l acre = 405 hectare.  ' 

3. The Stere, for fire-wood. 

The stere is equivalent to a cubic metre. It is therefore 
the solidity of a cube whose edge measures 1 metre. 

4. The Litre, for measures of capacity. 

The litre is a capacity equal to the volume of a cube 
whose edge measures a decimetre or 10 centimetres. It is 
therefore equal to a cubic decimetre or 1,000 cubic centimetres, 
and 1,000 litres are equivalent to a cubic metre. 

1 litre = :2201 gallon, 1 gallon = 1:543 litres, 11 gallons 
= DU litres nearly. | . 

5. The Franc, tor money. | 

The franc is a coin weighing 5 grams, and composed of an 
alloy, nine-tenths of which are silver and one-tenth copper. 

The following table exhibits at a glance the fundamental 
unit and the above derived units, together with the multiples 
and sub-multiples at present in use :— 


TABLE OF THE METRIC SYSTEM OF WEIGHTS AND MEASURES. 


| MULTIPLES, UNITS. SUB-MULTIPLES. 
110,000| 1,000 | 100 |. 10 10th. | 100th. |1,000th. 


— , 


Myria. Kilo, |Hecto. Deka.|; METRE, | Dee, | Centi | Milli | 
| fs 


— re: — 


Myria.| Kilo. Hecto. Deka. Weight "ep Deci | Centi. | Milli. 


ARE, 


——XX | 0—— ]—— A A AA A 


STERE, 


Deka. Solid Measure. 


— — 


LITRE, 


Hecto. Deka. Capaci. Deci. | Centi. | Milli. 


— d 


FRANO, 
Money. 


LU ! LU 
Decime. Centime. 


A quintal = 100 kilog. — 2 cwt. nearly; a millier, or tonneau de mer, = 10 quintals 
| I ‘== 20 ewt. nearly. - 
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Ex. XII. 


Examples upon the Multiples and Sub-Multiples of the 
Units. 


1. Express each of the following as metres— 

15 myriam.; 20 kilom.; 1 hectom.; 27 dekam.; 25 decim; 
100 centim. ; 345 centim. ; 5294 millim. 

2. How many n: in the following 

46 myriam.; 30 kilom.; 295 hectom.; 1:5 dekam. ; 3:95 
metres, 295 millim. ? 

3. Express according to the metric table— 

20 kilog. 29 dekag.; 18 kilog. 85 decig.; 123 hectog. 
13 centig, ; 12 dekag. 296 millig.; 153 centig. 3 millig; 
3427 millig. | 
4. How many decigrams in the following— ` 

16 kilog. 12 centig; 25 hectog. 10 grams; 39,645 millig.; 
20 kilog. 35 dekag. 5 grams! 

5. Express in ares— 

10 hectar. ; 296 centiar.; 29 hectar. 3 centiar.; 3 hectar. 
12 centiar.; 376,543 centiar. 

6. How many square decimetres are there in the following— 
100° sq. kilom.; 10 sq. hectom.; 5 sq. dekam. ; 3498 sq. 

met.; 46 sq. met.? 

7. How many steres in the following quantities— 

15 dekas. ; 394 decis. ; 9 dekas. 2 decis. ; 186 dekas. 3 decis.; 
3764 decis. ; 4 decis. ? 

8. Express as cubie metres— 

10,000 cubic decim. ; 1,234,567 cubic centim. ; 372,456,126 
cubic millim.; 1,000,000 cubic centim.; 639 cubic centim.; 
293 cubic decim. 

9, Express as litres— 

9 kilol. 2 hectol 3 litres; 4 decil.; 2 kilol 3 millil.; 

16,384 millil ; 2934 centil.; 830 dekal. ; 34,576 decil. 


10. Express as litres, as dekalitres, and as centilitres— 
18 kilol. 3 hectol. 4 decil. 5 centil. 3 millil. 
11. How many francs in the following sums of money 
100 cent.; 736 dee: 24,645 cent.; 5 cent. 25 dee; 
1695 cent. ? 
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12. How many centimes and how many decimes are expressed 
by the following—  ' 
13 francs; 7 fr. 13 c.; 12 fr. 3 dec. 5c.; 29 c.; 3 fr. 2 
dec.; 18 fr. 4 c.? 


Addition, Subtraction, Multiplication, and Division 
in the Metric System. 


36. Since (Art. 33) all quantities in the metrical system 
may be expressed as one denomination by figures whose local 
as well as intrinsic values follow the decimal system of nota- 
tion, it is evident that when they are so expressed we may 
add, subtract, multiply, or divide them exactly as ordinary 
integers and decimals. 

Ex. l.—Add together 49 metres 36 centim.; 3 kilom. 2 
dekam. 3 decim.; 2 hectom. 3 metres 2% centim.; and 13 
dekam. 327 millim, 


Metres. Millimetres. 
49:36 49360 
30203 | 3020300 
203:25 or thus, by integers— 203250 
130:327 130327 
3403:237 3403237 


Ans.: 3 kilom. 4 hectom. 9 metres, 2 decim. 3 centim. 7 
millim. 

Ex. 2.—Subtract 3 kilog. 2 dekag. 37 millig. from 10 
myriag. 25 grams, 369 millig. 


Kilograms. Milligrams. 
100:025369 | 100025369 
3:020037 or thus, by integers— 3020037 
97:005332 | 97005332 


Ans.: 9 myriag. 7 kilog. 5 grams, 3 decig. 3 centig. 2 millig. 
Ex. 3.—Multiply 12 dekasteres, 3 steres, 5 decisteres by 23. 


Steres. Decisteres. 
123:5 1235 
23 23 
3105 or thus, by integers— 3705 
2470 2470 
2840-5 steres. 28405 decisteres. 


Ans.: 284 — 5 decisteres. 
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Ex. 4.—Multiply 455,602 cubic centimetres by 36. 


Cubic Metres. Cubic Centimetres. 
0:455602 455602 
36 36 
2733612 or thus, by integers— 2733612 
1366806 1366806 
16:401672 16401672 


Ans.: 16 cub. met. 401 cub. decim. 672 cub. centim. 


Ex. 5.— Divide 1369 kilol. 35 lit. 36 centil. by 72. 


Kilolitres. Centilitres. 

72 d 911369:03536 79 d 91136903536 
~~ (8) 152111504 or thus, by integers— ^ 1 8| 15211504 
| 19:01438 | 1901438 


Ans.: 19 kilol. 1-dekal. 4 lit. 3 decil. 8 centil., or 19 kilol. 
12 lit. 38 centil. 


Ex. 6.—How many times is 12 sq. dekam. 3 sq. met. 15 
sq. decim. contained in 216.sq. dekam. 56 sq. met. 70 sq. 
decim. ? | | 


Sq. Dekam. Sq. Dekam. Sq. Decim. Sq. Decim. 
12:0315)216:5670(18 120315)2165670(18 
120315 . 120515 
— 069590 or thus, by integers— 7069590 
962520 , 962520 
l Ans.: 18. 
Ex. XIII. 


1. Add together— 

(I.) 3 metres, 2 decim. 4 centim. ` 18 metres, 219 millim. ; 
4 kilom. 2 hectom. 3 dekam. 14 centim.; 12 kilom. 36 
metres. 

(2.) 74006 hectom., 3216 kilom.; 12 myriam. 2167 
metres. 

(3.) 4 sq. met. 42 sq. decim. ; 12 sq. dekam. 18 sq. decim.; 
82 sq. met. 3250 sq. decim.; 3:271 sq. met. | 

(4.) 18 cub. met. 186 cub. decim.; 39:207365 cub. met. 
30761 cub. centim.; 12 cub. met. 124:27 cub. decim. 
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(5.) 25 kilog. 235 grams; 3072 centig.; 13 kilog. 51 
grams, 63 millig. 8132:07 decig. 

(6.) 319 hectar. 4 ares, 51 centiar. ; 93:712 hectar. 2375627 
ares; 6 hectar. 4 centiar. 


(7.) 3 steres, 5 -decis:; 209 steres, 4 decis.; 25:76 steres, 
13:027 dekas. 


(8.) 51 kilol. 126 lit. 32 centil.; 123 lit. 3 centil. 15:02703 
kilol.; 12 kilol. 3:27602 hectol. 


0. 161 fr. 35 c.; 32 fr. 4 c.; 8276 c.; 10:26 fr.; 16 
decimes, 5 c. 
2. Subtract— 
(1.) 4 metres, 372 millim. from 16 hectom. 5:06 metres. 
(2.) 30765 centim. from 12 kilom. 4 metres, 9 millim. 
(3.) 3 sq. met. 89 sq. decim. from 1 sq. dekam. 7 sq. decim. 
(4.) 12:0324 cub. met. from 18 cub. met. 29 cub. millim. 
(5.) 39 grams, 65 millig. from 6 kilog. 12 grams. 
(6.) 8 hectar. 19:08 ar. from 32 hectar. 70 ar. 2 centiar. 
(T.) 9 dekas. 6 decis. from 50 dekas. 2 decis. 
(8.) 6 kilol. 6 millil. from 700 kilol. 3 lit. 3 centil. 
(9.) 65 c. from 3 fr.; and 2 fr. 4 c. from 100 fr. 60 c. 


9. Multiply— 
(1.) 10 metres, 35 millim. by-7, 11, 13. 
(2.) 18 kilom. 3:07 metres by 27, 48, 64. 
(3.) 3:0625 sq. met. by 16, 18, 35. 
(4.) 4 cub. met. 10 cub. decim. 5 cub. millim. by 19, 23, 26. 
(5.) 7364 hectog. 9:31 decig. by 15, 25, 20. 
(6.) 12 hectar. 3 centiar. by 30, 50, 40. 
(7.) 416 steres, 2:9 decis. by 100, 150, 60, 
(8.) 612305:06 litres by 12, 14, 16. 
(9.) 39 fr. 10 c. by 75, 105, 135. 
4. A merchant owed 1500 fr., and he gave in payment 69 
metres of cloth at 3 fr. 4 e. per metre, 48 metres of silk 


at 8 fr. 65 c, 13:5 metres of calico at 75 c. How 
much does he still owe? 
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5. Make out the following bill— - 


fr. c. 
44 hectol. of oil, ! at 0 75 the litre. 
66 kilog. 125 gr. of sugar, „ 1 25 „ kilog. 
375 gr. of pepper, „ s x 
128-75 hectog. of soap, „„ a _ 
562 gr. 5 decig. of coffee, . „ O 30 , hectog. 
6. Divide— 

(1.) 17 metres, 16 centim. by 11, 12, 13. 

(2.) 41 kilom. 82 dekam. by 15, 16, 17. 

(3.) 29 sq. met., 2740 sq. centim. by 14, 21, 35. 

(4.) 376:38 cub. met, by 9, 27, 45. 

(5.) 4 kilog. 14 dekag. 18 decig. by 22, 33, 55. 

(6.) 8 hectar. 58 ares by 65, 60, 55. 

(7.) 12 dekas. 1:2 decis. by 12, 13, 91. 

(8.) 36 myrial. 4 kilol. 16 lit. 7 decil. by 9, 18, 27. 

(9.) 7339 fr. 50 c. by 25, 30, 75. 


7. Find the price of— 


(1.) A metre, when 2 met. 80 centim. cost 70 fr. 

(2.) A square decim., when 30 sq. met. cost 450 fr. 30 c. 

(3.) A cubic metre, when 15 cub. decim. cost 361 fr. 
80 c. 

0 A. hectometre, when 3 kilom. 125 metres cost 10 fr. 
95 ! 
(5 ) A kilog. of coffee, when 7 hectog. 50 grams cost 

] fr. 35 c. 
(6.) A. hectare, when 4265 fr. 2:50 c. 1s the price of 149 
ares, 25 centiar. 
(7.) A stere, when 125 dekas. 4 decis. cost 20631 fr. 60 c. 
(8.) A decilitre, when 47 dekal. 5 litres cost 570 francs. 
(9.) A cub. centim., when 1 cubie metre cost 10,000 fr. 


8. How many times 1s— 
(I.) 1 kilom. 470 met. 38 centim. contained in 36759:50 
metres? 


(2.) 12 sq. decim. 75 sq. centim. contained in 10 sq. met. 
20 sq. decim.? 


(Z.) 13 sq. met. 25 sq. decim. contained in 318 sq. dekam. ? 
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A cub. met. 725 cub. decim. contained in 45684 
et. 


.) 

m 

.) 4H millig. contained in 165 kilog. 6 hectog.1 
.) 

.) 

.) 


ct 


275 enu contained in 396 hectar. ? 
7 steres, x 5 decis; contained m 29 dekas. ? 
4 kilog. 9 grams, contained in 38 myriag. 4 kilog. 
480 grams ? 
(9.) 8 centimes contained in 10 francs ? 


9. A merchant bought 95 litres of wine for 118 fr. 75 c., and 
sold it at a loss of 10 c. per litre. What was the selling 
price per kilolitre ? 


10. To make 12 suits of clothes, it required 40 metres of 
stuff 90 centim. wide. How much stuff will it take if 
the width is 80 centim. ? 


11. How many cubic decimetres of iron are there in a bar 
weighing 280 kilog. 368 grams, when one cubic centim. 
weighs 7 grams 788 millig. ? 


12. An iron wire, 126 metres long, is cut into pieces 3 centim., 
2:5 millim, long. How many pieces are there? 


Relation between the Metric Units and the English 
System of Weights and Measures. 


97. We shall work a few examples to show how quantities 
expressed in the metric system may be expressed in the 
English system, and vice versa. 


Ex. 1.—Reduce 10 kilom. 321 metres to English measure. 


10 kilom. 321 metres 10321 metres. 
(10321 x 1:094) yards. 


10321 x 1: 09 4 
VV miles. 


6 miles 731:174 yards. 


Ex. 2.— Express 2 miles, 309 yards in the metric system, 
2 miles, 309 yards = (2 x 1760 + 309) yards. 


3829 


3829 yards = ===" metres. 
3500 metres. 
9 kilom. 500 metres. 


l H I 
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Ex. 3.—Reduce 1 ton to kilograms, having given 1 gram 
= 15:4323 grains, 


i ton — 20 x 112 x 7000 grains. 


_ 20 X 112 X 2:000 
= 15:4323 grams, 


1016050:7507 grams nearly. 
1016 kilog. 50 grams, 750:7 millig. nearly. 


Ex. No £19. 17s. 43d. in the pound and mil 


system. 


(£l = 10 florins, ] florin = 10 cents, 1 cent = 10 mils.) 


Reducing the given sum to the decimal of a pound, we 
have— 
£13. 17s. 44d. = £13:86875. 
= £13. 8 fl. 6 cent. 83 mil. 


l gu 


Ex. XIV. 


1. Express a mile in the metric system, having given that 
a metre = 39:3708 inches. 

2. An are contains 1076:43 square feet. Reduce 53 ares 
25 n to English measure. 

The area of a room is 22 sq. met. 26 square decim. 
Nos this in English measure (1 metre — 39:3708 inches). 

4. A block of marble measures 3 feet, 3 inches in length, 
2 feet, 6 inches in depth, and 3 feet, 9 inches in width. What 
is the solid content expressed in cub. centim.? 

9. In 1235 litres how many gallons, when 50 litres = 11 
gallons nearly ? 

6. Supposing a franc to be equivalent to 94d., reduce 
sea 138. to francs. 

. Taking £1 sterling as equal to 25:22 francs, reduce 
£2. 138, 11d. to francs. 

8. In 1852 France reaped about 47850000 hectol. of 
wheat. Express this in gallons, assuming 1 gallon — 4:543 
litres. 

9. The ceiling of a room contains 83 sq. met. 53°96 sq. 
decim. ` What will be the expense of painting it at 10d. a 
square yard (1 metre — 1:094 yard)? 

10. Find the cost of 2000 kilog. of sugar at O fr. 50 c. per lb. 
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11. In England the unit of work is the foot-pound, and in 
the metric system 1t is the kilogram-metre. Reduce 62 
metric units of work to English units, taking 1 gram = 
15:4323 grains, and 1 metre = 39°3708 inches. 

19. The pressure of the atmosphere is 14$ lbs. upon the 
square inch. Find the pressure in kilograms upon the square 
centimetre. 


CHAPTER V. 


PROPORTION. 
98. Proportion is the equality of ratios. 


Thus, since the ratio 6 : 8 = $ = 3 = 15, 
we have ratio 6 : 8 — ratio CR 20; 


and we say that the numbers 6, 8, 15, 20 form a proportion. 
We generally express the fact thus— 


6:8::15 ; 20. 


It is easy to find by trial that the product of the extreme 
terms is equal to the product of the means. 


Thus, we have 6 x 20 = 8 x 15. 


We may prove this property of the terms of a proportion 
to hold generally as follows :— 


Suppose we have given the proportion 12 : 21 :: 20: 35. 


It follows, from our definition above, that 12 = 29, and 


multiplying each of these fractions by the product of their 
denominators, viz, by 21 x 35, we have 


12 x 21 x 35 = 22 x 35 x 21. 
Noe (Art. 8), 32 x 21 = 1? = 12, and 22 x 35 = 29 = 20, 


3 D 
and we hence have 12 x 35 = 20 x 21. | 
Now, we have not in our reasoning taken into account the 
actual value of the terms of the given proportion ; and it is 
therefore evident that a similar result will. follow from every 
proportion, and we may hence conclude generally :—- 


In every proportion the product of the extremes is equal to 
^ the product of the means. 
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99. Having given any three terms of a proportion, to find 
the remaining one. 


Since the product of the extremes is equal to the product 
of the means, the following rule is evident :— 

RuLE.—If the required term be a mean, divide the pro- 
duct of the extremes by the other mean; but if the required 
term be an extreme, divide the product of the means by the 
other extreme. 


Ex. 1.—28, 24, 30 are respectively the Ist, 3rd, and 4th 
terms of a proportion, required the 2nd.term. 


We have— 28 : required term : : 24 : 30 


Ex. 2.—10, 45, 16 are respectively the 1st, 2nd, and 3rd 
terms, required the 4th term. 


We have— 10: 45 :: 16 : required term 


° x ' "e 
'" required term = 722 = 2 = 72. 


Ex. 3.—2 hours, 45 minutes, 8 men are respectively the 
1st, 2nd, and 3rd terms, required the 4th term. 

We must express (Art. 6) the 1st and 2nd terms in the 
same denomination, and the proportion will stand thus— 


Min. Min. Men. 
120 : 45 :: 8 : required term. 


Now, the ratio of the first two terms is the same as the ratio 
of the abstract numbers 120 and 45; and the 4th term must 
he of the same denomination as the 3rd term, otherwise the 
3rd and 4th terms could not form a ratio. 

We have therefore— 


45 X 8 — 3X1 T 
ze men = —— men = 3 men. 


Required term = 


Simple Proportion. 


40. In Arithmetic we divide Proportion into Simple and 
Compound. Simple Proportion is the equality of two simple 
ratios, and therefore contains four simple terms; and the usual 
problem is to find the fourth term, having given the first 
three terms. 
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When we know the exact order of the given terms, the 
fourth term is, of course (Art. 38), found thus— 

RuLE.—Multiply the 2nd and 3rd terms together, and 
divide by the 1st. 

The formal arrangement of the three given terms in their 
proper order is called the statement ; and the only difficulty, 
therefore, in working a sum in Simple Proportion, or Single 
Rule of Three, as it 1s called, consists in stating it. 

We shall work a few examples to illustrate the mode of 
doing this. 


Ex. 1.—If 12 men earn £18, what wil 15 men earn 
under the same circumstances! 

We have here two kinds of terms, men and earnings, and 
whatever ratio any given number of men bears to any 
second given number of men, it is evident that it must be 
equal to the ratio of the earnings of the first lot of men to 
the earnings of the second lot, and we may therefore write— 

Men. Men. 
12 : 15 = £18 : 2nd earnings. 


Men. Men. 
or 12: 15 :: £18 : 2nd earnings. 


As the first two terms are of the same denomination, their 
ratio is not altered by treating them as abstract quantities, 
and the denomination of the 4th term must be the same as 
that of the 3rd. 

Hence we have— 


Ang Se ee 


Ex. 2.—1f 18 men do a piece of work in 25 days, in what 
time will 20 men do it ? 

The two kinds of terms we have here to consider are men 
and eme. In doing work we know that the time will dimin- 
tsh exactly as the number of men increases, and hence the ratio 
of the second. lot of men to the first lot will be equal to the 
ratio of the given time to the time required. We therefore 
have 

Men. Men. Days. Be 
20 : 18 :: 25 : required time. 
. Ans. = L7 2 days = ?7— days = 22:5 days. 


20 
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We have reasoned out the above examples thus to show that 
the working of problems in Rule of Three depends upon the 
principle of the equality of ratios. Practically, however, 
we proceed as follows: 


Ex. 1.—If 12 men earn £18, what will 15 men earn under 
the same circumstances! 

We are required to find earnings, and we therefore put 
down for the 3rd term the given earnings, thus— 


18 


The question is with regard to 15 men instead of 12 men, 
and we know their earnings must be greater. We therefore 
place the greater of these terms in the 2nd place and the ` 
other in the 1st, and the statement becomes— 


Men. Men. £. | 
12: 15 : 18 + required earnings. 
`. as before 


Ans. 42222 = £% = £22. 10s. 


12 


Ex. 2.—1f 18 men do a piece of work in 25 days, in what 
time will 20 men do it? 

We are required to find time, and we place therefore: the 
given time, viz., 25 days, in the 3rd place. 

Again, the question is with regard to 20 mem instead of 
18 men. Now, we know that 20 men require less time than 
18 men to do a piece of work, and we hence place the less of 
these terms in the 2nd place. The statement then becomes— 

Men. Men. Days. 
20 : 18 :: 25 : required time. 
'. as before 


st ct! E x5 _ 9X5 1. _ 99. 
Ans.: = —— days = — days = 22-5 days. 


Ex. XV. 


1. If 12 articles cost £15, what will 624 cost? 

2. What is the price of 35 ayo when 29 loaves cost 
15s. 83d. ? 

3. III get 140 metres of cloth for 541 fr. 70 c., what must 
I pay for 89 metres. 3 decim.? 
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4. If 4 cubic metres of ¡water run into a cistern in 18 
minutes, in what time will it be full, supposing it to be 4 
metres long, 6 metres, 25 centim. deep, and 35 decim. wide? 

5. If the carriage of a parcel for the first 50 miles be 
ls. 3d., and if the vate be reduced by one-third for distances 
beyond, how far can the parcel be carried for 1s. 7d.? 

6. If a half-kilogram of sugar cost 1 fr. 10 c., what will be 
the cost of 3 kilog. 625 grams. 

7. There are two pieces of the same kind of cloth, measur- 
ing 43 yards and 57 yards respectively, and the second costs 
£l. 9s. 2d. more than the first. What is the cost of the 
first ? 

8. A garrison of 720 men have provisions for 35 days, and 
after Y days 120 more men arrive. How long will the provi- 
sions last 1 

9. After paying 4d. in the pound income-tax a person has 
£299. 18s. 4d. left. What was the amount of his original 
income 1 

10. Two clocks, one of which gains 3 minutes and the 
other loses 5 minutes per day, are put right at noon on Mon- 
day. What is the time by the second clock when the first 
indicates 4 p.m. on the following Thursday! 

11. When will the hands of a clock be exactly 30 minute 
divisions apart between 2 and 3 o'clock ? 

12. If I lend a friend £120 for 9 months, how long ought 
he to lend me £270? 


Compound Proportion. 


41. Compound Proportion is an equality between ratios, 
one of which at least is a ratio compounded of two or more 
simple ratios. 

Arithmetical questions depending on Compound Proportion 
are generally said to belong to the Double Rule of Three; 
and the proportion consists of an equality between a ratio, 
on the one hand, compounded of two or more simple ratios ; 
and, on the other hand, a simple ratio, whose consequent is 
required. 

The following examples will illustrate the method of work- 
ing questions in this rule :— 

0—1. E 


a 
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Ex. 1.—If 12 horses eat 20 bushels of corn in 8 days, in 
what time will 24-horses eat 16 bushels? 

24 horses :.12: horses .. 84 | red ti 

20 bushels : 16 bushels \ ` AES E ea 

EXPLANATION.— We are required to find time ; and so, as 
in simple proportion, we put in the 3rd place the given 
time, viz., 8 days. 

Leaving, for the present, the quantity eaten out of considera- 
tion, we know that 24 horses require less time to consume a 
given quantity of food than 12 horses do; we therefore place 
the less of these two terms in the 2nd place, and the other 
in the 1st place. 


(The statement up to this point is 24 horses : 12 horses : : 8 days ` 
: required time, and we might obtain 4 days as an answer, irrespective 
of the quantity eaten. We might now place this answer in the 3rd 
term of another simple proportion, and take the quantity eaten into 
consideration, irrespective of the number of horses, thus getting an 
answer depending both upon the number of horses and the quantity 
eaten. It is more convenient, however, to proceed thus :) 


Again, taking into consideration the quantity eaten, and 
leaving out of consideration the other given pair of terms, we 
see that less tume 18 required to eat 16 bushels than to eat 20 
bushels. We, therefore, put the /ess term in the 2nd place, 
and the other in the Ist. 

Now, treating the terms of the ratios which occupy the 
lst and 2nd places as abstract quantities, and compound- 
ing them, we have: 


24 x 20 : 12 x 16 :: 8 days : required time. 


. required time = 24-222 days = 3-2 days. 


24 X 20 


Ex. 2.—How much bread can I get for 9d. when wheat 
is at 18s. a bushel, if the fourpenny loaf weigh 3 lbs. when 
wheat is at 20s. a bushel? 

Proceeding as in Example 1, we have 


: E : 2. ] : 3 lbs, : weight required. 


Or, 4 x 18 : 9 x 20 :: 3 lbs. : weight required. 


MES 1 NK ACH EU en ZC 
.. weight required = r Ibs. = 7:5 lbs. 
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Ex. XVI. 


1. If 15 men can build a wall 81 feet long in 18 days, how 
many men can build 135 feet of the same kind of wall in 30 
days! i 

> In 4 days, 18 workmen can dig a ditch 162 yards long, 
T feet wide, and 12 feet deep. What must be the depth of a 
ditch which 45 workmen can dig in 7 days, supposing it to 
be 387 yards long and 5 feet wide? 

3. A avelle. going 15 hours a day, walks 1500 kilo- 
metres in 20 days. How far will he go in 30 days, walking 
12 hours a day with the same velocity? Express your 
answer in English miles. | 

4. Two men are partners; one puts in a capital of £800, 
and receives as 6 months’ profit £120. What is the capital 
of the other, who receives £3375 as 9 months’ profit? 

5. Two tourists having spent £1. 16s. 8d. in 24 days, meet 
three others with whom ihey continue their EN and they 
spend while together £21. Is. 8d., at the same rate per day. 
Required how long they were in company. 

6. If 16 men and 10 boys do a piece of work. in 10 days, 
in how many days would 8 men and 18 boys do a piece 7 
times as great, supposing the work of 5 boys equal that of 
2 men? 

7. Supposing the rate of carriage to be diminished one-third 
after the first 50 miles, find the cost of carrying 16 cwt. for 
40 miles, when 12 cwt. can be carried 100 miles for 4s. 2d. 

8. A cistern 1s 8 metres, 4 decim. long, 1 metre, 8 centim. 
wide, and 275 centim. deep. Find the depth of another cis- 
tern of equal capacity whose length is 7 metres, 2 decim., and 
width 11 decim. S 

9. Persons whose incomes are less than £300 per annum 
are taxed upon £80 less than their income. Supposing 3 
persons, having equal incomes, to pay £7 in the aggregate, at 
4d. in the pound, find the total tax upon 14 persons, each 
having Incomes 3 times as great. 

10. If 12 horses eat 10 acres of grass in 16 weeks, and 18 
horses eat 10 acres in 8 weeks, how many horses would eat 
40 acres in 6 weeks, the grass ‘being supposed to grow uni- 
formly 1 
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11. A boat, propelled by. 8 oars, which take 28 strokes per 
minute, goes at the rate of 91 miles per hour. Find the rate 
of a boat propelled by 6 oars, which take 36 strokes per 
minute, the work done by each stroke of the latter being 
one-sixth less than that by each stroke of the former. 

12. If 4 men and 10 women can do a piece of work in 8 
days, which 12 women and 20 children can do in 4 days, in 
what time will 6 men, 18 women and 5 children do a work 
three times as great? 


CHAPTER VI. 


APPLICATION TO ORDINARY QUESTIONS OF COMMERCE 
AND TRADE. 


Interest. 


49. Interest is the money paid for the use of money. 

The Principal is the money lent, and the Amount is the 
sum of the interest and principal. 

The Rate of interest is the money paid for a given sum for 
a given time. £100 is in practice the given sum, and one 
year the given time. Thus, if £4 be paid for the use of £100 
for one year, the rate of interest is .£4 per cent. per annum, 
or as we generally say, 4 per cent, 

Simple Interest is interest calculated on the original 
principal only. 

Compound Interest is the interest which arises from 
adding the interest for each year to the principal of that 
year, and calculating interest for the next year upon the 
amount so obtained. 


Simple Interest. 


43. RuLe.—Multiply the principal by the rate per cent. 
and by the number of years; then divide the product by 
100, and the quotient will be the simple interest. 
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Ex. 1.—Find the simple interest of £420 for 3 years at 
5 per cent. 
ES , 
420 
, 5 
2100 
) 3 
2 £63-00 Ans.: £63. 
Reason for this process— 
£100 gains £5 in 1 year, and the question is to find the 
gain upon £420 in 3 years. 
Hence, proceeding as in Double Rule of Three, we have— 
100 x 1: 420 x 3 :: £5 : interest required. 
. Interest required = $420 Xs X3, which is exactly as 
stated in the rule. 
Ex. 2.—Find the simple interest of £352. ls. 8d. from 


March 16 to August 21, 1873, at 4 per cent. 
The following process will be easily understood :— 


£ s. d. 
352 1 8 
" 4 
£1408 6 8 
20 
1:66s, 
12 
8:00d. 


. £14. 1s. 8d. is the interest for 1 year. 


Son from March 16 to August 21 are 158 days ; hence 
we have— 


2365 days : 158 days :: £14. 1s. 8d. : Interest required. 
interest required = £6. ls. 112,d. 


Ex. XVII. 


Find the simple interest of— 


1. £350 for 4 years at 5 per cent. B 
2. 4295. 2s. 1d. for 34 years at 4 per cent, 
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9. £375. 8s. 4d. for 21 years at 41 per cent. 

4. £160 from Feb. 1 to June 12, 1872, at 71 per cent. 
5. £48 for 7 months at 14 per cent. per month. 

6. £219. 4s. 2d. for 6 years at 13 per cent. 


In the six following examples, understand simple interest. 


7. At what rate per cent. will £129. 8s. 4d. gain .£6. 3s. 
55d. in 21 years ? 

8. A certain sum amounts in 3 years at 74 per cent. to 
£289. 16s. 31d. ; find the original sum. 

9. In what time will £175. 6s. 3d. amount to £192. Ts. 
10%d. at 21 per cent! 

10. What sum will amount in 2 vears 9 months at 4 per 
cent. to £427. 7s? l 

11. If £320 gain £9 in 13 months, in what time will 
£480 gain £6 at the same rate? 

12. Find the interest of £29. 7s. 5d. for 6 months at 545 
per cent. 


Compound Interest. 


44, Rute 1.—Find the interest for one year as in Simple 
Interest, and add it to the principal; then find the interest 
for one year upon this amount reckoned as principal for the 
second year, and add 1t to the second year's principal, and so 
on. Subtract the original principal from the amount so 
obtained for the given number of years, and the result will 
be the compound interest required. 

Rute. 2.— Divide the given rate per cent. by 100, putting 
the result in a decimal form, and place unity before the 
decimal point. Raise the number thus obtained to à power 
corresponding to the given number of years, multiply the 
principal by the result, and we get the amount for the given 
number of years. 

Thus, supposing 5 to be the rate per cent., we have, 
dividing by 100 and placing unity before the result, the 
number 1:05. Then, if the given number of years be 4, 
and £162 the principal, we have, according to rule, amount 
= £162 x (1:05). 

The first rule requires no explanation; the second rule 
may be explained thus :— 
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Ex.—Find the compound interest of £360 for 3 years at 
4 per cent. 


Now, interest for £100 for 1 year = £4, 
ii £l ` " = £04; 
Bad amount of £l " = £l + £04 = £1:04. 


We thus see that the amount of £1 for 1 year at 4 per cent. 
is 1:04 times the original sum. It therefore follows that — 


Amount of the £1:04 for 1 year 1:04 times £1:04, 


hence, amount of £360 


22 32 


.. amount of £1 „ 2 years = £(1:04 x 1:04) 
$ | = £(1-04)?: 
and so, amount of £1 „ oyears = 1:04 times £(1:04)* 
= £(1:04y, 


360 times £(1:04)* 
£360 x (1:04). 
The compound interest is then found by subtracting from 
this the original principal. 


Ex. l.—Find the compound interest of £570 for 3 years 
at 5 per cent. 

(We shall work this by Rule 1, and for convenience shall 
keep our quantities in a decimal form.) 


£ 
510 
5 
£28:50 = interest for first year. 
570 
£598'5 = principal for second year. 
5 
£29:925 = interest „ » 
598:5 
£628:425 = principal for third year. 
5 
£31:42125 = interest „ » 
628-425 
£659:84625 


l i 


amount at end of third year,) therefore 
510 original principal; subtracting, 
£89:84625 = compound interest for 3 years. 
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Ex. 2.—Find the compound interest of £327. 12s. 6d. for 
4 years at 3 per cent. 


Now, £327. 12s. 6d. = £327:625. 
Hence, by Rule 2— 
Amount = £327:625 x (1:03)* = £368. 14s. 104d. nearly. 


Ex. 3.— What sum of money, if put out for 2 years at 4 
per cent., will amount to £324. 9s. 7id., compound interest 
being reckoned ? 

By Rule 2, the principal may be found by dividing the 
amount by (1:04), 

Now, given amount = £324. 9s. 71d. = £324:48, 

Hence principal required = £324:48 + (1:04) = £300,, 


Ex. XVIIL 


„Find the compound interest of 
1. £284 for 2 years at 4 per cent. 

2. £312. 12s. 74d. for 3 years at 5 per cent. 

9. £283. 10s. for 2 years at 34 per cent. 

4. £605. 12s. 6d. for 4 years at 4 per cent. 

5. What is the difference between the simple and com- 
pound interest of £150 for 2 years at 6 per cent.? 

6. Find the amount of £381. 1 florin 3 cents 5 mils for 
9 years at 5 per cent. 

(£l — l0 florins, 1 florin — 10 cents, 1 cent — 10 mils.) 

7. Find the amount of £250 for 2 years at 4 per cent. per 
annum, interest being payable half-yearly. | 

8. What sum will amount in 3 years at 44 per cent. com- 
pound interest to £200 ? 

9. A town has 200,000 inhabitants, and it increases at the 
rate of 5 per cent. per annum ; find tne number of inhabi- 
tants at the end of 3 years. | 

10. Find the difference in amount of £350 for 3 years at 
4 per cent. simple interest, and £420 for 2 years at 5 per 
cent. compound interest. 

11. How much would a person who lays by £50 a year at 
5 per cent. compound interest, draw out at the end of 4 years? 

12. A person expects to receive .£450 in 3 years; what 
present sum is equivalent to this, reckoning compound inter- 
est at 4 per cent. ? 


DISCOUNT. T3 


Discount. 


45. When money is paid before it is due, the payee may, 
of course, put out the money at interest for the rest of the 
term, and thereby increase it. It therefore follows that the 
amount which ought to be paid for the discharge of an 
account before its proper time should be such a sum that, if 
put out at interest for the remainder of the term, will just 
amount to the original sura in question. 

Thus £102. 10s. (interest being reckoned at 5 per cent. 
per annum) payable 6 months hence, would be fully dis- 
charged by paying £100 at once. For £100 in 6 months at 
5 per cent. per annum would amount to £102. 10s. Hence, 
the payee ought to remit £2. 10s. from the full account. The 
amount remitted is called discount. 

It will be seen, therefore, that the discount on £102. 10s. 
due 6 months hence at 5 per cent. is £2. 10s. 

Bankers, however, are in the habit of charging interest 
instead of discount. The banker's discount, therefore, on 
£100 due 6 months hence at 5 per cent. is £2. 10s. 

Hence, the true discount on £102. 10s. due 6 months at 5 
per cent. is the same as the banker's discount on £100 under 
the same circumstances ; and bankers' discount on any given 
sum is in excess of the true discount. 

Tradesmen's bills are legally due three days after the term 
for which they are drawn is completed. This extension of 
time is called three dar ys of grace. When a bill falls due on 
a Sunday, it is usual in England to meet it on the previous 
Saturday. 

Ex. 1.—F ind the difference between the true discount and 
the banker's discount on £306 due 4 months hence at 6 per cent. 

Now, £100 would in 4 months gain 4 of £6, or £2. 
Hence, the true discount on .£102 due four months hence at 
6 per cent. is .£2, and therefore we have— 

£102 : £306 : : £2 : true discount required. 


Hence, true Mascot: = ee O. 
Again, proceeding according to the rule for simple 


see 


£306 x 6x 4 TP 
Banker's discount — EL Ea £912 — £6, 2s. 44d. 
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Hence, the excess of the banker's discount over the true 
discount is 2s. 44d. 


Ex. 2.—A bill of £350 drawn on March 15, at 6 months, is 
cashed on May 20, 1872 ; what 1s the banker's discount at 6 
per cent. ? 

The bill is legally due on Sept 18, and from May 20 ta 
Sept. 18 are 121 days. 

Now, the interest on £350 for , year at 6 per cent. is easily 
found to be £21. Hence, 


365 days : 121 days :: £21 . banker's discount required ; 
and . . banker's discount = £*2— 224 = £6. 19s. 258d. 


Percentages. 


46. There are many questions which relate to ordinary 
commercial transactions which may be worked exactly as 
if we had to find the simple interest for one year—e.g., ques- 
tions in commission, brokerage, insurance, de. 

- Commission is a sum of money charged, by an agent for 
buying or selling goods, at a certain rate per cent. upon the 
value of the goods. 

Brokerage is similar to commission, but it is charged upon 
money transactions instead of upon the sale of goods. 

Insurance is a sum charged per cent. upon the value of 
property, the said value being paid to the insured in case of 
loss from causes as per agreement. 


Ex. 1.—Find the brokerage on £625. 5s. at 41 per cent. 


£ S. d. 
625 5 0 
41 
2501 0 
3212 2 6 
28:13 6 
20 
2728. 
12 


8°70 Ans.: £28, 2s. 8 Pod. 
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Ex. 2.— The rate of insurance is 44 per cent., and the 
value of some property insured is worth £766. What will 
be the annual payment, so that, in case of fire, the owner 
may receive back his premium, as well as the value of his 
property ? | 

If, instead of paying £4. 5s. as insurance on every £100, 
he pays £4. 5s. upon every (£100 — £4. 5s.) or upon every 
£95. 15s. ; then, in case of fire, he will receive £100 for a 
damage of £95. 15s., and thus have the value of his property 
and the amount of his premium. 

The problem is, therefore— 

If £4. 58. is the premium on £95. 15s., what is the pre- 
mium on £766? 

Hence— 


£95, 15s. : £766 :: £4. 5s. : premium required. 
And, therefore, premium = £34. 


Ex. XIX. 


1. Find the banker's discount on £412, due 6 months 
hence, at 6 per cent. 

2. By how much does the banker's discount on £100, due 
3 months hence, at 5 per cent., exceed the true ? 

9. What discount would be charged upon a.bill drawn for 
£320, on April 15, at 4 months, and presented for payment 
on June 3 (discount at 7 per cent.) ? 

4. Find the discount on a bill drawn on Aug. 3 for £200, 
at 6 months, and nds on Sept. 10, discount being reckoned 
at 6 per cent. 

5. A man buys A for £250, being allowed 6 months 
credit, and he immediately sells them for the same amount, 
allowing 3 months credit. What does he gain by the trans- 
action, interest being reckoned at 5 per cent. ? 

6. Find the brokerage on £352. 17s. 6d. at 3 per cent. 

7. What is the brokerage on £4500 at 1 per cent.? 

8. What, is the commission on the sale of goods to the 
amount of £850 at 5 per cent.“ | 

9. A person insures for £1050 at 33 per cent. What is 
his annual premium 1 
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10. What will be the annual premium on property worth 
£965, so that the insured may obtain his premium back 
again with the value of his property, in case of loss—insurance 
being at 34 per cent. ? 

1. The brokerage on a certain sum at l per cent. is 
£5. 10s. 71d. Find the sum. 

12. Together with a commission of 4 per cent., goods cost 
a person £339. 8s. 5d. Find the cost price to the agent. 


Stocks and Shares. 


47. When a large amount of capital is to be raised, a 
company is generally formed, which raises the money by the 
issue of shares. We will suppose a person to hold a £100 
Share; he will then be entitled to such a part of the profits 
of the company as £100 is of the whole capital. If there be 
a great demand for these shares, persons holding them may 
- dispose of them for more than the nominal value, say for 
£106 ; whereas, if they are very little in demand, the seller 
may be glad to sell at, perhaps, £70. In the first instance, 
we should say that the shares were at 106, or at 6 premium; 
and in the second instance, that the shares were at 70, or at 
30 discount. If the selling price of the shares is £100, they 
are said to be at par. 

So, when we read that the Three per Cent. Consols are 
quoted at 962, it means that an acknowledgment of indebted- 
ness on the part of the Government to the amount of £100, 
bearing interest at 3 per cent. per annum, may be bought for 
£963. 

The buying and selling of stocks and shares E carried on 
by brokers, who charge a percentage from 4 to 4, sometimes 
upon the nominal value of the Stock, but mostly upon the 
actual cash value. When brokerage is to be taken into ac- 
count in any example it will be mentioned, and 1t will 
be estimated by the first method, unless specified. 


Ex. 1.—What is the value of £1000 stock at 89,5; per 
cent, ? 
No. of cents. stock = == 10 


o 


a‘. value required = £895 x 10 = £893. 28. Od. 
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Ex. 2.— What would be the cost of £1180 stock at 1534 


per cent., including brokerage at 1 per cent. 4 
No. of cents. stock = 4159 = i, 
and total cost of each cent. = £(1531 + 1) = £153}. 
Hence, required cost = et, eS S21 811.68: 


Ex. 3.— What is the, annual income arising from investing 
£6510 in the Four per Cents. at 931 


Here, price of £100 stock = £93, 
and .. No. of cents. stock for £6510 = 2 = 70, 
Hence, annual income: — £4 x 70 = £280. 


Ex. XX. 


1. Find the cost of £750 stock at 921 per cent. 

2. I sell out £325 Three per Cent. Consols at 94. What 
do I get after allowing the broker 4 per cent. upon the cash 
he receives for the sale? 

3. Invest £5065. 9s. 9d. in the Three per Cent. Consols 
at 913. 

4. What would be the cost of £413. Is. 9d. reduced Three 
per Cents. at 923, including a brokerage of 1 per cent. upon 
the cost to the broker? 

5. What would be the proceeds of the sale of £6228 India 
Five per Cent. stock at 1112, deducting 1 per cent. upon the 
selling price for brokerage ? 

6. If I sell £8160 Spanish Three per Cent. Bonds at 31 
per cent, and invest the proceeds, less 4 per cent. brokerage, 
in Indian Railway Five per Cent. Stock at 107, what will 
be the difference in my annual income! 

7. What is the value sterling of $4000 American Bonds 
at 935 per cent. ($ = 4s. 6d.)? 

8. What is the value of. $37,000 United States Bonds at 
9945; per cent.“ 
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9. Invest £954. Os. 7d. in India Five per Cent. Stock at 
1103, allowing } per cent. brokerage. 


10. What is the sterling value of 5000 francs Italian 
Bonds at 67 per cent. (Exchange 25 fr.)? 


11. Find the sterling value of 6000 guilders Dutch 24 per 
Cent. Bonds at 561 (Exchange 12 guilders). 


12. Invest £1025 in French Rentes at 511, allowing 1 per 
cent. brokerage (Exchange 25 fr.). 


Annuities. 


48, Annuities are annual payments, the first payment 
being due at the end of a year. When an annuity is left 
untouched for a number of years, its amount is properly ob- 
tained by allowing compound interest. 


49. To find the amount of an annuity of a given sum for 
a given time, at a given rate per cent. 

Let us suppose the annuity to be £1, the time 4 years, 
and 5 the rate per cent. The first payment will not be due 
till the end of a year; so that at the end of 4 years it will 
have been accumulating for 3 years at compound interest; 
so the next payment, not being due till the end of the second 
year, will have been accumulating for 2 years at compound 
interest ; and so on, the last payment being made when due. 

Hence, the amount of an annuity of £1, for 4 years at 5 
per cent., will be (reversing the above order) as follows :— 

£l + amount of £l for 1 year + amount of £l for 2 
years + amount of £1 for 3 years (compound interest being 
reckoned). 

And it is evident that for any other annuity we may follow 
the same method, and at the end multiply the sum by the 
number of £ in the annuity. 


Ex.—F ind the amount of an annuity of £300 for 4 years 
at 5 per cent. | 

We shall find the respective amounts by Rule 2, Art. 44. 
Thus— | 


ANNUITIES. 19 


amount for 1 year of £l at 5 per cent. 


II 


£1:1025 = „ , 2 years js - 


11576295 = ,, „ 9 years 5 - 
Hence, amount of annuity of £1 for 4 years— 
= £l + £1:05 + £1:1025 + £1:157625 = £4:310125. 
amount of given annuity = £4°310125 x 300 = £1293. 
Os. 9d. 


50. To find the present — of an alí to continue 
for a given time. 

By the present value of an ari to continue a given 
number of years is meant such a lump sum which, paid down 
at once, would, by accumulating at compound interest for the 
same time, amount to just the same sum as the annuity itself 
if it were allowed to accumulate: In the absence of alge- 
braical symbols, we shall best illustrate the method of finding 
such a lump sum by an example. 


Ex.—Find the present value of an annuity of £50 for 3 
years at 4 per cent. 

As in Art. 49, we find the amount of the annuity— 

= {£1 + £1:04 + & (104) x 50 = £156:08. 

Now, whatever be the present value required, we know 
that its amount in 3 years at 4 per cent. compound 
interest is found (Art. 44) by multiplying it by ii d or 
1124864. 

It, therefore, follows that if we know this amount betore: 
hand we can find the present value by dividing it by 
1:124864. 


Hence, present value = £156:08 + 1: 124864 = = £138:755 


nearly. 


51. To find the present valag of an annuity to continue 
for ever. 


80 ARITHMETIC. 


It is evident that the sum we require is one which, put 
out at interest, will annually produce a sum equal to that of 
the annuity itself. The problem then is simply this— 

Having given the interest for 1 year of a certain sum, 
and the rate per cent., to find the principal. 


We have therefore the following rule :— 


RuLE.—Divide the given annuity by the rate per cens; 
and multiply by 100, and the result 1s the present value. 


Ex.—How much must a gentleman invest at 5 per cent. in 
order to endow a charity with .£60 a year. 
Present value of the annuity of £60 to continue for ever— 


= £29%109 — £1200, 


There are many other questions connected with annuities 
which are, however, best left till the student has a knowledge 
of Logarithms. 


Ex. XXI. 


Find the amount of an annuity of— 

1. £120 for 3 years at 4 per cent. 

2. £250 for 4 years at 41 per cent. 

3. £321 for 5 years at 5 per cent. 

4. What is the present value of an annuity of £80, to 
continue for six years, at 6 per cent. ? 

5. A person who, according to the tables of mortality, is 
likely to live 10 years, wishes to insure an annual payment 
of £40 during life. What sum must he pay down, reckon- 
ing interest at 5 per cent.? (Give the result to four places 
of decimals.) 

6. A house produces a clear rental of £30. How many 
years’ purchase is it worth, interest being reckoned at 5 per 
cent.? 

7. A gentleman invested a sum of money in the Three 
per Cent. Consols, in order that an annual payment of 7s. 6d. 
a year might be made in bread for ever. What sum did he 
invest! 

8. Find the present value of a pension of £120 a-year, 
payable half-yearly for 5 years, interest being at the rate 
of 5 per cent. per annum. 


PROFIT AND LOSS; 8I 


9. A house, which ordinarily lets for £80 a-year, is leased 
for a term of four years, at a rent of £20, a certain sum 
being paid in addition at the time of letting. Find this 
- latter amount. 

10. What is the,presént value of a freehold which pro- 
duces a clear rental of £50, but which cannot be entered upon 
for two years, reckoning interest at 5 per cent.? 

11. Find the annuity which in four years, at 4 per cent., 
will amount to £100. + 

12. A corporation borrows a sum of £3000 at 4 per cent. 
What annual payment will clear off the debt in ten years? 
(Give the result correct to four places of décimals.) 


Profit and Loss. 


59. All questions involving the loss or gain per cent. by 
any transaction belong to this rule; and may be generally 
worked by Proportion. 


Ex. 1.—A man buys goods at 5s. and sells them at 5s. 8d. 
Find his gain per cent. 
The actual gain upon 58. is 8d., and we are required to 
find the gain upon £100. 
Now 5s. : £100 :: 8d. : gain upon £100, 
'. gain upon £100 = £100 % a _ £131, 
or, required gain per cent = 131, 


Ex, 2.—By selling goods at 6s. 3d. there is a gain of 25 
per cent. What will be the selling price to gain 10 per 
cent.? 

Now, selling price of goods which eost £100, so as to gain 
25 per cent, is £125, and that to gain 10 per cent. is £110. 


Hence £195 : £110 :: 6s. 3d. : selling price required ; 
from which, sies price required — — Ds. 6d. 


Ex. 3.—Find the cost price when articles sold at ls. 9d. 
entail à loss of 121 per cent. 

Now, articles which cost £100 when sold at a loss of 124 
per cent. must sell for £874. 

Hence £871 : ls. 9d. :: : £100 : cost price required ; 


from which, cosb price — 2s. 
5—1. F 
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Ex. XXII. 


1. Find the cost price of goods which are sold at a loss of 
10 A cent. for 4s. 1014. 


. Goods which are sold for 7s. 11d. entail a loss of 5 per 
- What should be the price to gain 30 per cent.? 


3. A tradesman reduces his goods 71 per cent. What 
was the original price of an article which now fetches 


£l. 7s. 9d.? 


4. In what proportion must tea at 4s. 2d. be mixed with 
tea at 6s. a pound, so that a grocer may sell the mixture at 


58. 6d. and gain by the sale 10 per cent.? 


5. A quantity of silk, after paying a duty of 121 per cent., 
cost £54. Find the original cost price. 


6. An innkeeper buys 372 gallons of brandy at 14s. a 
gallon, and adds to it sufficient water to enable him to sell it 
at the same price and gain 12 per cent. How much water 


does he add ? 


7. By selling goods at 8s. 2d. a tradesman gains 162 per 
cent. What will be the gain or loss per cent. by selling at 
68. lid. 


8. A company has a capital of £750,000, and the working 
expenses for the year have been £42,123. 12s. 6d. What 
must have been the gross receipts in order that the share- 
holders may receive a dividend of 4 per cent.? 


9. If stock which 1s bought at 911 1s immediately sold at 
915, what is the gain per cent. 


10. A person buys goods at 6 months' credit and sells 
them for cash at the nominal cost price immediately. What 
is his gain per cent.? (Interest 5 per cent.) 


11. Goods are marked at a ready-money price and a credit 
price allowing 12 months. The credit price is £4. 9s. 3d., 
what is the ready-money price ? 


12. Goods are now being sold at 10 per cent. loss. How 
much per cent. must be put upon the selling price in order 
that they may be sold at 20 per cent. gain? 
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Square Root and Cube Root. 


53. To avoid unnecessary repetition, the student is referred 
to the articles on Involution, Algebra, stage 1., where the 
arithmetical principles and methods are explained. 


Estimates. 


54, The following specimens will give the student an idea 
of what he may expect to meet with under the head of Esti- 
mates. It is usual, in ordinary transactions, to use certain 
abbreviations ` as cub. for cubic measure, sup. for superficial 
measure, run. for running or lineal measure. Builders, too, 
are in the habit of calling twelfths of a foot—whether it be 
cubical, superficial, or lineal measure—by the name of inches. 
The names yards, feet, inches, are often written thus: 


yds., ^ “. 


Ex. 1.—Diacrr, BRICKLAYER, AND MASON. 


Yds.| Ft. | In. | | & | & jd 
25 | 0 | 0|¡Cub.¡ Digging in trenches, filling s Wheeling, and | 
| \ carting away,.... 1 
232 | 0 | O Sup. 9“ reduced common brickwork in ‘mortar, | 
pointed on both sides,. . d Io | 
5 0| 0 „ |43” trimmer arches to hearths, . „ 
16 4] 0 8 Best blue brick on ed ge, paving in cement, | 4/6 
6 0. 0 „ 6“ blue and red quarries do., 8/10! 
14| 0 f 0 ||Run.|12" round blue coping bricks in cement, . |2/4 i 
9 0 0 „ [Best red brick flat steps do, 1/2 
33 2 0 „ Extra only to splayed brick angles to doors 
. and windows, . $2 bbe ES sa eae LUPA 
12 1| O „ Do. to plinth in cement, iis Mecha meatal OO 
5 0 O „ Do. to sailing course to chimney, . 0/2 
12| 0| O „ Do. to cornice to eaves of best red bricks, 
three courses, ..........................10/5; 
No. 2 core chimney flues, . g praelo epus AE 
„ |lsetsink,. VVV 4 / 
» [4 do. stoves, —— (EE | 
„ Il do. copper, . — "si I 
» |12 do. ornamental air gratings, ee 0/6 
19 | 6 |i Run.) Gable coping of hard stone 13” x 43”, twice | 
splayed, . ctu 19 | 
15 0 „ |2} rubbed hearth and back hearth, , 172 | 
7 9 - Solid York step 14" x 6", tooled, . ,.12/6 
No. |2 knee stones to gables 18" x 14" x 10% ea. 7 76 | 
» |lapex stone do., 16" x 14" x 19". EN Ə/ | 
„ |1 York stone sink 4” 0" x Y 9", with rounded 
corners and hole cut for waste-pipe,..:.. | 10/ 
„ |2stone chimney-pieces with 7" x 13”, cham- 
fered jambs, mantel, and shelf. . . . ea. | 24/ 


. — 
| | . 7 do AA opos» „ „ 1 


In. 


n 
6 
0 
0 


o Oooooo 


e 


OO OOO oo © 


CO CO CH 


9 — CARPENTER AND JOINER. 


Cub. | Fir framed-in roof timbers,................ | 2/9 
m Do. dO... “TOOTS ue eco 
Sup. | Centreing to trimmer hearths, . docet es LO 
Do. to 3 openings 5 0" wide, with segment 
heads in 14 brick wall,...............ea.|2/ 
Do. to 4 do. 3 0” wide do., ; ea. 1/6 
„ Labour in planing roof and floor- timbers, . 10/03 
Run. Do. in stop chamfering edges of do., 0/0% 
„ 17% x 13” ridge board, 0/3 | 
D d 1j" chamfered fillet to eaves,. 0/13 
Sup. |Inch clean red deal batten for boarded floors, 
wrought, . Lar | 207 
Run.|7" x 1 torus skirting, plugged, 0/3 
No. 2 labour to mitred margins to hearths, . 10/92 
„„ 116 mitres to skirting, ..... ea. 0/2 
Sup.|Ineh deal treads and risers, “ploughed, 
tongued, and screwed on 3 — 7" x 23” 
carriages, C 
Run. 14” wall- «string housed, for treads and 
risers,. . 10/8 
„„ [13% close- string do., and sunk and beaded,. 0/9 
s 197 x 21" rounded oak hand- rail, French-| 
š polished,.. RET tas ll Of 
9” x 1” beaded fascia,. 0/4 
Sup. |2” — 6 panel doors, bead, ‘flush, ‘and square, 1/3 
„ 13“ do. do., 1/1 
Run. 4i" x 3” rebated and beaded frame, ....... |0/6 
„ 4x2" do. do., ase ee ⁊ . 10/42 
„ |9/ x 14 moulding, mitred,. 0/8 
Sup. | 2” ovalo- moulded sashes, double hung, in 
deal-cased frames, with oak sunk and 
weathered Sills, nn | 1/06 
„ 1i" do. do., 1/4 
Run. i" mitred bead, ego t nr Edi 
5 51 x 3" bead lining, tos 0/34 


: 11 inch-beaded centre boards, . 
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(A square = 100 sq. ft.) 
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MISCELLANEOUS EXAMPLES. 


(Selected from U; niversity and other Examination Papers.) 


1. Show by an easy example that the division of one 
whole number by another is equivalent to a series of 
subtractions. 

Divide 1:02 by 12 of 144. 

2. If the Three per Cents. are at 911, what interest does 
this give on £100? (Omit brokerage and fractions of a penny.) 


3. How many lbs. in 321875 of a ton weight? Convert 


it into kilograms (omitting fractions), assuming that a cubic 
decimetre of distilled water weighs 15432:35 grains. 


4, Reduce to their simplest forms 5 — A63 = 63 and 
135 — 424 
45:12  4/:03375. 
3/80 — VOI 
5. Convert 414 into.a decimal fraction, and find the vulgar 
fraction corresponding to the recurring decimal :22297. 


6. Show, by proper attention to the value of the figures, in. 
multiplying one number by another, that the order in which 
the figures of the multiplier are taken is of no importance. 
Multiply 61:143 by 47:982 correctly to three places of 
decimals, beginning with the left hand figure of the multiplier, 
and use as few figures as possible. 


7. Extract the square root of 1095-61 , and find to three 


4 
J9 — LT 

8. Find the compound interest of £55 for one year, pay- 
able quarterly, at 5 per cent. per annum. 

A person bought into the Three per Cents. at 98, and 
after receiving three years' interest he sold at 90. How 
much per cent. on the sum invested did he gain or lose ? 


places of decimals the value of 
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9. Three gardeners working all day can plant a field in 10 
days; but one of them having other employment can only 
work half time. How long will it take them to complete 
the work ? 

10. What fraction of a crown is 2 of 6s. 8d. ? What is 
the value of 2 of a guinea? Reduce 113d. to a decimal of a 
pound, correct to five places of decimals. 


11. Reduce the expressions— 


iti, 141 

3 5 4 — 3 9 3 4 
zo t Y> T Y5 band a/d i SA 

4 


EE: 
4 5 

— 9155 by 50 &, and add zs to the result. 

Divide (245)? — 1 by (233)? + 32 

12. A bankrupt's estate amounts B £910. 3s. 11d., and his 
debts to £1875. What can he pay in the pound? and what 
will a creditor lose on a debt of £57 ? 

13. A person having invested a sum of money in the Three 
per Cent. Consols received annually therefrom £233, after 
deducting the income-tax of 7d. in the pound. What is the 
sum of money? What can the stock be sold for when Consols 
are at 941. 


14. Find the value of 023002, and of 683425 

15. Prove the rule for finding the value of a circulating 
decimal, and divide 4:367 by the circulating decimal :052. 
3 + Jb 
„ 


Reduce to its simplest form the quantity 


8 — ,/20 
"84 J20 

16. Three persons, A, B, C, hold a pasture in common, 
for which they are to pay £30 per annum. A put in 7 


oxen for 3 months; B, 9 oxen for 5 months; and C, 4 oxen 
for 12 months. How much rent ought each to pay? 


Lf. WE to four places of decimals the value of the 


expression por D) 
d — ———————— 
gë RES 
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18. Find the least common multiple of 16, 24, and 30, and 
explain the method. 


19. What should be the price of English standard silver, 
37-40ths fine, in order that the par of exchange between 
England and France should be 25 fr. 22 c.—200 francs being 
cod from 1 kilogram of silver, 9-lOths fine? (1 kilog. 
= 15:434 grains). 


20. A person buys 100 shares in a company for £3,500; 
after receiving four half-yearly dividends of 15s. 4d., 20s. 
10d., 30s. 4d., and 38s. 9d. per share, he sells at a profit of 
43 per cent.; reckoning the simple interest of money at 4 per 
cent., how much above that interest has he gained? 


2]. The price of Three per Cent. Consols is 902 ; what sum 
must be invested in order to purchase £24 per annum ; and 
what is the rate of interest on the money invested ? 


22. Three partners in trade contribute respectively the 
sums of £438, £292, £730, with the agreement that each 
was to receive 5 per cent. on their respective investments, 
and that the remainder of the gains of the firm, if any, was 
to be divided between them in the proportion of the sums 
originally advanced. The whole gain of the firm was £200. 
What was each man's share ? 


23. If 25 tons of goods are purchased for £37. 10s. and 
sold at 35s. a ton, what is the gain per ton ? 

At what rate per ton should the goods have been sold 
in order to obtain a profit of £9. 7s. 6d. ? 


24. Find the value of 45. of £3. 12s. 111d.; and find the 
fraction that 3 miles, 2 far 100 yards is of 12 leagues, 2 
fur. 20 yards. 

25. The sum of 49040. 168. is placed in the Three and a 
Half per Cents. at 94 ; find the income obtained, pudet 
on the stock purchased. ith per cent. to the broker, and 4 
per cent. for other SES 


26. Express as a fraction 200123, asd express as a 
recurring decimal 019 + 00132. 
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27. By the reduction of the income-tax from 7d. in the 
pound to 5d. a person saves £28. 2s. 6d. a year; what is his 
income ? 


28. If 81 bushels of wheat.are consumed by 56 men in 5 
days, how long will 16 men take to consume 28 bushels ? 


29. Find the square root of I, and prove that V694 = 83. 


30. The periods of three planets which move uniformly in 
circular orbits round the sun are respectively 200, 250, and 
300 days. Supposing that their positions relative to each 
other and to the sun to be given at any moment, determine 
how many days must elapse before they again have exactly 
the same relative positions. 


SECTION II. 


GEOMETRY. 


EUCLID'S ELEMENTS, BOOK I. 
Definitions. 


1. A point is that which has position, but not magnitude. 
2. A line is length without breadth. 

9. The extremities.of a line are points. 

4. A straight line is that which lies evenly between its 


extreme points. 


5. A superficies (or surface) is that which has only length 
and breadth. 


6. The extremities of a superficies are lines. 
7. A plane superficies is that in which any two points 


being taken, the straight line between them lies wholly in 


that superficies. 
8. A plane angle is the inclination of two lines to one 


another in a plane, which meet together, but are not in the 


same direction. 
9. A plane rectilineal angle is the inclination 


of two straight lines to one another, which meet 


together, but are not 1n the same straight line. 


Notr.—When several angles are at one point B, any one of them is 


expressed by three letters, of which the middle letter is B, and the 


first letter is on one of the straight lines which contain the angle, 
and the last letter on the other line. 
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Thus, the angle contained by the straight lines AB and BC is ex- 
pressed either by ABC or CBA, and the angle contained by AB and 


L C ` 


E 


BD is expressed either by ABD or DBA. When there is only one 
angle at any given point, ib may be expressed by the letter at that 
point, as the angle E. 


10. When a straight line standing on another 
straight line makes the adjacent angles equal 
to one another, each of the angles is called a 
right angle; and the straight line which stands 
on the other is called a perpendicular to it. 


P 11. An obtuse angle is that which is greater 


than a right angle. 


` 12. An acute angle is that which is less 
than a right angle. 


13. A term or boundary is the extremity of anything. 


14. A figure is that which is enclosed by one or more 
boundaries. 


15. A circle is a plane figure contained by 
one line, which is called the circumference, 
and is such, that all straight lines drawn 

-e from a certain point within the figure to the 


circumference are equal to one another. 
16. And this point is called the centre of the circle, [and 
any straight line drawn from the centre to the circumference 
is called a radius of the circle]. 
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17. A diameter of a circle is a straight line drawn through 
the centre, and terminated both ways by the circumference. 

18. A semicircle is the figure contained by a diameter and 
the part of the circumference cut off by the diameter. 


19. A segment of a circle is the figure contained by a 
straight line and the pute of the circumference which it 


cuts off. 

20. Rectilineal figures iodo cata by 
stralght lines. 

21. Trilateral figures, or triangles, by three straight lines. 

22. Quadrilateral figures, by four straight lines. 

23. Multilateral figures, or polygons, by more than four 
straight lines. 

/N 


24. Ofthree-sided figures an equilateral triangle ` 


is that which has three SE sides. 


25. An isosceles triangle is that which has only | 


two sides equal. 


26. A scalene triangle is that which has three | 
unequal sides. | 


27. A right-angled triangle is that which has pA 


a right angle. PA | 


28. An obtuse-angled triangle is that which 7j 


has an obtuse angle. 


29. An aeute-angled triangle is that Mom E N 
has three acute angles, 8 
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30. Of four-sided figures, a square is that which 
has all its sides equal, and all its angles right angles. 


31. An oblong is that which has all its angles 
right angles, but not all its sides equal. 


32. A rhombus is that which has all its sides 
equal, but its angles are not right angles. 


33. A. rhomboid is that which has its 
opposite sides equal to one another, but all its 
sides are not equal, nor its angles right angles. 


94. Parallel straight lines are such as are 
in the same plane, and which being produced 
ever so far both ways do not meet. 

35. A parallelogram is a four-sided figure of which the 
opposite sides are parallel; and the diagonal is the straight 
line joining two of its opposite angles. All other four-sided 
figures are called trapeziums. 


Postulates. 


1. Let it be granted that a straight line may be drawn from 
any one point to any other point. 

2. That a terminated straight line may be produced to any 
length in a straight line. | 

9. And that a circle may be described from any centre, at 
any distance from that centre. 


Axioms. 


l. Things which are equal to the same thing are equal to 
one another. 
2. If equals be added to equals the wholes are equal. 
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9. If equals be taken from equals the remainders are equal. 

4. If equals be added. to unequals the wholes are unequal. 

5. If equals be taken from unequals the remainders are 
unequal. 

6. Things which are dobla of the same are equal to one 
another. 

7. Things which are halves of the same are equal to one 
another. a 

8. Magnitudes which coincide with one another, that 1s, 
which exactly fill the same space, are equal to one another. 

9. The whole 1s greater than its part. 

10. Two straight lines cannot inclose a space. 

11. All right angles are equal to one another. 

12. If à straight line meet two straight lines, so as to 
make the two interior angles on the same side of 1t taken 
together less than two right angles, these straight lines being 
continually produced shall at length meet on that side 
on which are the angles which are less than two right 
angles. 


Explanation of Terms and Abbreviations. 


An Axiom is a truth admitted without demonstration. 

A Theorem is a truth which is capable of being de- 
"d from previously demonstrated or admitted 
truths. 

A Postulate states a geometrical process, the power of 
effecting which is required to be admitted. 

A Problem proposes to effect something by means of 
admitted processes, or by means of processes or construc- 
tions, the power of effecting which has been previously 
demonstrated. 

A. Corollary to a proposition is an inference which may be 
easily deduced from that proposition. 


The sign — is used to express equality. 
Z means angle, and A signifies triangle. 
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U 


The sign > signifies “is greater than," and = “is less 


than." 
+ expresses addition ; thus AB + BCis the line 
whose length is the sum of the lengths of 


AB and BC. 

— expresses subtraction; thus AB - BC is 
the excess of the length of the line AB above 
that of BC. 


AB? means the square described upon the 
straight line AB. 


Proposition 1.— Problem. 


To describe an equilateral triangle on a given finite straight 
line. 

Let AB be the given straight line. 

It is required to describe an equilateral triangle on AB. 


From cen- CONSTRUCTION.—F rom thecentre 


od A, at the distance AB, describe the 
dius —AB, circle BCD ( Post. 3). 

describe I 
circles. From the centre D, at the dis- 


tance BA, describe the circle ACE 
(Post. 3). 


From the point C, in which the 
circles cut one another, draw the 


straight lines CA, CB to the points A and B (Post. 1). 
Then ABC shall be an equilateral triangle. 


AC—AB. PRoor.— Because the point A is the centre of the circle 
BCD, AC is equal to AB (Def. 15). 


BC—AB. Because the point B is the centre of the circle ACE, BC 
is equal to BA (Def. 15). 


d ae e Therefore AC and BC are each of them equal to AB. 


AC=BC. But things which are equal to the same thing are equal to 
one another. Therefore AC is equal to BC (Ax. 1). 


“AB=BC Therefore AB, BC, and CA are equal to one another. 


i Therefore the triangle ABC is equilateral, and it is de- 
scribed on the given straight line AB. Which was to be done. 
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Proposition 2.— Problem. 


From a given point to draw a straight line equal to a given 
straight line. 

Let A be the given point, and BC the given straight line. 

It is required to draw from the point A a straight line 
equal to BC. 

. CONSTRUCTION. —From the point A to B draw the straight 
line AB (Post. 1). ` 

Upon AB describe the equilateral triangle DA B (Book I., 
Prop. 1). ` 

Produce the straight lines DA, DB, to E and F (Post. 2). 

From the centre B, at the dis- 
tance BC, describe the circle CGH, 
meeting DF in G (Post. 3). 

From the centre D, at the dis- 
tance DG, describe the circle GKL, 
meeting DE in L (Post. 3). 

Then AL shall be equal to BC. 

Proor.— Because the point B is 
the centre of the circle CGH, BC is 
equal to BG (Def. 15). 

Because the point D is the centre of the circle GKL, DL 
is equal to DG (Def. 15). 

But DA, DB, parts of them, are equal (Construction). 


Therefore the remainder AL is equal to the remainder BG ; 


(Ax. 3). 

But it has been shown that BC is equal to BG. 

Therefore AL and BC are each of them equal to BG. 

But things which are equal to the same thing are equal to 
one another, therefore AL is equal to BC (Ax. 1). 


Therefore from the given point A a straight line AL has - 


been drawn equal to the given straight line BC. Which was 
to be done. 


Proposition 3.— Problem. 


From the greater of two given EE lines to cut off a part 
equal to the less. 

Let AB and C be the two given straight lines, of which 
AB is the greater. 


Draw AB. 


A DAB e- 
' quilateral. 


B as cen- 
ire. 


D as cen- 
tre. 


BC=BG. 


AL and 
BC each = 


AL = 
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It is required to cut off from AB, the greater, a part equal 
to C, the less. 


Ma AD CONSTRUCTION.—From the point A 
j draw the straight line AD equal to C 
(L-2): 


Aas centre 


From the centre A, at the distance 
115 radius 


A.D, describe the circle DEF, cutting 
AB in E (Post. 3). 
Then AE shall be equal to C. 
Proor.—Becanse the point A is the centre of the circle 
AE-AD. DEF, AE is equal to AD (Def. 15). 
RR But C is also equal to AD (Construction). 
Anando, Therefore AE and C are each of them equal to AD. 
-AE-C. Therefore A E is equal to C (Ax. I). 
Therefore, from A.B, the greater of two given straight lines, 
a part A E has been cut off, equal to C, the less. AE H.“ 


Proposition 4.— Theorem. 


If two triangles have two sides of the one equal to two sides 
of the other, each to each, and have also the angles contained 
by those sides equal to one another : they shall have their bases, 
or third sides, equal ; and the two triangles shall be equal, and 
ther other angles shall be equal, each to each, viz., those to 
which the equal sides are opposite. Or, 

Jf two sides and the contained angle of one triangle be re- 
spectively equal to those of another, the triangles are equal in 
every respect. 

ene Let ABC, DEF be two triangles which have 
es The two sides AB, AC, equal to the two sides DE, DF, 
each to each, viz., AD equal to 


oov 8 D DE, and AC equal to DF. 
2 EDF. And the angle BAC equal to 


the angle EDF: — then 
The base BC shall be equal 


AN to the base EF; 
N 55 The triangle ABC shall be 
B = S equal to the triangle DEF; 


* Q. E. F. is an abbreviation for quod erat faciendum, that is ** which 
was to be done." 
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And the other angles to which the equal sides are opposite, 
shall be equal, each to each, viz., the angle ABC to the angle 
DEF, and the angle ACB to the angle DFE. 

Proor.—For if the triangle A BC be applied to (or placed Suppose 
upon) the triangle DEF, ` UM 
So that the point A. may be on the point D, and the A DEF. 

straight line AB on the straight line DE, 

The point B shall coincide "with the point E, because AB 
is equal to DE (Hypothesis). 

And AB coinciding with DE, AC shall coincide with DF, 
because the angle BAC is equal to the angle EDF (Hyp.). 

Therefore also the point C shall coincide with the point F, 
because the straight line AC is equal to DF (Hyp.). 

But the point B was proved to coincide with the point E. 

Therefore the base BC shali coincide with the base EF. 

Because the point B coinciding with E, and C with F, if 
the base BC do not coincide with the base EF, two straight 
lines would enclose a space, which is impossible (Ax. 10). 

Therefore the base DC coincides with the base EF, and is BC=FF. 
therefore equal to it (Ax. 8). 

Therefore the whole triangle A BC coincides with the whole . A ABC 

A 


triangle DEF, and is equal to it (Ax. 8). — A DEF. 

And the other angles of the one coincide with the remain- 4 ABC = 

ing angles of the other, and are equal to them, viz, the angle 4 PER 
L DFE, 


A BC to DEF, and the angle ACB to DFE. 
Therefore, if two triangles have, dc. (see Enunciation). 
Which was to be shown. 


Proposition 5.— Theorem. 


The angles at the base of am isosceles triangle are equal to 
one another ; and if the equal sides be produced, the angles upon 
the other side of the base shall also be equal. 


Let ABC be an isosceles triangle, of which the side AB is Ap S Ac. 
equal to the side AC. | 
Let the straight lines AB, AC (the equal sides of the tri- 
angle), be produced to D and E. 
The angle ABC shall be equal to the angie ACB (angles 
at the base), 
5—I, G 


AG = AF. 


FA, AC re- 
spectively 
—GA, AB. 


.. FCS GB 
and A AFC 
=A AGB- 


BF = CG. 
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And the angle CBD shall be equal to the angle BCE 
(angles upon the other side of the base). 


A CoxsTRUCTION.— In BD take any point 
F. 

From AE, the greater, cut off AG, 
equal to AF, the less (1. 3). 

Join FC, GB. 

PnRoor.— Because AF is equal to AG 
(Construction), and AB is equal to AC 
(Hyp.), | 

Therefore the two sides FA, AC are 
equal to the two sides GA, AB, each to 
each ; 

And they contain the angle FAG, common to the two 
triangles AFC, AGB. 

Therefore the base FC is equal to the base GB (I. 4); 

And the triangle AFC to the triangle AGB (I. 4); 

And the remaining angles of the one are equal to the 
remaining angles of the other, each to each, to which the 
equal sides are opposite, viz., the angle ACF to the angle 
ABG, and the angle AFC to the angle AGB (I. 4). 

And because the whole AF is equal to the whole AG, of 
which the parts AB, AC, are equal (Hyp.), 

The remainder BF is equal to the remainder CG (Ax. 3), 

And FC was proved to be equal to GB ; 

Therefore the two sides BF, FC are equal to the two sides 
CG, GB, each to each. 

And the angle BFC was proved equal to the angle 
CGB ; | 

Therefore the triangles BFC, CGB are equal; and their 
other angles are equal, each to each, to which the equal sides 
are opposite (I. 4). 

Therefore the angle FBC is equal to the angle GCB, and 


` the angle BCF to the angle CBG. 


And since 1t has been demonstrated that the whole angle 
A BG is equal to the whole angle ACF, and that the parts of 
these, the angles CBG, BCF, are also equal, 

Therefore the remaining angle A BC is equal to the remain- 


ing angle ACB (Ax. 3), 


Which are the angles at the base of the triangle ABC. 
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And it has been proved that the angle FBC is equal 
to the angle GCB (Dem. 11), 

Which are the angles upon the other side of the base, 

Therefore the angles at the base, dic. (see Enunciation). 
Which was to be shown. 


CoROLLARY.—Hence every equilateral triangle is also 
equiangular. 


Proposition 6.— Theorem. 


Jr two angles of a triangle be equal: to one another, the 
sides also which subtend, or are opposite to, the equal angles, 
shall be equal to one another. 


Let ABC be a triangle having the angle ABC equal to 
the angle ACB. 

The side AB shall be equal to the side AC. 

For if AB be not equal to AC, one of them is greater 
than the other. Let AB be the greater. 


CONSTRUCTION. From AB, the greater, cut off a part DB, 
equal to AC, the less (I. 3). 
Join DC. 


PRoor.— Because in the triangles DBC, ACB, DB is 
equal to AC, and BC is common to both, 

Therefore the two sides DB, BC are equal 
to the two sides AC, CB, each to each ; 

And the angle DBC is equal to the angle 
ACB (Hyp.) 

Therefore the base DC i is equal to the base 
AB (1. 4). 

And the triangle DBC is equal to the tri- 
angle ACB (I. 4), the less to the greater, ® s 
which is absurd. 

Therefore AB 1s not unequal to AC, that is, it is equal to it. 

Wherefore, if two angles, Ze, O. E. D. * 


CoroLLARY.—Hence every equiangular USC is also 
equilateral. 


* Q. E. D. is an abbreviation for quod erat denos cam dune that is, 
“which was to be shown or proved." 


Suppose 
AB > AC. 


Make 
DB = AC. 


A DBC = 
A ACB. 


Suppose 
CA = DA. 


CB = DB. 


Again 
Z ECD = 
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Proposition 7.—Theorem. 


Upon the same base, and on the same side of 4t, there cannot 
be two triangles that have their sides, which are terminated in 
one extremity of the base, equal to one another, and likewise 
those which are terminated «n the other extremity. 


Let the triangles ACB, ADB, upon the same base AB, 
and on the same side of it, have, if possible, 

Their sides CA, DA, terminated in the 

SS extremity A of the base, equal to one 
another; 

And their sides CB, DB, terminated in 
the extremity B of the base, likewise 
equal to one another. 

CASE I. Let the vertex of each triangle 

A B be without the other triangle. 


ConstTructTion.—Jdoin CD. 
PRoor.— Because AC is equal to AD (Hyp.), 


The triangle ADC is an isosceles triangle, and the angle 
ACD 1s therefore equal to the angle A.DC (I. 5). 

But the angle ACD is greater than the angle BCD (Ax. 9). 

Therefore the angle ADC is also greater than BCD. 

Much more then is the angle BDC greater than BCD. 

Again, because BC is equal to BD (Hyp.), 

The triangle BCD 1s an isosceles triangle, and the angle 
BDC is equal to the angle BCD (JI. 5). 

But the angle BDC has been shown to be greater than the 
angle BCD (Dem. 5). 

Therefore the angle BDC is both equal to, and greater than 
the same angle BCD, which is impossible. 

CASE IL— Let the vertex of one of the 
triangles fall within the other. 

CoNsTRUCTION.— Produce AC, AD to 
E and F, and join CD. 

Proor.—Because AC is equal to AD 
(Hyp.), | 
" Thetriangle A DCisan 1sosceles triangle, 

and the angles ECD, FDC, upon the othen 
side of its base CD, are equal to one another (I. 5). 


C 
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But the angle ECD is greater than the angle BUD (Ax. 9). 
Therefore the angle FDC is likewise gr eater than BCD. ae 
Much more DAE is the angle BDC greater than BCD. Z BCD. 
Again, because BC 1s equal to BD (Hyp.), 
The triangle BDC, is an: isosceles triangle, and the angle ¿BDC = 
BDC is equal to the angle BCD (I. 5). Ed 
But the angle BDC has been shown to be greater than the 
angle BCD. 
| "Ther efore the angle BDC is both equal to, and greater than — ¿BDC 
the same angle BCD, which is impossible. = pop. 
Therefore, upon the same base, dc. Q. Z. D. 


Proposition 8.— Theorem. 


. If two triangles have two sides of the one equal to two sides 
of the other, each to each, and have likewise ther bases equal, 
the angle which 4s contained by the two sides of the one shall 
be equal to the angle contained by the two sides, equal to them, 
of the other. Or, 

Jf two triangles have three sides of the one respectively equal 
to the three sides of the other, they are equal in every respect, 
those angles being equal which are opposite to the equal sides. 


Let ABC, DEF be two triangles which have 

lhe two sides AB, AC equal to the two sides DE, DF, Cien i 
each to each, viz., AB to DE, and AC to DF, im m = PF, 

And the base BC equal to the base EF. l 

The angle BAC shall be equal to the angle EDF. 

Proor.—For d the triangle ABC be applied to the triangle 
DEF, 

So that the T B may be on E, and the straight line BC 
on EF, 

The point C shall coin- A D e Make BC 
cide with the point Y, 0 0 
because BC is equal to EF e 


(Hyp.). 
Therefore, BC coincid- 
ing with EF, BA and AC NS 
shall 80 with ED B Se E 


and DF. 
his if the base BC coincides with the base EF, 


. BA, AC 
respective- 
ly coincide 
with 

ED, DF. 


Make 


AE = AD. 


A DEF e- 
quilateral. 
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But the sides BA, AC, do not coincide with the sides 
ED, DF, but have a different situation, as EG, GE, 

Then upon the same base, and on the same side of it, there 
will be two triangles, which have their sides terminated in 
one extremity of the base equal to one another, and likewise 
their sides, which are terminated in the other extremity. 
But this is impossible (I. 7). 

Therefore, if the base BC coincides with the base EF, the 
sides BA, AC must coincide with the sides ED, DF. 

Therefore the angle BAC coincides with the angle EDF, 
and is equal to 1t (Ax. 8). 

Also the triangle ABC coincides with the triangle DEP 
and is therefore equal to it in every respect (Ax. 8). 

Therefore, if two triangles, Ze Q. Z. D. 


Proposition 9.— Problem. 


To bisect a gwen rectilineal angle, that is, to divide t into two 


equal parts. 
Let BAC be the given rectilineal angle. 
A It is required to bisect it. 


CoNSTRUCTION.— Take any point D in AB. 
From AC cut off A E equal to AD (I. 3). 
D E Join DE. 
Upon DE, on the side remote from A, de- 
scribe an equilateral triangle DEF (I. 1). 
B F G Join AF. 
Then the straight line AY shall bisect the angle BAC. 
Proor.—Because AD is equal to AE (Const.), and AF is 
common to the two triangles DAF, EAF; 
The two sides DA, AF are equal to the two sides EA, 
AF, each to each ; 
And the base DF is equal to the base EF (Const.) ; 
Therefore the angle DAF is equal to the angle EAF (I. 8). 
Therefore the given rectilineal angle DAC 1s bisected by 
the straight line AF. Q. Z. F. 


Proposition 10.— Problem. 


To bisect a given finite straight line, that is, to divide it into 
tivo equal parts. 
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Let AB be the given straight line. 
It is required to divide it into two equal parts. 


CONSTRUCTION. — Upon AB describe the c hg 
equilateral triangle ABC (I. 1). 1 
Bisect the angle ACB by the straight line GE 
CD (1. 9). Z BCD. ` 


Then AB shall be cut into two equal parts 
in the point D. 
Proor.—Because AC: is equal to CB A D B 
(Const. and CD common to the two triangles ACD, BCD; 
The two sides AC, CD are equal to the two sides BC, 
CD, each to each ; | 
And the angle ACD is equal to the angle BCD (Const.) ; 
Therefore the base AD is equal to the base DB (L 4). im 
Therefore the straight line AB is divided into two equal 
parts in the point D. O. Z. F. 


Proposition 11.— Problem. 


To draw a straight iine at right angles to a given straight 
lime from a given point in the same. 
Let AB be the given straight line, and C a given point in it. 
It is required to draw a straig ght line from the point C at 
right angles to AB. 
"CoxsTRUCTION.— Take any point D in AC. 
Make CE equal to CD (I. 3). Make CE 


Upon DE describe the equilateral triangle DFE (I. l) BEP e. 
Join FC. F quilateral. 
Then FC shall be at right angles 

to AB. 


Proor.—Because DC is equal to 
CE (Const.), and FC common to 
the two triangles DCF, ECF ; 
The two sides DC, CF, are equal A p C E B 
to the two sides EC, CF, each to each ; 
And the base DF is equal to the base EF (Const.); 
Therefore the angle DCF is equal to the angle ECF (I. 8); 17 
And they are adj; acent angles. 
But when a straight’ line, standing on' another straight 
line, makes the adjacent angles equal to one another, each of 
the angles is called a right angle (Def. 10); 
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Legd Therefore each of the angles DCF, ECF is a right angle. 


right Therefore from the given point C in the given straight line 
ausles. AB, a straight line FC has been drawn at right angles to 
AB. O. £. F. 


COROLLARY.—By help of this problem, it may be demon- 
strated that 
Two straight lines cannot have a common segment. 
If it be possible, let the two straight lines ABC, ABD, 
have the segment AB common to 


€ both of them. 


/ ABE a CONSTRUCTION.—From the point 

Dons p B, draw BE at right angles to AB 
E 11). 

¿CBE A B C PRoor. — Because ABC is a 


^ EPA. straight line, the angle CBE is equal to the angle EBA 
and (Def. 10). 
ZDBE— Also, because ABD is a straight line, the angle DBE is 
‘EPA. equal to the angle EBA (Def. 10). 
„ 2 DBE Therefore e angle DBE is equal to the angle CBE. The 
= « CBE. less to the greater; which is impossible. 

Therefore two straight lines cannot have a common seg- 

ment. = 


Proposition 12.—Problem. 


To draw a straight line perpendicular to a given straight 
line of unlimited length, from a given point without it. 

Let AB be the given straight line, which may be produced 
to any length both ways, and let C be a point without it. 

It is required to draw from the point C, a straight line 
perpendicular to AB. 

CoNsTRUCTION.— Take any point 
D upon the other side of AB. 

From the centre C, at the distance 


Et CD, describe the circle EGF, meet- 
ing AB in F and G (Post. 3). 
Bisect FG Bisect FG in H (I. 10). 


in H. 


Join CF, CH, CG. 

Then CH shall be perpendicular to AB. 

Proor.—Because FH is equal to HG (Const.), and HC 
common to the two triangles FHC, GHC ; 
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The two sides FH, HC are,equal to the two sides GH, 
HC, each to each ; 
And the base CF is equal to the base CG (Def. 15) ; 
Therefore the angle CHF is equal to the angle CHG (I. 8), adjacent 
and they are adjacent angles. ae 
But when a straight Tine, standing on another straight are equal. 
line, makes the adjacent angles equal to one another, each of 
the angles is called a right angle, and the straight line which 
stands on the other is called a perpendicular to it (Def. 10). 
Therefore, from the given point C, a perpendicular has 
been drawn to the given straight line AB. Q. Z. F. 


Proposition 13.— Theorem. 


The angles which one straight line makes with another upon 
one side of it, are either two right angles, or are together equal 
to two riyht angles. 


Let the straight line AB make with CD, upon one side of 
1t, the angles CBA, ABD. 

These angles shall either be two right angles, or shall to- 
gether be equal to two right angles. 

ProoF.—1f the angle CBA be equal to the angle ABD, 
each of them is a right angle (Def. 10). 

But if the angle CBA be not equal to the angle ABD, 
from the point B, draw BE at right angles to CD (I. 11). 


Therefore the angles CBE, EBD, are two right angles. ER _ 
Now the angle CBE is equal to the two angles CBA, ABE; z EBD = 
to each of these equals add the angle EBD. RES 


D B C 


Therefore the angles, CBE, EBD. are equal to the three a 28D — 
angles CBA, ABE, EBD (Ax. 2). A RT 
Again, the angle DBA is equal to the two angles DBE, 4 EBD, i 
EBA: to each of these equals add the angle ABC. D ND 


Therefore the angles DBA, ABC, are equal to the three = 
angles DBE, EBA, ABC (Ax. 2). ＋ 2 ABC. 


Z CBE 
Z EBD 
Z DBA 
Z ABC. 


tb 


Given 
Z ABC+ 
Z ABD= 
two right 
angles. 


If possible, 
let CBE be 
a straight 
line. 


“, ABE 
= ABD. 
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But the angles CBE, EBD have been shown to be equal 
to the same three angles ; 

And things which are equal to the same thing are equal 
to one another ; 

Therefore the angles CBE, EBD, are equal to the angles 
DBA, ABC (Ax. 1). 

But the angles CBE, EBD are two right angles. 

Therefore the angles DBA, ABC, are together equal to 
two right angles (Ax. 1). 

Therefore, the angles which one straight line, &c. Q. Z. D. 


Proposition 14.— Theorem. 


Jf, at a point in a straight line, two other straight lines, 
upon the opposite sides of «t, make the adjacent angles together 
equal to two right angles, these two straight lines shall be 4n 
one and the same straight line. 


At the point D in the straight line AB, let the two 
straight lines BC, BD, upon the 
A. opposite sides of AB, make the ad- 
jacent angles ABC, ABD together 
equal to two right angles. 
BD shall be in the same straight 
line with BC. 
E For if BD be not in the same 
€ B p Straight line with BC, let BE be in 
the same straight line with it. 


PROOF. Because CBE is a straight line, and AB meets 
it in B. 

Therefore the adjacent angles ABC, ABE are together 
equal to two right angles (I. 13). 

But the angles ABG, A BD, are also together equal to two 
right angles (Hy 5.) ; 

“Therefore the angles ABC, ABE, are equal to the angles 
ABC, ABD (Ax. 1). 

Take away the common angle ABO. 

The remaining angle ABE is equal to the remaining angle 
ABD (Ax. 3), the less to the greater, which 1s impossible ; 

Therefore BE is not in the same straight line with BC. 
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And, in like manner, it may be demonstrated that no 

other can be in the same straight line with it but BD. 
Therefore BD is in the same straight line with BC. 
Therefore, if at a point, Ze, Q. Z. D 


Proposition 15.—Theorem. 


Tf two straight lines cut one another, the vertical, or opposite 
«ngles shall be equal. 


Let the two straight lines AB, CD cut one another in the 
point E. 

The angle AKC shall be equal to € 
angle DEB, and the angle CEB to 


the angle AED. A ES 

PROOF.— Because the straight line ' ¿CEA + 
A E makes with CD, the angles CEA, l EE x: 
AED, these angles are together equal to two right angles. E 


L 13 
| Geh because the straight line DE makes with AB the ,. | 
angles AED, DEB, these also are together equal to two right 2 DEB = 
angles (I. 13), „ | E 
But the angles CEA, AED have been shown to be 
together equal to two tight angles, 
"Therefore the angles “CEA, “AED are equal to the angles 
AED, DEB (Ax. 1). 
Take away the common angle AED. ! 
The remaining angle CEA is equal to the remaining angle. | ops 
DEB (Ax. 3). — 4 DEB. 
In the same manner it can be shown that the angles CEB, 
AED are equal. 
Therefore, if two straight lines; de. Q. Z. D. 
ConoLLARY I.— From this it is manifest that if two 
straight lines cut one another, thé angles which they make at 
the point where they cut; are together equal to four right 
angles: 
CoroLLARY 2 2. — And, conseytiently,. that all the: angles 
made by any number of lines meeting in one point are 
together equal to four right angles, pr vided that no one of 
the angles be included in any other angle. 
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| Proposition 16.— Theorem. 
If one side of a triangle be produced, the exterior angle 
shall be greater than either of the interior opposite angles. 


Let ABC be a triangle, and let its side BC be produced to D. 
The exterior angle ACD shall be greater than either of the 


A p interior opposite angles CBA, BAC. 
Make CoNSTRUCTION.—Bisect AC in E 
a EC. (1. 10). 
EF — BE. 


Join BE, and produce it to F, 
making EY equal to BE (1. 3), and 
join FC. 

Pnoor.—Because AE is equal to 
EC, and BE equal to EF (Const.), 

AE, EB are equal to CE, EF, 

G each to each ; 
And the angle AEB is equal to the angle CEF, because 
they are opposite vertical angles (I. 15). 
Therefore the base AB 1s equal to the base CF (I. 4); 
And the triangle AEB to the triangle CEF (I. 4); 
And the remaining angles to the remaining angles, each to 
each, to which the equal sides are opposite. 
- BAE Therefore the angle BAE is equal to the angle ECF 
=z ECF. (J. 4). 
But the angle ECD is greater than the angle ECF 
(Ax. 9); 
Therefore the angle ACD is greater than the angle BAE. 
*. J ACD In the same manner, if BC be bisected, and the side AC be 
produced to G, it may be proved that the angle BCG (or its 
equal ACD), is greater than the angle ABC. 
Therefore, if one side, & Q. K. D. 


Proposition 17.— Theorem. 
Any two angles of a triangle are together less than two right 
anyles. 


Let ABC be any triangle. 


Any two of its angles together shall be less than two right 
angles. 
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ConsTRUCTION.—Produce RC to D. 


Proor.—Because ACD is the ex- 
terior angle of the triangle ABQ, it is 
reater than the interior and opposite 
angle ABC (I. 16). 
To each of these add the angle 
ACB. B C D 

Therefore the angles ACD, ACB are greater than the 
angles ABC, ACB (Ax. 4). 

But the angles ACD, ACB are together equal to two 
right angles (1. 13) 

Therefore the angles ABC, ACB are together less than 
two right angles. 

In like manner, it may be proved that the angles BAQ, 
A CB, as also the angles CAB, ABC are together. less than 
two right angles. 

Therefore, any two angles, dc. 


Q. Z. D. 


Proposition 18.— Theorem. 


The greater side of every triangle is opposite the greater angle. 


Let ABC be a triangle, of which the side AC is greater 
than the side AB. 

The angle ABC shall be greater than. 
the angle BCA. 


CONSTRUCTION. Because AC is 
greater than AB, make AD equal to 
AB (I. 3), and join BD. B $ 

Pnoor.— Because ADB is the exterior angle of the triangle 
BDC, it is greater than the interior and opposite angle BCD 
(1. 16). 

But the angle ADB 1s ria to the angle ABD; 
triangle BAD being isosceles (I. 5 

Therefore the angle ABD 1s n" than the angle BCD 
(or ACB). 

Much more then is the angle-A BC greater than the angle 
ACB. 

Therefore, the ada side, &c. 


A 


the 


Q. E. D. 


Z ACD > 
Z ABC. 


Add toeach 
Z ACB. 


Z ABC + 
L ACB < 
2 right 
angles. 


AC > AB. 


Make 
AD = AB, 


Z ADB > 
Z BCD, 
and 

Z ADB = 
Z ABD 
and 

.. Z ABD 
> BCD. 


Given 
Z ABC > 
BCA. 


AC not = 


AB. 


AC not < 
AD. 


Make 
AD = AC. 


Z BCD > 
Z BDC, 


» DB> BC. 
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Proposition 19.— Theorem. 


The greater angle of every triangle is subtended by the 
greater side, or has the greater side opposite to it. | 

Let ABC be a triangle, of which the angle A BC is greater 
than the angle BCA; 

The side AC shall be greater than the side A D. 


A Proor.—If AC be not greater than 
A B, 1t must either be equal to or less 
than AB. 


It is not equal, for then the angle 
A BC would be equal to the angle BCA 
B € (I. 5); but it is not (Hyp.); 

Therefore AC is not equal to AB. 

Neither is AC less than AB, for then the angle ABC 
would be less than the angle BCA (I 18); but it is not 
(Hyp.) 5 

Therefore AC 1s not less than AB. 

And it has been proved that AC is not equal to AB; 

Therefore AC is greater than AB. 

Therefore, the greater angle, dic. Q. Z. D. 


Proposition 20.—Theorem. 


Ány two sides of a triangle are together greater than the 
third side. 

Let ABC be a triangle ; 

Any two sides of it are together greater than the third side. 

CONSTRUCTION. —Produce BA to the point D, making AD 
equal to AC (I. 3), and join DC. 

Pnoor.— Because DA is equal to AC, the angle ADC is 
equal to the angle ACD (I. 5). 

But the angle BCD is greater than the angle ACD (Ax. 9); 

Therefore the angle BCD is greater than the angle ADC 
| p (or BDO). | 
— And because the angle BCD of the 
| triangle DCB is greater than its angle 
| BDC, and that the greater angle is 
T RR | subtended by the greater side ; 
5 C Therefore the side DB is greater 
than the side BC (I. 19). | 
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But BD is equal to BA and AC; 

Therefore BA, AC are greater than BC. 

In the same manner it may be proved that AB, BC are 
greater than AC; and BC, CA greater than AB. 

Therefore any two sides, dc, Q. E D. 


Proposition 21,—Theorem. 


If from the ends of the side of a triangle there be drawn 
iwo straight lines to a point within the triangle, these shall be 
less than the other two sides of the triangle, but shall contain 
a greater angle. 


Let ABC be a triangle, and from the points B, C, the ends 
of the side BC, let the two straight lines BD, CD be drawn 
to the point D within the triangle; 

BD, DC shall be less than the sides BA, AC; 

But BD, DC shall contain an angle BDC greater than 
the angle BAC. 


CoNnsTRUCTION.—Produce BD to E. A 
PRoorF.—1. Because two sides of a E 
triangle are greater than the third side D 


(1. 20), the two sides BA, AE, of the 
triangle BAE are greater than BE. 
To each of these add EC. 
Therefore the sides BA, AC, are B 
greater than BE, EC (Ax. 4). 
Again, because the two sides CE, ED, of *he triangle 
CED are greater than CD (I. 20), 
To each of these add DB. 
Therefore CE, EB are greater than CD, DB (Ax. 4). 


. BA + 
AC > BC, 


BA + AC 
> BE +. 
EC. 


But it has been Sow that BA, AC are greater than 1E dj 


BE, EC; 

Much more then are BA, AC greater than BD, DC. 

PROOF. —2. Again, because the exterior angle of a 
triangle is greater than the interior and opposite angle 
(1. 16), ¿heretore BDC, the exterior angle of the triangle 4 
CDE, is greater than CED or CEB. 

For the same reason, CEB, the exterior angle of the tri- 
angle A BE, is greater than the angle BAE or BAC, 


+ DB. 


2 BDO > 
Z CEB, 


and 
p CEB > 
BAE, 


Pc BDC 
> BAC. 


DF, FG, 


GH respec- 
tively — A, 


C. 


FD as 
radius. 


and GH 
as radius, 


FK — A. 


GK = C. 
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And it has been shown that the angle BDC is greater 
than CEB ; 

Much more then is the angle BDC greater than the angle 
BAC. 

Therefore, if from the ends, dc. Q. Z. D. 


Proposition 22.—Froblem. 


To make a triangle of which the sides shall be equal to three 
given straight lines, but any two whatever of these lines must 
be greater than the third (1. 20). 


Let A, B, C be the three given straight lines, of which 
any two whatever are greater than the third—namely, A 
and B greater than C, A and C greater than B, and B and 
C greater than A ; 

Tt is required to make a triangle of which the sides shall 
be equal to A, B, and C, each to each. 

CONSTRUCTION. — Take a straight line DE terminated at 
the point D, but unlimited to- 
wards E. 

Make DF equal to A, FG 
equal to B, and GH equal io 


P'O (L 3). 
V From the centre F, at the 
"distance FD, describe the circle 
C—— DKL (Post. 3). 


From the centre G, at the distance GH, describe the 
circle HLK (Post. 3). 

Join KF, KG. 

Then the triangle KFG shall have its sides equal to the three 
straight lines A, B, C. 

Proor.—Because the point F is the centre of the circle 
DKL, FD is equal to FK (Def, 15). 

But FD is equal to A (Const.) ; 

Therefore FK is equal to A (Ax. 1). 

Again, because the point G is the centre of the circle 
HLK, GH is equal to GK (Def. 15). 

But GH is equal to C (Const.) ; 

Therefore GK is equal to C (Ax. 1), 
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And FG 1s equal to B (Const.) ; 

Therefore the three straight lines KF, FG, GK are equal 
to the three A, B, C, each to each. | 

Therefore the triangle KFG has its three sides KF, FG, 
GK equal to the three given straight lines A, B, C. 
Q. Z. F. 


Proposition 29.— Problem. 


Ata given point ina given straight line, to make a recti- 
lineal angle equal to a gwen rectilineal angle. 


Let AB be the given straight line, and A the given point 
in it, and DCE the given rectilineal angle. 

It is required to take an angle at the point A, in the 
straight line AB, equal to the rectilineal angle DCE. 


- CONSTRUCTION. — In CD, CE, c 
take any points D, E, and join 
DE 


A 


On AB construct a triangle 
AFG, the sides of which shall be 
equal to the three straight lines 
CD, DE, EC — namely, AF equal D 
to CD, FG to DE, and AG to EC 
(1. 22); . | 

Then the angle FAG shall be equal to the angle DCE. 


Proor.—Because DC, CE are equal to FA, AG, each to 
each, and the base DE equal to the base FG (Const.), 

The angle DCE is equal to the angle FAG (I. 8). 

Therefore, at the given point A, in the given straight line 
AB, the angle FAG has been made equal to the given recti- 
lineal angle DCE. Q. X. F. s 


Proposition 24.— Theorem, 


If two triangles have two sides of the one equal to two sides 
of the other, each to each, but the angle contained by the two 
sides of one of them greater than the angle contained by the two 
sides equal to them of the other, the base of that which has the 
dina có us shall be greater than the base of the other. 

ucl, H 


FG B 


Make 
A AFG so 
that I 
AF = CD 
FG — DE 
AG — CE. 


Then 
z DOE = 
Z FAG 
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Let ABO, DEF, be two triangles which have 

The two sides AB, AC equal to the two DE, DF, each to 
each —namely, AB to DE, and AC to DF, 

But the angle BAC greater than the angle EDF; 

The base BC shall be greater than the base EF. 


uos CONSTRUCTION. — Let the side DF of the triangle DEF be 
U greater than its side DE. 

A D Then at the point D, in 

Male Z 7 the straight line ED, make 

EDG = the oi et E m" to the 

f angle ; ; 
= AO and Make DG equal to AC 
— DF. 


q or DF (I. 3). 
Join EG, GF. 
PRoor.— Because AB is 
equal to DE (Hyp.), and AC to DG (Const.), the two sides 
BA, AC are equal to the two ED, DG, each to each ; 
And the angle BAC is equal to the angle EDG (Const.) ; 
„BHG. Therefore the base BC is equal to the base EG (I. 4). 
And because DG is equal to DF (Const. ), the angle DFG 
is equal to the angle DGF (I. 5). 
But the angle DGF is greater than the angle EGF (Ax. 9); 


K 


and Therefore the angle DFG is greater than the angle EGF ; 
- ton Much more then is the angle EFG greater than the angle 
EGF 


And because the angle EFG of the triangle EFG is greater 
than its angle EGF, and that the greater angle is subtended 
; by the greater side, 
CEGTEF. “Therefore the side EG is greater than the side EF (I. 19). 
But EG was proved equal to BC ; 
Therefore BC is greater than EF. 
Therefore, if two triangles, Ae, Q. K. D. 


Proposition 25.—Theorem. 


If two triangles have two sides of the one equal to two sides 
of the other, each to each, but the base of the one greater than 
the base of the other, the angle contained by the sides of that 
which has the greater base shall be greater than the angle 
contained by the sides equal to them of the other. 
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Let ABC, DEF, be two triangles, which have 
The two sides AB, AC equal to the two sides DE, DF, 
cach to each—namely, AB to DE, and AC to DF, 
But the base BC greater than the base EF; 
The angle BAC shall be greater than the angle EDF. 
Proor.—For if the angle 
BAC be not greater than the & D 
angle EDF, it must either be 
equal to it or less. . 
But the angle BAC. is .not 
equal to the angle EDF, for N 
then the base BC would be . 
equal to the base EF (I. 4), but B Ó E GI 
it 1s not (Hyp.); 7 | 
Therefore the angle BAC is not equal to the angle EDF; 4 BACnet 
Neither is the angle: BAC less than the angle EDF, for 
then the base BC would be less than, the base EF (I. 24), but 
it is not (Hyp.),^ 
Therefore the angle BAC is not less than the angle EDF. ERDE. 
And it has been proved that the angle BAC is not equal 
to the angle EDF; 
Therefore the angle BAC is greater than the angle EDF. 
Therefore, if two triangles, &c. C. Z. D. 


Proposition 26.— Theorem. 


If two triangles have two angles of the one equal to two 
angles of the other, each to each, and one side equal to one 
side—namely, either the side adjacent to the equal angles in 
each, or the side opposite to them ; then shall the other sides be 
equal, each, to each; and also the third angle of the one equal 
to the third angle of the other. Or, ! 

If two angles and a side in one triangle be respectively equal 
to two angles and a corresponding side in another triangle, the 
imangles shall be equal in every respect. 

Let ABC, DEF be two triangles, which have | 

The angles ABC, BCA equal to the angles DEF, EFD, 
each to each—namely, ABC to DEF, and BCA to EFD; 

Also one side equal to one side. | 
_ Case 1.—First, let the sides adjacent to the equal angles 50 2 Ep. 
in each be equal—namely, BC to EF; 
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Then shall the side AB be equal to DE, the side AC to 
DF, and the angle BAC to the angle EDF. 


s pe For if AB be not equal to DE, one of them must be 
n D greater than the other. Let AB 

Make | be the greater of the two. 

BG — DE. € CoxsrRUCTION.— Make BG 


equal to DE (I. 3), and join GC. 
Proor.— Because BG is 
equal to DE (Const.), and BC 
C E E is equal to EF (Hyp.), the two 
sides GB, BC are equal to the two sides DE, EF, each to 
each. 
And the angle GBC is equal to the angle DEF (Hyp.); 
Therefore the base GC is equal to the base DF (I. 4), 
And the triangle GBC to the triangle DEF (I. 4), 
And the other angles to the other angles, each to each, to 
which the equal sides are opposite; 

“re. Therefore the angle GCB is equal to the angle DFE (I. 4). 
But the angle DFE is equal to the angle BCA (Hyp.) ; 
Therefore the angle GCB is equal to the angle BCA (Ax. 

1), the less to the greater, which is impossible; 
AB not Therefore A B is not unequal to DE, that is, it is equal to 
unequal it; and BC is equal to EF (Hyp.) ; 
Therefore the two sides AB, BC are equal to the two sides 
DE, EF, each to each, | 
And the angle ABC is equal to the angle DEF (Hyp.) ; 
Therefore the base AC is equal to the base DH (I. 4), 
And the third angle BAC to the third angle EDF (I. 4). 


Case 2.— Next, let the sides which are opposite to the 
equal angles in each triangle be equal to one another—namely, 
AB equal to DE. 

Likewise in this case the other sides shall be equal, AC to 
A D DF, and BC to EF; and also the 
| angle BAC to the angle EDF. 
Suppose | For if BC be not equal to 
id EF, one of them must be greater 
than the other. Let BC be the 

greater of the two. 
Mare B H C E P | CONSTRUCTION. 


Ze Make BH 
meum equal to EF (I. 3), and join AH. 
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Proor.—Because BH is equal to EF (Const.), and AB is 
equal to DE (Hyp.), the two sides AB, BH are equal to the 
two sides DE, EF, each to each, 

And the angle A.BH is equal to the angle DEF (Hyp.); 

Therefore the base AH is equal to the base DF d 4), 

And the triangle ABH to the triangle DEF (I. 4), 

And the other angles to the other angles, each to each, to 
which the sides are opposite ; ; 

Therefore the angle BHA is equal to the angle EFD (I. 4). 

But the angle EFD is equal to the angle BCA (Hyp.); 

"Therefore the angle BH.A. 1s also equal to the angle BCA 

Ax, 1 

E is, the exterior angle BHA of ilie triangle AHC, is 
equal to its interior and opposite angle BCA, which is 
impossible (I. 16) 3 

Therefore BC is not unequal to EF—that is, it is equal to it; 
and AB is equal to DE (Hyp.) ; 

Therefore the two sides AB, BC are equal to the twe sides 
DE, EF, each to each, 

And the angle ABC is equal to the angle DEF (Hyp.) ; 

Therefore ihe base AC is equal to the bass DF (I. 4), 

And the third angle BAC is equal to the third angle 
EDF (I. 4). 

Therefore, if two triangles, &c. O. Z. D. 


Proposition 27.—Theorem. 


If a straight line falling upon two other straight lines make 
the alternate angles equal to one another, these two straight 
lines shall be parallel. 


Let the straight line EF, which 
falls upon the two straight lines j 
AB, CD, make the alternate angles „A B 
AEF, EF D, equal to one another, 

AB shall be parallel to CD. 

For if AB and CD be not parallel, © D. 
they will meet if produced, either 
towards B, D; or towards A, C. 
Let them be produced, and meet towards Db, D, in the 
pons G. 


BH = EF, 
AB = DE. 


¿Z ABH = 
Z DEF. 


.Z BHA 
= EFD 
= z BCA. 


BC not 
unequal 
to EF, 


Given 
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4 AEF—-  Proor.—Then GEF is a triangle, and its exterior angle 
¿ EFG, AEF is greater than the interior and opposite angle EFG 
and also (1. 16). 
EFG. But the angle AEF is also equal to EFG (Hyp.), which is 
impossible ; 
Therefore AB and CD, being produced, do not meet 
towards B, D. 
In like manner it may be shown that they do not meet 
towards A, C. 
But those straight lines in the same plane which being 
produced ever so far both ways do not meet are parallel 
(Def. 34); 
Therefore AB is parallel to CB. 
Therefore, if a straight line, &c. Q. E D 


Proposition 28.—Theorem. 


If a straight line falling upon two other straight lines make 
the exterior angle equal to the interior and opposite upon the 
same side of the lime, or make the interior angles upon the same 
side together equal to two right angles, the two straight lines 
shall be parallel to one another. 


Let the straight line EF, which falls upon the two straight 
lines AB, CD, make 
The exterior angle EGB equal to the interior and opposite 
angle GHD, upon the same side; 
Or make the interior angles on the 
B same side, the angles BGH, GHD, 
together equal to two right angles ; 
ü p AB shall be parallel to CD. 
Ki Proor l.— Because the angle EGB 
F is equal to the angle GHD (Hyp.), 
And the angle EGB is equal to the angle AGH (I. 15); 
¿AGH= Therefore the angle AGH is equal to the angle GHD 
< GHD. (Ax. 1), and these angles are alternate; 
Therefore AB is parallel to CD (I. 27). 
Proor 2.— Again, because the angles BGH, GHD are 
equal to two right angles (Hyp.), 
And the angles BGH, AGH are also equal to two right 
angles (I. 13). 
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Therefore the angles BGH, AGH are equal to the angles x 


BGH, GHD (Ax..1). 


Take away the common angle BGH. 


Therefore the remaining angle AGH is equal to the remain- 


ing angle GHD (Ax. 5), and they are alternate angles. 
Therefore AB is parallel to CD (I. 27 5 
Therefore, if a straight line, & c. C. Æ 


Proposition 29.— Theorem. 


Ifa straight line fall upon two parallel straight lines, i makes 
the alternate angles equal to one another, and the exterior angle 
equal to the interior and opposite upon the same side; and 
also the two interior angles upon the same side E equal to 
¿wo right angles. 


Let the straight line EF fall upon the parallel straight 
lines AB, CD; 

The alternate angles AGH, GHD shall be equal to one 
another. 

The exterior angle EGB shall be e 
equal to GHD, the interior and op- 
posite angle upon the same side; F 

And the two interior angles on the 
same side BGH, GHD shall be to- e | 
gether equal to two right angles. f = x 

For if AGH be not equal to F 
GHD, one of them must be greater 
than the other. Let AGH be the greater. 

Pnoor.— Then the angle AGH is greater than the angle 
GHD; to each of them add the angle BGH. 

Therefore the angles BGH, AGH are greater than the 
angles BGH, GHD (Ax. 4). 

But the angles BGH, AGH are together equal to two right 
angles (1. 3). 

"Therefore the angles BGH, GHD are less than two right ` 
angles. 

But if a stralght line meet two straight lines, so as to 
make the two interior angles on the same side of it taken 
together less than two right angles, these straight lines being 


(suppose. ) 


. 4 BGH 
+< GHD 
two right 
angles. 


Hence 
AB and 
CD meet, 
aud are 
parallel. 


*. LAGH 
not une- 
qual to 

Z GHD. 


and 
ZEGB = 
Z GHD, 


Z BGH + 
Z GHD — 
two right 
angles. 
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continually produced, shall at length meet on that side on 
which are the angles which are less than two right angles 
(Ax. 12); 

Therefore the straight lines AB, CD will meet if produced 
far enough, 

But they cannot meet, because they are parallel straight 
lines (Hyp.) ; ` 

Therefore the angle AGH is not unequal to the angle 
GHD that is, it is equal to it. 

But the angle AGH is equal to the angle EGB (1. 15); 

Therefore the angle EGB is equal to the angle GHD 
(Ax. 1). 

Add to each of these the angle BGH. 

Therefore the angles EGB, BGH, are equal to the angles 
bGH, GHD (Ax. 2). 

But the angles EGB, BGH, are equal to two right angles 
I. 13). 
Therefore also DGH, GHD, are equal to two right angles 
(Ax. 1). 

Therefore, if a straight line, &c. 


Q. E. D. 


Proposition 30.—Theorem. 


Straight lines which are parallel to the same straight lines 


are parallel to one another. 


Let AD, CD be each of them parallel to EF ; 
AB shall be parallel to CD. 
CoNsTRUCTION.—Let the straight line GHK cut AB, 
EF, CD. 
Pnoor.— Because GHK cutsthe par- 
p allel straight lines AB, EF, the angle 
AGH isequal to the angle GH F (I. 29). 
Again, because GK cuts the parallel 
straight lines EF, CD, the angle GH Y 
is equal to the angle GKD (I. 29). 
And it was shown that the angle 
AGK is equal to the angle GHF ; 
Therefore the angle AGK is equal to the angle GKD 


(Ax. 1), and they are alternate angles; 
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Therefore AB is parallel to CD (I. 27). 
Therefore, straight lines, Ze, Q. E. D 


Proposition 31.— Problem. 
To draw a straight line through a given Pm parallel to a 
gwen straight line. 


Let A be the given point, and BC the given straight line. 
It is required te draw a straight line the ough the point A, 
parallel to BC. 


Construction.—In BC take any Ë —— 
point D, and join AD. y 


At the point A, in the straight line V4 
AD, make the angle DAE equal to the B p € 7 
angle ADC (I. 23). ADC. 


Produce the straight line EA to F. 

Then EF shall be parallel to BOC. 

Pnoor.— Because the straight line AD, which meets the They aro 
two straight lines BC, EF, makes the alternate angles EAD, angles, 
ADC equal to one another ; 

Therefore EF is parallel to BC (1. 27). 

Therefore, the straight line EAF is drawn through the 


given point A, parallel to the given straight line BC. Q. Z. F. 


Proposition 32.— Theorem. 


If a side of any triangle be produced, the exterior angle ds 
equal to the two interior and opposite angles; and the three 
interior angles of every triangle are equal to two right angles. 


Let ABC be a triangle, and let one of its sides BC be pro- 
duced to D; 


The exterior: angle ACD shall be equal i the two interior à 
and opposite angles CAB, ABC; 4 


And the three interior angles \ k 
of the triangle—namely, ABC, y 
BCA, CAB, shall be equal to N 4 


two right angles. — 
CONSTRUCTION, — Through the P : SE nel 
point C, draw CE parallel to AB (I. 31). to AB. 
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Proor.—Because AB is parallel to CE, and AC meets 
them, the alternate angles BAC, ACE are equal (1. 29). 

Again, because AB is parallel to CE, and BD falls upon 
them, the exterior angle ECD is equal to the interior and 
opposite angle ABC (I. 29). 

But the angle ACE was shown to be equal to the angie 
BAC; 

Therefore the whole exterior angle ACD is equal to the 
two interior and opposite angles BAC, A BC (Ax. 2). 

To each of these equals add the angle ACB. 

Therefore the angles ACD, ACB are equal to the three 
angles CBA, BAC, ACB (Ax. 2). 

But the angles ACD, ACB are equal to two right angles 
I. 13 
A also the angles CBA, BAC, ACB are equal to 
two right angles (Ax. 1). 

Therefore, ‘if a side of any triangle, & c. Q. Z. D. 


COROLLARY 1.—All the interior angles of any rectilineal 
figure, together with four right angles, are equal to twice as 
many right angles as the figure has sides. 

For any rectilineal figure ABCDE can, by drawing 
straight lines from a point F within the figure to each angle, 

D be divided into as many triangles as the 
E ues figure has sides. 

0 And, by the preceding proposition, the 
angles of each triangle are equal to two 
right angles. 

Therefore all the angles of the triangles 
B are equal to twice as many right angles 
as there are triangles; that 1s, as there are sides of the 
figure. 

But the same angles are equal to the angles of the figure, 
together with the angles at the point F ; 

And the angles at the point F, which is the common 
vertex of all the triangles, are equal to four right. angles (1. 
15, Cor. 2); 

Therefore all the angles of the figure, together with four 
right angles, are equal to twice as many right angles as the 
figure has sides. 
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COROLLARY 2.—AU the exterior angles of any rectilineal 
figure are together equal to four right angles. 

_ The interior angle ABC, with its adjacent exterior angle 

| ABD, is equal to two right angles (I. 13) ; 

| Ther efore all the interior, together with all the exterior 
angles of the figure, are equal to twice as many right angles 

as the figure has sides. 

But all the interior angles, together 
with four right angles, are equal to | 
twice as many right angles as the A 
figure has sides (I. 32, Cor. 1); 

Therefore all the interior angles, 

together with all the exterior angles, 

are equal to all the interior angles S 
and four right angles (Ax. 1). 
Take away the interior angles which are common ; 

Therefore all the exterior angles are equal to four right 


angles (Ax. 3). 


B 


Proposition 33.— Theorem. 


The straight lines which join the extremities of two equal 
and parallel straight lines towards the same parts are also 
themselves equal and parallel. 


Let AB and CD be equal and parallel straight lines joined 
towards the same parts by the straight lines AC and BD ; 

AC and BD shall be equal and parallel. 

CoNSTRUCTION.—J oin BC. | 

Proor.—Because AB is parallel to CD, and BC meets C5. 
them, the alternate angles ABC, BCD are equal (I. 29). 

Because A B is equal to CD, and BO common to the two 
triangles ABC, DCB, the two sides A 


| z 
AP, BC are equal to the two sides N 
DC, CB, each to each ; 

And the angle ABC was proved 


to be equal to the angle BCD ; C D 
Therefore the base AC is equal to the base BD (I. 4), EE ER 
And the triangle ABC is equal to the triangle BCD (T. 4), 
And the other angles are equal to the other angles, each to 

each, to which the equal sides are opposite ; 


and 
Z ACB — 
Z CBD. 


AB = 
e» AC — 
BD, ZBAC 
= ¿ CDD, 


and 
..Z ABD 
= z ACD, 
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Therefore the angle ACB is equal to the angle CBD. | 
And because the straight line BC meets the two straight 
lines AC, BD, and makes the alternate angles ACB, CBD 


equal to one another; 


Therefore AC is parallel to BD (I. 27) ; and it was shown 


to be equal to 1t. 
Therefore, the straight lines, Ae, Q. Z. D. 


Proposition 834.— Theorem. 


The opposite sides and angles of a parallelogram are equal 
to one another, and the diagonal bisects the parallelogram—that 
as, divides it into two equal parts. 

Let ACDB be a parallelogram, of which BC is a diagonal ; 

The opposite sides and angles of the figure shall be equal 
to one another, 

And the diagonal BC shall bisect 1t. 

PRoor.—Because AB is parallel to CD, and BC meets 

them, the alternate angles ABC, BCD 


À  __B sare equal to one another (I. 29); 
N Because AC is parallel to BD, and 
X LAN BC meets them, the alternate angles 
ACD, CBD are equal to one another 
i HO, 29); 


Therefore the two triangles ABC, BCD have two angles, 
ABC, BCA in the one, equal te two angles, BCD, CBD in 
the other, each to each; and the side BC, adjacent to the 
equal angles in each, is common to both triangles. ` 

Therefore the other sides are equal, each to each, and the 


third angle of the one to the third angle of the other— 


namely, AB equal to CD, AC to BD, and the angle BAC to 
the angle CDB (I. 26). 

And because the angle ABC 1s equal to the angle BCD, 
and the angle CBD to the angle ACB, 

Therefore the whole angle ABD is equal to the whole 
angle ACD (Ax. 2). 

And the angle BAC has been shown to be equal to the 
angle BDC; therefore the opposite sides and angles of a 
parallelogram are equal to one another. 

Also the diagonal bisects it. 
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For A B being equal to CD, and BC common, 
The two sides AB, BC are equal to the two sides CD and 
CB, each to each. 

And the angle ABC has been shown to be equal to the 
angle BCD ; 

Therefore the triangle ABC is equal to the triangle BCD 
I. 4 
pue the diagonal BC divides the parallelogram ABCD 
into two equal parts, 


Therefore, the opposite sides, & . Q. Z. D. 


Proposition 35.—Theorem. 


Parallelograms upon the same base, and between the same 
parallels, are equal to one another. 

Let the parallelograms A BOD, EBCF be on 1 the same base 
BC, and between the same parallels AF, BC; 

The parallelogram ABCD shall be equal to the parallelo- 
gram EBCF. 

Case 1.—If the sides AD, DF of the f 
parallelograms ABCD, DBOF, opposite 
to the base BC, be teyminated in the 
same point D, it 1s plain that each of the 
parallelograms is double of the triangle P 
DBC (I. 34), and that they are therefore equal to one 
another (Ax. 6). 

Case 2.— But if the sides AD, EF, opposite to the base 
BC, of the pp ABOD, EBCF, be not "mn 


C 


in the same point,then— 4 FA J 
P Roor.— Because 
ABCD is a parallelo- | 
» gram, AD is equal to 


BC (I. 34). 

For the same reason EF i: is equal hi BC; 

Therefore AD is equal to EF (Ax. 1), and DE is common; 

Therefore the whole, or the remainder, A E, is equal to the 
whole, or the remainder, DF (Ax. 2, or 3), 

And AB 1s equal to DC (I. 34). 

Therefore the two EA, AB are equal to the two FD, DC, 
each to each; 


AD = BC. 


EF = BC. 


„ AE=DF, 
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And the exterior angle FDC is equal to the interior EAB 
1-29): 
TT LP the base EB is equal to the base FC (I. 4), 
AEAB= And the triangle EAB equal to the triangle FDC (I. 4). 
RE Take the triangle FDC from the trapezium ABCF, and 
from the same trapezium ABCF, take the triangle EAB, and 
the remainders are equal (Ax. 3), 
That is, the parallelogram ABCD is equal to the parallelo- 
gram EBCF. 
Therefore, parallelograms, dc. Q. Z. D. 


Proposition 36.—-Theorem. 


Parallelograms upon equal bases, and between the same 
parallels, are equal to one another. 


Let ABCD, EFGH be parallelograms on equal bases BC, 
FG, and between the same parallels AH, BG; 

The parallelogram ABCD shall be equal to the parallelo- 
gram EFGH. 

D E H CONSTRUCTION. - oin BE, CH. 
P Proor.—Because BC is equal 
to FG (Hyp.), and FG to EH 
| KI 
pos Therefore BC is equal to EH 
Ë 0 F G (Ax. 1); and they are parallels, 
and joined towards the same parts by the straight lines 
BE, CH. 

But straight lines which join the extremities of equal and 
parallel straight lines towards the same parts, are themselves 
equal and parallel (1. 33); 

"om Therefore BE, CH are both equal and parallel; 
1 5 8 Therefore EBC H is a parallelogram (Def. 35), 
parallelo- And it is equal to the parallelogram ABCD, because they 


gram, 
equal each are On the same base BC, and between the same parallels BC, 


eom AH (4. 35). 
For the like reason, the parallelogram EFGH is equal to 
the same parallelogram EBCH ; 
Therefore the parallelogram ABCD is equal to the parallelo- 
gram EFGH (Ax. 1). 
Therefore, parallelograms, Ze, Q. Z. D. 


DC — EH, 


-I 
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Proposition 37,—Theorem. 


Triangles upon the same base, and between the same parallels, 
are equal to one another. 


Let the triangles ABC, DBC be on the same base BC, and 
between the same parallels AD, BC ; 
The triangle ABC shall be equal to the triangle DBC. 
CONSTRUCTION. — Produce A D both ways, to the points E, F. 
Through B draw BE parallel to CA, and through C draw 
CF parallel to BD (I. 31). 
Proor. — Then each of the E A D F 
figures EBCA, DBCF, is a paral- 
lelogram (Def. 35), and they are 
equal to one another, because they, 
are on the same base BC, and 
betweén the same parallels BC, EF B 0 
(I. 35.); 
And the triangle ABC is half of the parallelogram EBCA, 
because the diagonal AB bisects it (I. 34) ; 
And the triangle DBC is half of the parallelogram DBCF, 
because the diagonal DC bisects it (I. 34). 
But the halves of equal things are equal (Ax. 7); 
Therefore the triangle ABC is equal to the triangle DBC. 
Therefore, triangles, Ze ^ Q. Z. D. 


Proposition 38.—Theorem. 


Triangles upon equal bases, and between the same parallels, 
are equal to one another. 

Let the triangles ABC, DEF, be on equal bases BC, EF, 
and between the same parallels BF, AD. 

The triangle ABC shall be equal to the triangle DEF. 

CONSTRUCTION. —Produce AD both ways to the points 
G, H. 

Through B draw BG par- € A D E 
allel to CA, and through F 
draw FH parallel to: ED 
(I. 31). ! 

ProoF.—Then each of the  : 
figures GBCA. DEFH, isa B c E F 


Figures 
EBCA and 
DBCF are 
equal ; 


and the 
triangles 
are respec- 
tively half 
of these. 


Figures 
GBCA and 
DEFH are 
equal; 
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_ parallelogram (Def. 35), and they are equal to one another, be- 
cause they are on equal bases BC, EF, and between the 
same parallels BF, GH (I. 36); 
EME And the triangle ABC is half of the parallelogram 
triangles  GBCA, because the diagonal AB bisects it (I. 34); 
these re- And the triangle DEF is half of the parallelogram 
spectively. DEFH, because the diagonal DF bisects it (I. 34). 
But the halves of equal things are equal (Ax. 7); 
Therefore the triangle ABC is equal to the triangle DEF. 
Therefore, triangles, dc. Q. E. D. 


Proposition 39.— Theorem. 


Equal triangles upon the same base, and on the same side 
of rt, are between the same parallels. 


Let the equal triangles ABC, DBC be upon the same base 
BC, and on the same side of it ; 
They shall be between the same parallels, 
Construction.—Join AD; AD shall be parallel to BC. 
A ME For if it is not, through A draw AE 


o EC sup- D 
pose, = parallel to BC (1. 31), and join EC. 
PROOF.— The triangle ABC is equal to 
the triangle EBC, because they are upon 
the same base BC, and between the same 
B o parallels BC, A E (T. 37). 

inen But the triangle ABC is equal to the triangle DBC (Hyp.); 

^DBC— Therefore the triangle DBC is equal to the triangle HBC 

1 (Ax. 1), the greater equal to the less, which is impossible; 


Therefore AE is not parallel to BC. 

In the same manner, it can be demonstrated that no line 
passing through A can be parallel to BC, except AD ; 

Therefore A D is parallel to BC. 

Therefore, equal triangles, €c. Q. Z. D. 


Proposition 40.— Theorem. 


Equal triangles upon the same side of equal bases, that 
are in the same straight line, are between the same parallels. 


Let the equal triangles ABC, DEF, be upon the same side 
of equal bases BC, EF, in the same straight line BF. > 
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The triangles ABC, DEF shall be between the same 
parallels. 

CoNSTRUCTION.—J oin AD; AD shall be parallel to BF. 

For if it is not, SQUE A draw AG parallel to BF (I. 31), uas 
and ] join GE. suppose. 

Proor.—The tandis ABC is equal to the triangle G EF, 
because they are upon equal bases BO, EF, and are between 
the same parallels BF, AG 
(L 38). 

But the triangle ABC is 
equal to the triangle DEF; 
Therefore the triangle DEF 
is equal to the triangle GEF 
(Ax. 1), the greater equal to 

the less, which is impossible ; 
Therefore AG is not parallel to BF. 
In the same manner, it can be demonstrated that no line, 
passing through A, can be parallel to BF, except AD ; 
Therefore AD is parallel to BF. 
Therefore, equal triangles, &c. 


A DEF — 
^ GEF,an 
absurdity. 


Proposition 41.— Theorem. 


If a parallelogram and a triangle be upon the same base, 
and between the same parallels, the parallelogram shall be 
double of the triangle. 


Let the parallelogram ABCD, and the triangle EBC be 
upon the same base BC, and between the same parallels 
BC, AE; 

The parallelogram ABCD shall be double A D E 
of the triangle EBC. 

CONSTRUCTION. —Join AC. 


Proor.—The triangle ABC is equal to A ABC = 
the triangle EBC, because they are upon cds 
the same base BC, and between the same É — 


parallels BC, AE (I. 37). 

But the parallelogram ABCD is double of the triangle And paral. 
ABC, because the diagonal AC bisects the n (I. n T 
34). 

Jek p. 7 CX 


Make BE 
EC 


— 
— 


and 
ZCEF=D 


A ABC = 
2 A AEC, 
and also 
figure 
FECG — 
2 A AEC. 
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Therefore the parallelogram ABCD is also double of the 
triangle EBC (Ax. 1). 
Therefore, if a parallelogram, dc. Q. Z. D. 


Proposition 42.— Problem. 


T'o describe a parallelogram that shall be equal to a gwen 
triangle, and have one of its ER equal to o given rectilineal 
angle. 

Let ABC js the given tr iängle, and D the given recti- 
lineal angle ; 

It is required to describe a SE EE that shall be 
equal to the given triangle ABC, and have one of its angles 


equal to D. 
A F G CONSTRUCTION. Bisect BC in E (I. 
.. 10), and join AE. 
At the point E, in the straight line 
h CE, make the angle CEF equal to D 
(I. 23). 

Fhrough A draw AFG parallel to 

B E C EC (I. 31). 


Through C draw CG parallel to EF (I. 31). 

Then FECG is the parallelogram required. 

Pnoor.— Because BE is equal to EC (Const.), the triangle 
A BE is equal to the triangle AEC, since they are upon equal 
bases and between the same parallels (I. 38); 

Therefore the triangle ABC is double of the triangle 
AEC. 

But the parallelogr am“ FECG is also double of the triangle 
AEC, because they are upon the same base, and between the 
same parallels (I. 41); 

Therefore the parallelogram FECG is equal to the triangle 
ABC (Ax. 6), 

And it has one of its angles CEF equal to the given angle 

D (Const.). 

Therefore a parallelogram FECG has been described equal 
to the given triangle ABC, and having one of its angles CEF 
equal to the given angle D. Q. Z. F. 
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Proposition 43.— Theorem. 


The complements of the parallelograms which are about the 
diagonal of any parallelogram are equal to one another. 


Let ABCD be a parallelogram, of which the diagonal is 
AC; and EH, GF parallelograms about AC, that is, through 
which AC passes; and BK, KD the other parallelograms, 
which make up the whole figure ABCD, and are therefore 
called the complements. ' 

The complement BK shall be equal to the complement 
KD. 

Proor.—Because ABCD is a parallelogram, and AC its 
diagonal, the triangle ABC is equal to the triangle ADC 
I. 34). 
de because AEKH is a paral- 4 E 2 
lelogram, and AK its diagonal, the SE a 


triangle AEK is equal to the triangle 


AHK (L 34). E 
For the like reason the triangle 
KGC is equal to the triangle KFC. — 


Therefore, because the triangle 
AEK is equal to the triangle AHK, and the triangle K GC 
to K FC, 

The triangles AEK, 'KGC are equal to the triangles 
AHK, KFC (Ax. 2). 

But the whole triangle ABC was proved equal to the 
whole triangle ADC ; 


Therefore the remaining complement BK is equal to the .. 


remaining complement KD (Ax. 3). 
Therefore, the complements, dc. O. Z. D. 


Proposition 44.—Problem. 


To a given straight line to apply a parallelogram, which 
shall be equal to a given triangle, and have one of tts angles 
equal to a given rectilineal angle. 


Let AB be the given straight line, C the given triangle, 
and D the given angle. 


BK = 
KD. 


132 GEOMETRY. 


It is required to apply to the straight line AB a parallelo- 
eram equal to the triangle C, and having an angle equal 
to D. 

LO: Construction 1.—Make the parallelogram BEFG equal 
gram to the triangle C, and having the angle EBG equal to the 
A C, and angle D (I. 42) : 

<a BT And let the parallelogram BEFG be made so that BE may 
EBAa be in the same straight line with AB. 

5 Produce FG to H. 

Through A draw AH parallel to BG or EF (I. 31). 

Join H B. 

Proor l.— Because the straight line HF falls on the 
parallels AH, EF, the angles AHF, HFE are together equal 
to two right angles (I. 29). 

Therefore the angles BHF, HFE are together less than 
two right angles (Ax. 9). But straight lines which with 
another straight line make the interior angles on the same 
side together less than two right angles, will meet on that 
side, if produced far enough (Ax. 12); 

HBandFE Therefore HB and FE shall meet if produced. 

CONSTRUCTION 2.—Produce HB and FE towards BE, 
and let them meet in K. 


Through K draw KL parallel to EA or FH (I. " 

Produce HA, GB to the points L, M. 

Then LB shall be the parallelogram required. 

Proor 2.— Because HLKF is a parallelogram, of which 
the diagonal is HK; and AG, ME are the parallelograms 
about HK ; and LB, BF are the complements ; 


Figures Therefore the complement LB is equal to the complement 
LB = BF. BF ( 1. 43). 
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. But BF is equal to the triangle C (Const.) ; BF S 
Therefore LB is equal to the triangle C (Ax. 1). ipo 
And because the angle GBE is equal to the angle ABM AC; 
(I. 15), and likewise to the angle D (Const.) ; 
Therefore the angle ABM is s equal to the angle Dx. D) os 
Therefore, the parallelogram LB is applied to the straight ; GBE = 
line AB, and is equal to the triangle C, and has the angle ew 
ABM equal to the angle D. Q. . F. 


Proposition A8. Problem. 


To describe a parallelogram equal to a given rectilineal 
figure, and having an angle equal to a given rectilineal angle. 


Let ABCD be the given rectilineal figure, and E the 
given rectilineal angle. 
It is required to describe a parallelogram equal to ABCD, 
and having an angle equal to E. 
CONSTRUCTION. a oin | 
DB. A D F & L 
Describe the par allelo- 
gram FH equal to the E m 
triangle ADB, and | Apply to 
having the angle FKH | | A DBC, ` 
equal to the angle E | . 
(L 42). Š Y FINE. ¿ GHM= 
To the straight line 
GH apply the parallelogram GM equal to the triangle DBC, 
and having the angle GHM equal to the angle E (L. 44). 
Then the figure FK ML shall be the parallelogram required. 
Proor.—Because the angle E is equal to each of the angles 
FKH, GHM (Const.), 
Therefore the angle FKH is equal to the angle GHM 
Ax. 1). 
! Add to each of these equals the angle KHG; 
Therefore the angles FKH, KHG are equal to the angles 
KHG, GHM (Ax. 3). 
But FKH, KHG are equal to two right angles (I. 29); 


Therefore also KHG, GHM are equal to two right angles 
(Ax. 1). 


Then 
KHM is à 
straight 
line; 


and 

FGL is a 
straight 
line. 


. KFLMa 
parallelo- 
gram. 


And the 
figure 
ABCD is 
equal to it. 
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And because at the point H, in the straight line GH, the 
two straight lines KH, HM, on the opposite sides of it, make 
the adjacent angles together equal to two right angles, 

Therefore KH is in the same straight line with HM (I. 14). 

And because the straight line HG meets the parallels 
KM, FG, the alternate angles MHG, HGF are equal (I. 29). 

Add to each of these equals the angle HGL; 

Therefore the angles MHG, HGL are equal to the angles 
HGF, HGL (Ax. 2). 

But the angles MHG, HGL are equal to two right angles 

L 29) | 
AIN also the angles HGF, HGL are equal to two 
right angles, 

And therefore FG is in the same stralght line with GL 

I. 14). 
Gs because KF is parallel to HG, and HG parallel to 
ML (Const.); 

Therefore KF is parallel to ML (I. 30). 

Aud KM, FL are parallels (Const); 

Therefore KFUM is a parallelogram (Def. 35). 

And because the triangle ABD is equal to the parallelo- 
eram HF, and the triangle DBC equal to the parallelogram 
GM (Const.), 

Therefore the whole rectilineal figure ABCD is equal to 
the whole parallelogram KFLM (Ax. 2). 

Therefore, the parallelogram KFLM has been described 
equal to the given rectilineal figure ABCD, and having the 
angle FK M equal to the given angle E. Q. £. F. 

COROLLARY.—From this it is manifest how to apply to a 
given straight line a parallelogram, which shall have an angle 
equal to a given rectilineal angle, and shall be equal to a given 
rectilineal figure—namely, by applying to the given straight 
line a parallelogram equal to the first triangle ABD, and 
having an angle equal to the given angle; and so on (I. 44). 


Proposition 46.—P roblem. 


To describe a square upon a gwen straight line. 


Let AB be the given straight line; 
It is required to describe a square upon AB. 
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CONSTRUCTION.—From the point A draw AC at right 
angles to AB (I. 11), 

And make AD equal to AB (I. 3). C 

Through the point D draw DE parallel 
to AB (I. 31). 


Through the point B draw BE parallel Pr~ 8 
to AD (J. 31). 
Then AD EB shall be the square re- 
quired. 
Proor.—Because DE is parallel to 
AB, and BE parallel to AD (Const), A E ds 
therefore ADEB is a parallelogram; gram. 


Therefore AB is equal to DE, and AD to BE (I. 34). 
But AB is equal to AD (Const.); 
Therefore the four straight lines BA, AD, DE, EB are 
equal to one another (Ax. 1), 
And the parallelogram AD ERB is therefore equilateral. n eus 
Likewise all its angles are right angles. 
For since the straight line AD meets the parallels A B, 
DE, the angles BAD, ADE are together equal to two right 
angles (I. 29). 
But BAD is a right angle (Const.) ; 
Therefore also ADE is a right angle (Ax. 3). 
But the opposite angles of parallelograms are equal (I. 34); 
Therefore each of the opposite angles A.BE, BED is a right 
angle (Ax. 1); ` 
Therefore the figure A DEB is rectangular; and it has Dose 
been proved to be equilateral; therefore it is a square gum 
(Def. 30). | 
Therefore, the figure ADE is a square, and it is described .. a square. 
upon the given straight line AB, Q. Z. F. 


COROLLABV.— Hence every parallelogram that has one 
right angle has all its angles right angles. 


Proposition 47.— Theorem. 


In any right-angled triangle, the square which is described 
upon the side opposite to the right angle is equal to the squares 
described upon the sides which contain the right angle. 
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Let ABC be a right-angled triangle, having the right 
angle BAC ; 
G The square described upon the 
side BC shall be equal to the 
A SS squares described upon BA, AC. 
xy CONSTRUCTION. — On BC de- 
-— scribe the square BDEC (I. 16). 
On BA, AC describe the squares 
Gb, HC (I. 46). 
Through A. draw AL parallel 
to BD or CE (I. 31). 
8 Join AD, FC. 
D L E Proor.—Becausetheangle BAC 
is a right angle (Hyp.), and that the angle BAG is also a 
right angie (Def. 30), 

The two stralght lines AC, AG, upon opposite sides of 

AB, make with it at the point A the adjacent angles equal 
CAG is a to two right angles; 
MM Therefore CA is in the same straight line with AG (I. 14). 
BAH isa For the same reason, AB and AH are in the same straight 
e line. 

Now the "d DBC is equal to the angle FBA, for each 
of them is a right angle (Ax. 11); add to each the angle ABC. 

Therefore the whole angle DBA 1s equal to the whole angle 
FBC (Ax. 2). 

And because the two sides AB, BD are equal to the two 
sides FB, BC, each to each (Def. 30), and the angle DBA 
equal to the angle FBO; 

AABD= Therefore the base AD is equal to the base FC, and the 
FBC. triangle ABD to the triangle FBC (I. 4). 

Now the parallelogram BL is double of the triangle ABD, 
because they are on the same base BD, and between the 
same parallels BD, AL (I. 41). 

And the square GB is double of the triangle FBC, because 


C 


Hence they are on the same base FB, and between the same parallels 
parallelo- FB, GO (L. 41). 


= square But the doubles of equals are equal (Ax. 6), therefore the 


5 parallelogram BL is equal to the square GB. 
gram CL ^ In the same manner, by joining A E, BK, 1t can be shown 


— square 


HC, that the parallelogram CL is equal to the square HC. 
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Therefore the whole square BDEC is equal to the two 
squares GB, HC (Ax. 2); 

And the square BDEO is described on the straight line 1 Ge 
BC, and the squares GB, HC upon BA, AC. 

Therefore the square described upon the side BC is equal 
to the squares described upon the sides BA, AC. 

Therefore, in any right-angled triangle, &c. Q. Z. D. 


Proposition 48.— Theorem. 


If the square described upon one of the sides of a triangle 
be equal to the squares described upon the other two sides of 
at, the angle contained by these two sides is a right angle. 


Let the square described upon BC, one of the sides of the 
triangle ABC, be equal to the squares described upon the 
other sides BA, AC; 


The angle BAC shall bea right angle. Draw. 
CONSTRUCTION. —From the point A draw AD at right SES 
angles to AC (I. 11). angles to 

Make AD equal to BA (I. 3), and join DC. ( Do not 


Ce 


PRoor.— Because DA is equal to AB, the square on DA 5 
is equal to the square on BA. 

To each of these add the square on AC. 

Therefore the squares on DA, AC are 
equal to the squares on BA, AC(Ax. 2). 

But because the angle DAC is a right A 
angle (Const. ), the square on DC is equal to 
the squares on DA, AC (I. 47), 

And the square on BC is equal to the B C 
squares on BA, AC (Hyp.) ; | 1 

Therefore the square on DC is equal to the square on DC pc: = 
(Ax. 1); id 

And therefore the side DC is equal to the side BC. DC = BO. 

And because the side DA is equal to AB (Const.), and AC 
common to the two triangles DAC, BAC, the two sides 
DA, AC are equal to the two sides BA, AC, each to 
each. 


And the base DC has been proved equal to the base BC ;. 


Hence 
¿Z DAC = 
BAC. 
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Therefore the angle DAC is equal to BAC (I. 8). 
But DAC is a right angle (Const.) ; 

Therefore also BAC is a right angle (Ax. 1). 
Therefore, if the square, dc. Q. E. D. 


EXERCISES. 
Prop. 1—15. © 


1. From the greater of two given straight lines to cut off a portion 
which is three times as long as the less. 

2. The line bisecting the vertical angle of an isosceles triangle also 
bisects the base. 

3. Prove Euc. I. 5, by the method of super-position. 

4. In the figure to Euc. I. 5, show that the line joining A with 
the point of intersection of BG and FC, makes equal angles with 
AB and AC. | 

5. ABC is an isosceles triangle, whose base is BC, and AD is 
perpendicular to BC; every point in AD is equally distant from B 
and C. 

6. Show that the sum of the sum and difference of two given 
straight lines is twice the greater, and that the difference of the sum 
and difference 1s twice the less. 

7. Prove the same property with regard to angles. 

8. Make an angle which shall be three-fourths of a right angle. 

9. If, with the extremities of a given line as centres, circles be 
drawn intersecting in two points, the line joining the points of in- 
tersection will be perpendicular to the given line, and will also 
bisect it. 

10. Find a point which is at a given distance from a given point 
and from a given line. 

11. Show that the sum of the angles round a given point are 
together equal to four right angles. 

12. If the exterior angle of a triangle and its adjacent interior 
angle be bisected, the bisecting lines will be at right angles. 

13. If three points, A, B, C, be taken not in the same straight line, 
and AB and AC be joined and bisected by perpendiculars which meet 
in D, show that DA, DB, DC are equal to each other. 


Prop. 16—32. 


14. The perpendiculars from the angular points upon the opposite 
sides of a triangle meet in a point. 

15. To construct an isosceles triangle on a given base, the sides 
being each of them double the given base. 
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16. Describe an isosceles triangle having a given base, and whose 
vertical angle 1s half a right angle. 

17. AB is a straight line, C and D are points on the same side of 
it; find a point E in AB such that the sum of CE and ED shall be a 
minimum. 

18. Having given two sides of a triangle and an angle, construct 
the triangle. Examine the cases when there will be (1.) one solution; 
(2.) two solutions; (3.) none. 

19. Given an angle of a triangle and the sum and difference of the 
two sides including the angle, to construct the triangle. 

20. Show that each of the -angles of an equilateral triangle is two- 
thirds of a right angle, and hence show how to trisect a right angle. 

21. If two angles of a triangle be bisected by lines drawn from the 
angular points to a given point within, then the line bisecting the 
third angle will pass through the same point. 

22. The difference of any two sides of a triangle is less than the 
third side. | 

23. If the angles at the base of à right-angled 1sosceles triangle be 
bisected, the bisecting line includes an angle which is three halves 
of a right angle. | 

24. The sum of the lines drawn from any point within a polygon 
to the angular points is greater than half the sum of the sides of the 
polygon. 


Prop. 33—48. 


25. Show that the diagonals of a square bisect each other at right 
angles, and that the square described upon a semi-diagonal is half 
the given square. 

26. Divide a given line into any number of equal parts, and hence 
show how to divide a line similarly to a given line. 

27. If D and E be respectively the middle points of the sides BC 
and AC of the triangle ABC, and AD and BE be joined, and intersect 
in G, show that GD and GE are respectively one-third of AD and BE. 

28. The lines drawn to the bisections of the sides of a triangle 
from the opposite angles meet in a point. 

29. Describe a square which 1s five times a given square. 

30. Show that a square, hexagon, and dodecagon will fill up the 
Space round a point. 

31. Divide a square into three equal areas, by lines drawn parallel 
to one of the diagonals. 

32. Upon a given straight line construct a regular octagon. 

33. Divide a given triangle into equal triangles by lines drawn from 
one of the angles. 

34. If any two angles of a quadrilateral are together equal to two 
right angles, show that the sum of the other two 1s two right angles. 

35. The area of a trapezium having two parallel sides 1s equal to 
half the rectangle contained by the perpendicular distance between 
the parallel sides of the trapezium, and the sum of the parallel sides. 
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36. The area of any trapezium is half the rectangle contained by 
one of the diagonals of the trapezium, and the sum of the perpendicu- 
lars let fall upon it from the opposite angles. 

37. If the middle points of the sides of a triangle be joined, the 
lines form a triangle whose area is one-fourth that of the given 
triangie. 

38. If the sides of a triangle be such that they are respectively the 
sum of two given lines, the difference of the same two lines, and 
twice the side of a square equal to the rectangle contained by these 
lines, the triangle shall be right-angled, having the right angle 
opposite to the first-named side. 

39. If a point be taken within a triangle such that the lengths of 
the perpendiculars upon the sides are equal, show that the area of the 
rectangle contained by one of the perpendiculars and the perimeter of 
the triangle is double the area of the triangle. 

40. In the last problem, if O be the given point, and OD, OE, OF 
the respective perpendiculars upon the sides BC, AC, and AB, 
show that the sum of the squares upon AD, OB, and DC exceeds the 
sum of the squares upon AF, BD, and CD by three times the square 
upon either of the perpendiculars. 

4l. Having given the lengths of the segments AF, BD, CE, in 
Problem 40, construct the triangle. 

42. Draw a line, the square upon which shall be seven times the 
Square upon a given line. | 

43. Draw a line, the square upon which shall be equal to the sum 
or difference of two given squares.. 

44. Reduce a given polygon to an equivalent triangle. 

45. Divide a triangle into equal areas by drawing a line from a 
given point in a side. 

46. Do the same with a given parallelogram. 

47. If in the fig., Euc. I. 47, the square on the hypothenuse be on 
the other side, show how the other two squares may be made to cover 
exactly the square on the hypothenuse. 

48. The area of a quadrilateral whose diagonals are at right angles 
is half the rectangle contained by the diagonals. | 


SECTION HIL 
ALGEBRA, 


= | CHAPTER I. 
ELEMENTARY PRINCIPLES, 


1. Algebra treats of numbers, the numbers being repre- 
sented by letters (symbols of quantity), affected with certain 
symbols of quality, and connected by symbols of operation. 

It is easy to see that these symbols of auantity may be 
dealt with very much as we deal with concrete quantities in 
arithmetic. Thus, allowing the letter a to stand for the 
number of units in any quantity, and allowing also 2 a, 3 a, 
4 a, &c., to stand respectively for twice, thrice, four times, 
&c., as large a quantity as the letter a, it at once follows 
that we may perform the operations of addition, subtraction, 
multiplication, and division upon these symbols .exactly as we 
do in ordinary arithmetic upon concrete quantities. For 
instance, 4a and 6 a make 10 a, 9 a exceeds 5 a by 4a, lida 
is D times 3 a, and 7 a is contained 8 times in 56a. 

Neither is it necessary in these operations to state, or even 
to know the exact number of units for which any symbol of 
quantity stands, nor indeed the nature of these units ; it is 
simply sufficient that it is a symbol of quantity. Thus, in 
the science of chemistry, we use a weight called a crith; 
and a person unacquainted with chemistry might not know 
whether a crith were a measure of length, weight, or 
capacity, or indeed whether it were a measure at all, yet he 
would at once allow that 6 criths and 5 criths are 11 criths, 
that twice 4 criths are 9 criths, de. 
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The Signs + and — as Symbols of Operation. 


2. In purely arithmetical operations, the signs + and — . 
are respectively the signs of addition and subtraction. In 
this sense, too, they are used in algebra. 

Thus, a + b means that b is to be added to a, and a — b 
means that 6 is to be subtracted from a. 

Hence, as long as a and Ó represent ordinary arithmetical 
numbers, a + 6 admits of easy interpretation, as also does 
a — b, when 6 is not greater than a. But when ó is greater 
than a, the expression a — b has no arithmetical meaning. 
By an extension, however, of the use of the signs + and 
—, we are able to give such expressions an intelligible signi- 
fication, whatever may be the quantities represented by 
a and 6. 


Positive and Negative Quantities.— The Signs + and — 
as Symbols of Affection or Quality. 


9. Der.—A positive quantity is one which is affected 
with a + sign, and a negative quantity is one which is 
affected with a — sign. 

Let BA be a straight line, and O a point in the line; 
and suppose a person, starting C 
from O, to walk a miles in the : S 
direction OA. Suppose also another person, starting from 
the same or any other point in BA to walk a miles in the 
direction OB. These persons will thus walk a miles each in 
exactly opposite directions. Now, we call one of these direc- 
tions positive (it matters not which) and the other negative. 
Let us take the direction OA as positive. We then have 
the first person walking a miles in a positive direction, and 
the second walking a miles in a negative direction. We 
represent these distances algebraically by + d and — « 
respectively. 

It will therefore be seen that the signs + and — have no 
effect upon the magnitudes of quantities, but that they express 
the quality or affection of the quantities before which they 
stand, 
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Again, suppose a person in business to get a profit of £6, 
while another suffers a loss of £6. We may express these 
facts algebraically in two ways. We may consider gain as 
positive, and loss as negative gain, and say that the former 
has gained + 6 pounds, while the latter has gained — 6 
pounds. Or we may consider loss as positive, and gain as 
negative loss, and say that the former has lost — 6 pounds, 
while the latter has lost + 6 pounds. We hence see that 
the gain of + 6 is equal to a loss of — 6, and that a gain of 
— 6 is equal to a loss of + 6. 


The Sum of Algebraical Quantities. 


4. Let a distance AB be measured to the right along the 
line AX. And let a further —— — 
distance BC be measured from I 
B in the same direction. By the sum of these lines we mean 
the resulting distance of the point C from the original point 
A, that is to say, the distance AC. 

(It may be remarked that we add the line BC to the line AB by 
measuring BC in its own proper direction from the extremity B of 
AB. It is hardly necessary to remind the student that both lines 
are in the same straight line AX.) 

Let us represent the distances AB and BC by + a and 
+ b respectively; then the algebraical sum of the lines will 
be represented writing these quantities side by side, each 
with its own proper sign of affection. 

Thus the sum of the distances AB and BC is expressed by 
+ a + b, or, as it is usual to omit the + sign of a positive 
quantity when the quantity stands alone or at the head of 
an algebraical expression, the sum of AB and BC is expressed 
by a + 6. 

Hence, the interpretation of a + 6 is that it represents the 
distance AC. | 

Again, taking as above + a to represent the distance AB 


along the straight line A X, and A q Booy 
measured to the right, let a dis- AD m s 
tance BC be measured from B in ^ E x - 


the same straight line A X, but = 
this time to the left, 
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Let the latter distance be represented by — b. 

Then, on the principle above, AC is the sum of these dis- 
tances, and this sum is represented algebraically by + a — ó 
ora — b. 

(It will be seen that the distance BC is again measured from B in 
its own proper direction, and that the resultant distance AC of the 
point C is again the sum of the line AB and BC.) 

There will evidently be three cases, viz. :— 

1. When the distance BC is less in magnitude than AB, 
in which case the point C 1s on the right of A, and the dis- 
tance AC is positive. 

2. When the distance BC is egual in magnitude to A B, 
in which case the point C coincides with A, and the distance 
AC is zero. 

3. When the distance BC is greater in magnitude than 
AB, the point C being then on the left of A, and the distance 
is negative. 

Now, a — b in all these cases represents the distance AC. 
It therefore admits of intelligible interpretation whether b 
be less than, equal to, or greater than a. 

And, since the distance AC is obtained in the first two 
cases by subtracting the distance BC from that of A B, and 
in the second case by subtracting as far as A B will aliow of 
subtraction, and measuring the remainder to be subtracted in 
an opposite direction, it follows that 

The sign —, which, standing before a letter, is a symbol 
of quality, becomes at once a symbol of subtraction in all 
cases when the quantity in question is placed immediately 
after any other given quantity with its proper sign of 
affection. | 

Hence also we may conclude that the addition of a mega- 
tive quantity is equivalent to the subtraction of the corres- 
ponding poste quantity. 

5. We may prove in a similar way that— 

The subtraction of a negative quantity is equivalent to the 
addition of the corresponding positive quantity. 

Let, as before, + a represent the distance AB, measured 
from the point A to the right, | 
and let it be required to sub- 
tract from + a the distance represented by — A 


B ç 
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Now, in the last article, we added a distance to a given 
distance AB, by measuring the second distance in its own 
direction from the extremity B. We shall therefore be con- 
sistent if we subtract a given distance — 6 by measuring this 
distance in a direction exactly opposite to its own direction, 
from the same extremity D. 

Now, the direction of — b is to the left, If, therefore, we 
measure a distance BC to the right, equal in magnitude to 
the distance to be subtracted, we obtain a distance AC which 
is correctly represented by d= ( — 5). But AC is also 
correctly represented by a + b, and hence it follows that 
@% — ( — Ó) = a + b. 

We may apply the above principle to all magnitudes which 
admit of continuous and indefinite extension ; as, for instance, 
to forces which pull and push, attract and repel ; to time 
past and time to come, to temperatures above zero and below 
zero, to money due and money owed, to distance up and dis- 
tance down, &c., in all which cases, having represented one 
by à quantity affected with a + sign, we may represent the 
other by a quantity affected with a — sign. 

6. In expressing the sum of a number of quantities, the 
order of the terms ts immaterial. 

We will take, as our illustration, a body subject to various 
alterations of temperature, and we will suppose the tempera- 
ture of the body, before the changes in question, to be zero 
or 0% Let the temperature now undergo the following 
changes—viz., a rise of a”, a fall of b°, a fall of c^, and, lastly, 
a rise of d^. Let us consider a rise as positive, and therefore 
a fall as negative, We may then represent these ehanges 
respectively by + a, — 0, — e, + d. 

And it is further evident that the resulting temperature 
will be represented by the sum of these quantities, which, as 
previously written, will be a — b — c + d. 

But again, it is plain that the resulting temperature of the 
body will not be affected 1f these changes of temperature take 
place in the reverse order, or in any. other order. Thus, 
suppose the temperature fir st falls c^, then rises a”, then rises 
d^, and, lastly, falls 6°, it is evident that the final temper ature 
will be the same as before. And the swm of the quantities 
= c, : a, +d, — b, represents this final temperature. 

—]1. K 
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Now, expressing the sum of these quantities by writing them 
(Art. 4) side by side with their proper signs of affection, 
and in the order in which they stand, we have — c + a + d 
— b for the sum. 

It therefore follows, since we might have chosen any other 
order of these terms with a similar result, that the sum of 
any number of quantities, + a, — 6, — c, + d, may be 
expressed by writing the terms side by side with their proper 
signs of affection «n any order whatever. 

Nevertheless, for convenience, and for other reasons, we 
write the terms generally in alphabetical order, or we arrange 
them according to the power (see Art. 16) of some particular 
letter. 

7. We may sum up the results and remarks of the last 
four articles as follows :— 

l. Positive and negative are used in exactly opposite 
senses. 

2. The sign + before an algebraical quantity affirms the 
quality of the quantity as represented without the sign in 
question. 

Thus, + (+ a) = + a, and + (— b) = — b. 

3. The sign — before an algebraical quantity reverses the 
quality of the quantity as represented without the sign in 
question. 

Thus, — (+ a) = — a, and — ( b) = 

4. The algebraical subtraction of a quantity is the same as 
the addition of the quantity with the sign of affection 
reversed. 

5. The algebraical addition of quantities is expressed by 

writing the quantities down side by side with their proper 
signs of affection. And they may be written down in any 
order, though we generally write them in alphabetical order, 
or arranged EE to the power (Art. 16) of some 
letter. 


Drackets. 
8. Brackets—( ), 1 1, [ ]—are used, for the most part, 


whenever we wish to consider an algebraical expression con- 
taining more than one term as a whole. 
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Thus, if we wish to express that the quantity 3a + 7b is 

to be added as a whole to 4 a, we write— 

4a + (3a + 75), 
and, while inclosed within brackets, wo think and speak of 
3a + 75 as one quantity. . 

Again, if we wish te express that 6 — c is to be subtracted 
from a, we write— 

— (b — c). 

Let us consider what is the result of subtracting (b — c) 
from a. We may evidently, if we please, subtract b first, 
then afterwards — c from the quantity so obtained, without 
affecting this result. 

Now, we know by Art. 7 (4.) that this 1s equivalent to 
adding the quantities — band + c successively. 

Now, the sum of a, — b, + c, isa- b + €. 

We have therefore a — (b — c) = a — b + c. 

We observe that the sign of b within the brackets is +, 
and that of c is —, whereas, in our final result, these signa 
are both reversed. And we hence arrive at the following 
important principle :— 

When a minus sign stands before a bracket, its effect on 
removing the brackets is to reverse the sign of affection of 
every term within. 

And it is evident that we may, by a similar course 
of reasoning, arrive at a principle equally important, 
viz. :— 

When a plus sign stands before a bracket, its effect on 
removing the bracket is to affirm the sign of affection of 
every term within. 

We shall show, in Art. 9, the use of brackets in expressing 
the product or quotient of quantities. 

Though, as stated above, brackets are, for the most part, 
used to group together as a whole à number of quantities, 
they are sometimes used to inclose single terms. Thus, in 
Art. 5, we have the expression a — ( 5) Now, the 
brackets are used here to express that the negative quantity 
1s.to be subtracted as a negative quantity. And, in the same 
way, the expression a + (— 6) indicates that the negative 
quantity ( b) is to be added to the quantity a. When one 
pair only is required we generally use the brackets (); if, 
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however, a quantity already in brackets is to be inclosed in 
a second pair, we use | |, as in the expression— 


3a - 16b (£e - dl, 


If a third pair be required we use the brackets [ ], and 
finally, we sometimes find it convenient to group a number 
of terms by means of a vinculum, thus— 


EZ FEI {5 y + (32 — Ta — y)} + 2 y | 


Tt must be remembered that the vinculum has in an 
expression exactly the same force as brackets. 

9. We shall, in this Article, show how to find the value of 
a few algebraical expressions, as illustrations of the foregoing 
principles :— | 

Ex. 1.—If a=1, 5 = 2, c= 4, find the value of 
34 + 55 + (c. 

We have only to substitute the value of the letters in the 
given expression, putting a sign of multiplication to avoid 
ambiguity. 

Thus we have— 

30 7 565 - 7 = 3K 17 5 277 x 4. 
= Ə + 10 + 28 = 41. 

Ex. 2.—If = 5, y = 2, 2 = 6, find the value of 

4x + 3% — 92. 
Here, tx + 3y- 92 = 4 x 5 + 3 x 2— 9 x 6 

20 + 6 — 54 

26 — 54. 

The negative quantity is here the larger, and exceeds the 
positive quantity by 28, and hence (Art, 4 (3),) the result will 
be negative. 

We therefore have— 

4æ + 3y—9%92= — 28. 
Ex. 3.—If« = 1, = 3, z = 0, find the value ci— 


3w 2% + (62 -52 — y)|- 
The given expression — 
3x1-12x84(6x0- 85x 1-3); 
3 - | 6 + (0-573)? 


Hou H 


II 


fi 


PRODUCT OF TWO OR MORE QUANTITIES. 149 
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3- 16+ (0-2) 
3 (6 — 2) = 3 — 4 = - 1. 
It may be advisable to simplify expressions of this kind 
before substituting the given value of the letters. The 


method of doing this, however, is deferred till we come to 
Chapter II. 


Ex. 

Ifa = 1, 5 = 2, c = 3, d = 0, e = 4, find the value of the 
following :— 

l.4a+20,3b+Tc,6a0 + 4d, 40 — Te. 
. G+ Ü + c, d — Ü! + c, Ü + = G, d + b —c. 
34 + 1b—4c2a+ 1d + 3, 74 — 100 + 2c. 
6a— (26 — 36), 75 + (2a — 4d). 
3c + (6a - Tb e, 2b- | Te (44 - D]. 
75 - (2d—=0)| - (46 - c + o). 

If x = 2, y = 3, z = 4, find the sum and difference of the 
following expressions :— 

7. 3x —4g and 3y — 4a. 

8. 7 (x — y) and 4 (y - 2). 

9. 9» — (Ty + 42) and 8y + 5z — 3x. 

10. 12y - 6y + 4 z and 12y + Gy + 4K. 

ll. x- y - z and æ = (y — 2). 
12. — ( 3y)and y 6 — ( 32) ]. 


* ge bo 


ee 


Product of Two or more Quantities. 


10. The product of two or more quantities may be 
expressed in several ways. 
Thus, the product of a, b, c may be written as follows :— 
_ l. abe, by placing the letters side by side without any 
sign between them, 
2. G x b x c, by placing between them the sign x. 
3. a.b.c, by placing a dot between them. 
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4. (a) (b) (c), by inclosing the quantities in brackets, 
writing them without any sign between the brackets. 

When, however, the quantities are negative, or either of 
them consists of more than one term, it 1s best to inclose such 
quantities in brackets, and, in most cases, it 1s necessary to 
do so. 

Thus, the product of a, — b, c would not be correctly 
expressed by « — óc (for this means, that the product of 
band c is to be subtracted from a), but must be written 
a(—6)c. Again, the product of 2a + 36 and a + 5b 
cannot be written 2a + 30a + 50, as this expression means 
that three times the product of b x ais to be added to 2 a, 
and then 56 to the result. The product is correctly ex- 
pressed thus— 


(2a + 36) (a + 5 b). 


(The student cannot be too strongly cautioned against leaving out 
brackets in cases of this kind.) 


The Order of the Letters. 


11. It is evident that a times b = b times a; for, if we arrange 
a rows of 6 things so as to have a horizontal rows and 6 
vertical columns, we may either consider the number of rows 
or the number of columns. In the former case we have 
a times 6 things, and, in the latter, b times a things. 

We may therefore write the letters whose product we 
wish to express in any order. 

Thus, the product of a, b, c may be written in either: 
of the following ways :— 

abc, acb, bac, cba, bea, cab. 

For convenience, however, and for reasons which the 
student will see as he proceeds with the subject, we write 
them in the order of the alphabet, unless there happen to be 
special reasons to the contrary. 


Rule of Signs in Multiplication. 


19. It was shown (Art. 3) that a minus sign does not affect 
the magnitude of a quantity, but simply its affection or 


QUOTIENT OF TWO QUANTITIES. 151 


quality. It therefore follows that the product of + a and 
— b will be the same in magnitude as that of + a and + b, 
or of a x b—that is, wil be equal in magnitude to ab. 
But it is evident that the quality of the product will be the 
same as that of — b, for it is a times u negative quantity. 

We therefore have + a (— b) = — ab. 

So also, the product of — a and + b, will have the same 
magnitude as that of + a and + b—that is, its magnitude 
wil be ab. But since, to take a geometrical illustration, a 
line of length, 6, drawn negatively once, negatively twice, &c., 
must give à negative result, the quality of the product in 
question must be negative. 

We therefore have (- a) (+ b) = ab. 

Again, the product of — a and — b will be equal in 
magnitude to ab, and its quality will be evidently the 
reverse of the quality of the product of —a@ and + b, and 
the quality of the latter product is above shown to be 
negative. The product of — ax — b will be therefore 
positive. 

Hence we have (— a) ( D = + ab. 

Collecting these results, Gë remembering that (+ a) 
{+ b) = + ab, we have— 


(+a) (+ 6) = + ab. 
(+ a) (= 6) = — ab. 
(— a)(+ b) = - ab. 
(a) (- b) = + ab. 


We have then the following rule of signs in multiplica- 
tion :— 


RLE. — Like signs give +, and unlike signs give —. 


Quotient of Two Quantities. 


18. The quotient of two quantities is expressed in either 
of the two following ways :— 
1. By placing the divisor under the dividend, separated by . 


a line. 


Thus, the quotient of a by b = = 
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2. By placing the divisor after the dividend with a sign 
+ between them; thus, a + b. 

When either of the quantities is negative, it is better, if the 
second be used, to inclose the negative quantity, if the 
divisor, in brackets. 

Thus, the quotient of a by — 6 may be written a + — b, 
but it is better written o (- b). 

And when either of the quantities contains more than one 
term, it must always be inclosed in brackets when expressed 
by the second method. 

Thus, the quotient of a f 20 by 2c = (a+ 25) + 2c, 
not a + 26 + 2c, for this would mean that the quotient of 
26 by 2 c is to be added to a. 


Rule of Signs in Division. 


It is evident from the last article that 
(+ ab) + (+a) = + 6. 
(— ab) + (+ a) — b. 
(= ab) + (- a) = +0. 
(+ ab) + (— a) — Ó 

We have therefore the following rule :— 

RULE.—In division, as in multiplication, like signs give 

+, and unlike signs give —. 


| 


Coefficients. 


14. When a quantity can be broken up into two factors, 
each of those factors is.called a coeficient of the other. 

Thus, taking the .quantity 4 abc, we see that 4 is the 
coefficient of abc, 4 b that of oe, 4 c that of ab, 4 bc that of 
a, dic. We call 4 a numerical coeflicient; but when the 
coefficient contains a letter or letters we call it a literal 
coefficient. We often speak of the numerical coefficient of 
a quantity as the coeficient of the quantity. It is, moreover, 
unusual to write down unity as a numerical coefficient, and 
so, when an algebraical quantity has no expressed numerical 
coefficient, we may, conversely, consider untty as such. 
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15. Like quantities are generally defined as those which 
differ only in their numerical coefficients. Thus, 9x, 3y, 
4 xyz, 12 ab are respectively like to the quantities 10 a, 5 y, 
6 xyz, 4 ab, while 3 a”, 6 xy, 7 b° are called une. 

It is sometimes convenient, however, to consider as like 
quantities those which may contain perhaps one common 
letter only, though containing other letters which are not 
common. ‘Thus, for the purposes of addition and subtrac- 
tion, we may consider 3ax and 4bx as like quantities, 
having 3 a and 4 5 respectively as their coefficients. Now, 
their sum, since they are respectively equivalent to 3 a and 
46 times x, will be equivalent to (3a + 40) times z, and 
may then be written (3 % + 40).x. 

Hence we learn that addition and subtraction of quanti- 
ties having any common factor may, considering the un- 
common factor as coeficient, be expressed according to the 
following rule 

Add. together the coefficients of the common factor, and take 
the sum as a mew coefficient of the common factor. 


And a similar rule will apply to the subtraction of such 
quantities. 
Thus, we have the sum of 4 axy, — 2 bey, 3 dey, 
= (tax — 2 bc + 3de) y. 


Powers. 


16, We have seen (Art. 10) that abc means that a is to be 
multiplied by b, and the product by c. And so, if we wish 
to express that « is to be multiplied by a, and this product 
again by a, we might write the expression thus: aaa. 
Instead of this, however, we usually place a small figure at 
the top and on the right hand of the letter a, to indicate how 
many times the letter appears as a factor. In this case, 
therefore, we write a We call quantities of this form 
powers of the letter in question; and so, remembering that o 
may be considered as a’ on this principle, we have :— 

, G, the first power of o: d, the second power of a; as, the 
third power of a, dic. The figure written at the right hand 
at the top of the letter is called the index or exponent, and it 
is usual to call oz, a? respectively the square and cube of a, 
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from the fact they express respectively the area of a square 
whose side is a, and the volume of cube whose edge is a. 

17. The square root of a quantity is that quantity which, 
when raised to the second power or squared, wil give the 
original quantity. "M 

] is generally written ,/. Thus, J/16 = 4, J/144 = 12. 

The cube root of à quantity is that quantity which, 
when raised to the third power or cubed, wil give the 
original quantity. 

It is —— written J. Thus, 38 Does 2, J27 = 
J1728 = And so the fourth, fifth, &c., roots are 
indicated 7 2: symbols , J , &c. 8 

18. The dimensions of an algebraical quantity are the 
sum of the indices or exponents of the literal factors. 

Thus, the dimensions of 3a7b’ct = 2 + 3 + 4 = 9, and 
the dimensions of ada = 1] + 1 + 2 = 4. 

19. A homogeneous expression is one in which the dimen- 
sions of every term are the same. 

Thus, à? + 3a?b + 3a? + b is homogeneous, 
Whereas, 5a + 3 ab + Ta’be is not homogeneous. 


Ex. II. 

IG 2, 5 3 % 0d = 1, 

Find the values of— 

1. 62? + 80? — 5 c; ab + ac + be, be + bd + cd. 

2. d? + 3 0 + 3007+ D; à? + b° + ce — 3 abc. 

3. (3a + 7b) (4a — 90); (a? + 0”) (a + b) (a — b). 
4. 6 124 — 4 (20 — 26 — dr; ab + ab? + ae + 
ac? + bie + bc. 

If a = 1,b = — 2,c = — 3,d = O, e = 4, 

Find the values of — : 

5. (a +b cec d + ef; (a + 245 + b° — c) = (a + 
b + c). 

6 a* — d* E e + 3 ed + 3 cd + d° 

a 4 a^d + ad? p d? B- 3 Be + 3 be = e 

"9 2 K 2 , 72 
7. — 8 je + 3 + 3c + 1. 
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8. 3 (4b + 50] + 4 (c +e)’; abcde. 
Me = 3.7 94.20 


9. (3% — Je + yF (Qa + Ya + y + 2). 

10. 15a? + 2(y + 2)?! {5a®- 2(y + ay t. 

11. a? + y + 2. x 

12. (a? — y?) + Y {3a s (322 + Bay + Y) yt. 


* = CHAPTER II. 
q 
ADDITION, SUBTRACTION, MULTIPLICATION, AND DIVISION, 
‘Addition. 


20. RULE. —Arrange the terms of the given quantities so 
that like quantities may be under each other; add separately 
the positive and negative coefficients of each column ; take 
the difference and prefix the sign of the greater, and annex 
the common letter. 


(When the coefficients are all 8 or all negative, we, of course, 
simply add them together and prefix the common sign for the coeffi- 
cient of the sum.) 


-Ex. 1. Ex. 2. 
300 7 55 — 3e — 340 + 75 + c- 4d 
2a- Tb te 2a-2b+5c+ 3d 
Bar 5 — Ze — Ta — 365 + 2c — 6d 
 4a- 364 Be 20 ＋ 55 8c 4 6d 
Ans. 14% — 40 T 76 Ans. — 60 + 75 — d 


Ex. A Add together 522 — 3y + 3%, 6% + Tay — 4x, 
Zon +6x%- 5, — 2% — 3 + 2. 
Arxranging like . in each expression under each 
other, we have :— 


5 x — 35 4 ƏY 
Tay + 6 % — 4 
A xy + 62 - 5 
— 2% — 3xy + 2 
Ans. 3% + 622 + 3% + 2x +3y4 -3 


156 ALGEBRA. 


Ex. III. 

Add together- 

l. 3a — 2b, 4a + 7 b, 2G + 36,0 — 50. 

2. 94 + TU, — 3 % + 40% à? + 0, 4 — 120. 

3. a+ b+c3a+2b+3c,-4a+T7Tb—-c,2b+5c. 

4 z — 7 — 2, / — % — 2, 2 — Z Y) G + Y + 2. | 
5. 3a — 4ab + 6 52, Tab — d — 0, 2a- 3 45 — 483 
4a? + ab — b°. 

6. 2% — 7 + 3, — 422 + 022 — 2 + 7, at — 2 — 42, 
62? — 9x — 12, 

7. 20 + Tab + 352 — 6a — 55 — 2,22 + 34 — 26 + 9, 
9ab — 2a - 3b + 4, — 30 — 1240 — 309 + E 106 — 15. 

8. K Y — We + wy! — ayz + v, Ly — wy — “yz + 
Y Yer yz, ae aya — vs + 2 — yer 2. 

9. . + vy? + ay, — y — y — ay, Y + 2 + ary’, 

10. a? + al? + ac? + 2 4 — 2 de — 2 abe, ab + b? + bc? + 
2 ab? — 2abc — 2 bc, get be + G + 2abc — 2ac — 2 be 
ll. * — ay? + «3 — Bary + 3 , Bary? + Aas + Bayz 
— 322 — 6 yz y — wy — y + Say — 3%, — 3 xy? 
-3ay2 — 3% + S42? + 6 ays, Si Aale as — 3yr + 
SI Aas + 29422 — 3% — 6 22. 

12. at — a&b + 3 gc + abc — 3 abc — bc, ab — get 
3 abe? — 3 a — bic? + bc, abc — ad + 8 a — 3 acd + Uc 
— bcd, — d + avd — 3 de + 3acd — abe + bcd. 


Subtraction. 


21. We have seen, Art. 7 (4.), that the subtraction of a quan- 
tity is equivalent to the addition of the same quantity with 
its sign of affection reversed. We therefore have the follow- 
ing rule :— 

RuLE.—Change the sign of each term of the subtrahend, 
and proceed as in addition. 


Ex. 1. EX. 2 
5 + 67 — 32 64 — 3ab + 40 
2x-2%y +2 — 204 — Sab — 20 


Ans. 3% + 8% — 52. Ans. 8 a + 607. 
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| Ex. 3. 
2 a? + Du? + 3y? 
* ＋ 3922 + Aan 8 


—IIOƏa —Ó——M— — — ä. 


W JJ. 


Ex. IV. 
From 6a + Tb + 30% take 2a + 56 — 2c. 
From 2 — 3y 82 take 6x — 5% — 22. 
Take 5a? + 3ab+ 40 307 757 8 from 6d 30 2 q 
Take 6 af + 8 a%x? + a* from 8 at + bax? + 2x 
Subtract the sum of the quantities a* + 2 E + 0% 
at — 298 + ' 6a* + 8a + 60, 
6. From 2° + y + 2 — - 3 xyz take 42? + 4 + 42 + Aas 
+ 3 — 3 xyz. 
7. From 3 + Š aa? — 9 d ? + au — at take 2 xt + 4 (% 
+ 4ax + at 
8. Take a? — 5 o?b + Tab? — 2 D? from the sum of 2 a? — 
9 4 + lla’? — 30% and P? — 4 aD? + 4 a 
9. Subtract a+b+e+d from e +f + g + h. 
10. Take a* — 4 + 6 x — Lay + y from zt + 4 vy 
+ 6 ay? + 4 oy? + yt, and subtract the result from their sum. 
11. Add together the given quantities in the last example, 
and subtract the result from 3at+ lOay + 3%. 
12. Take a + 6 ae + 2ab + 2ac 2 be from 2? + 20? 
+ 4ab — c. 


ie ee ee SES 


Brackets—continued. 


22. It was shown, in Art. 8, that, when a quantity inclosed 
in brackets is to be added, we may remove the sign (+) of 
addition and the brackets without changing the sign of the 
terms within the brackets. On the contrary, when the 
quantity in brackets 1s to be subtracted, or has the sign 
minus before it, we must change the sign of every term 
within the brackets on removing the brackets and the sign 
of subtraction. 

We shall now see how to simplify expressions involving 
brackets connected.by the signs of addition and subtraction :— 
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Ex. 1. Simplify (3a + 50) - (6b- 20) + ( 2a + 6 
— 30). 
The given expression = 3a + 55 6b+ 20 — 24 + b — 
3 €, or adding together the like quantities, 
= d — c. 
Ex. 2. Reduce to its simplest form 


«& — (b ) + |b + (a= o) — EEGEN 


(When a pair of brackets is inclosed within another pair, it is con- 
venient to remove the inner one first.) 


Hence the given expression— 
=4a4-=b+c+w+ jb+a—cl — Ja- b- e! 


=a=b*+c*b+ra=e=arbrce=arbzec 


Ex, 3. Simplify the expression Se — o + em 

The line separating the numerator and denominator of a 
fraction is a species of vinculum, since it serves to show that 
the whole numerator is to be divided by the whole denominator. 
Hence, on breaking up the two latter fractions into fractions 
having one term only in the numerator, we have— 
3m — 7 6x-9 3 1 7 6 9 19 

1 2 8 2 2 v2 S 8 w 8 

23. As it is often necessary to inclose quantities within 
brackets, we shall now show how this 1s done. 

The following rule needs no explanation : — 

RULE.— When a number of terms is inclosed within 
brackets, if the sign placed before the brackets be +, the 
terms must be written down with their signs of affection 
unchanged ; but, if the sign placed before the brackets be —, 
the sign of affection of every term placed within the brackets 
must be changed. 

Thus we may express a + 6 — c — d in any of the follow- 
ing Ways :— | 

at+b—-e-d=a+(b-c-d)=(a+6)-(+4) 
= d = (-T) = (ar b — d) — c, de. 

(When the word signis used in future, the student is to under- 
stand sgn of affection, unless otherwise expressed.) 
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Ex. V. 


Simplify the expressions— 
: 3 — (2x — y) + (x + 3# — 22) (7 —4y — 32). 
(24 + 2 ab + 2 ab) — (2a + wb + ab? — D) + (@° 
— zu — ab? — 209). | 
$31-0-22-]13-(4-32) + |5 — (te - 
EEN 
4. 6% (2 3 4 4 00 | -— 7 + G - = 9) | 
599204). 
Group together Ke terms of the four following expressions, 
so that 
(1.) The first two e last two are inclosed in brackets. 
(11.) The last three are inclosed in brackets. 
ii.) The first three are so inclosed, and an inner pair of 
brackets used to inclose the second and third. 
5. 0 — b + c — d. 
6 —6a-15—3c4 5d. 
7. — 4% + 12 — 12 % + 4 y, 
8. à? — D? — e + 3 abc. 
Add EE 
9. aa? + bay + cy’, "T — axy + ey, ba? + 3 emm + Sy’, 
— 2 — 2 by’. 
10. ax — cy — ez, — bx + dy + fz, cu — ey — gz, — dx + 
Jy + hz. 
Subtract— 
11. (2a + b) z -(3b + o) y + (4c +d)zfrom (3a d) x 
+ (4b-ajy+ (5c- 0) z 
12. (y - 2) 4 + e — - 2) ab + (a — y) b° from (y — x) @ 
—(y—8)ab — (s — 


Multiplication. 


94. Remembering the definition (Art. 14) of a coefficient, 
it follows that the product of two terms having coefficients 
is found by multiplying the product of the coefficients by the 
product of the remaining factors. 


Thus, the product of 4 a and 36, or 4a x 3b = 12 ab. 
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Again, the terms to be multiplied may contain like 
letters. | 
Now, a? = aaa, aš = aaaaa, and hence it follows that 
o? x a? = aaa x aaaaa = aaaaaaaa = a’. 
And, generally, we have 


a” x a” = aaa...to m factors x aaa...to n factors, 
= aaa...to (m. + n) factors = a” +”, 


1t therefore follows that the product of the powers of like 
letters 1s found by adding together the exponents of the like 
letters. 

Thus, at x a? = af, and a? x a = af, dee. 

And, further, as regards the sign of the product, we have 
seen, in Art. 12, that ike signs give +,and unlike signs 
give —. 

There are three things, then, which must be attended to 
in the multiplication of algebraical terms, viz.:— 

l. The signs.—Like signs give +, and unlike signs 
give —. 

2. The coefficients.— These are to be multiplied like ordin- 
ary numbers. 

3. The /etters.— The exponents of like letters are to be 
added together, and the powers so obtained written side by 
side with the unlike letters. 


Ex. 1. Ex. 2. Ex. 3. 
6 ob — 3 xyz — 5 abd 
2 «3c yz — 2 bed? 


Ans. 12 abc Ans. — 3 æy Ans. 10 abcd? 


25. Whenever the multiplicand or multiplier, or both, 
contains more than one term, it is evident the product is 
found by multiplying each term of the multiplicand 
separately by each term of the multiplier, and adding 
together the separate products. 


Ex. 4. Ex. 5. 
3 — Tab + 50 ai 3 + Aal — y 
ET _ = ay ` 
Ans. 18 0% — 42 4 + 30 ab? — 2 ＋ 6 æy — 6 22 + 2 af 
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Ex. 6. 
e+ ay + y 
* — zy + y 
8 ary E gy? - ay 
c + ay + y 
Aus ai 47 aa + y 
Ex. 7. 
(a + d)x + ab 
c 


(a + b) č + abe 
c+ (ac + bc) 2 + abe 
a? + (a+ b + c)a + (ab + ac + bc) x + abc. 

It will be observed that the terms in the above examples 
are all arranged according to the power of some letter. 
Thus, in Ex. 4, they are arranged according to the descend- 
ing powers of a; and in Exs. 5, 6, 7, they are arranged 
according to the descending powers of x. It matters not 
whether they are arranged according to ascending or descend- 
ing powers, and the result would be the same if they are not 
so arranged. It is then, however, much easier to collect like 
terms, as they generally fall under each other. When we 
come to division we shall find it necessary to arrange the 
terms according to the power of some letter, 


| Ex. Vl. 

1. Multiply 3a + 2b by4a - 3b, and 6x + Ty by 
3% — Ə z. | 

2. Multiply à? + 2 — 242 by z — 2y, and 1522 + 
lT xy — 442 by 2% + y. 

3. Multiply a? + 2 ab + 0 by à? — 2ab + U, and o 
+ bya- 52. | 

4. Multiply æ + ay + xy? + y? by x — y, and the pro- 
duct by a* + y. 
5. Multiply a? + 0? + c? — ab —'ac — be by a + b 4 c. 
6. Find the continued product of xt + 2,22 + y^ 2% + 775 


* — y. 
y Ped | : 
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7. Develop the expressions (a + b}, and (x — y). 
8, Multiply 5 ? 15 à? + 45 a + 135 by æ — 2a — 3. 
9. Multiply 1 + 3x — Tæ by x — 2, anda — z by 22 + 
ax + o, 
10. Multiply oi — 2àb + 3 ab? — 2ab? + di by at + 209b 
+ 340" + 2aD + bš. 
11. Multiply a + bz + ca? + da? by cx + f. 
12, Find the product of x? + px + ganda - a. 
13. Find the continued product of x + a, x + b, & + c. 


25. We have explained in the last Article the general 
method to be pursued in Multiplication. There are, 
however, many algebraical expressions which may be mul- 
tiplied by inspection. 

I. Expressions of the form (a + 6) 

It is easily found by long multiplication that 

(a + bP =a + 2ab + 5, 
and this, expressed in ordinary language, may be read thus :— 

The square of the sum of two quantities is the square of 
the first, plus twice ther product, plus the square of the 
second. 


9 
de 
o 


(This rule is evidently true whether the quantities are positive or 
negative.) | 
Ex. 1. (3a + 76) = (Bay + 2 (3a) (70) + TOP = 922 
+ 42ab + 49 555. | 
Ex. 2. (6x — 5)? = (6x) + 2 (6x) ( - 5) + (- 5) = 
962? — 60a + 25. 
Ex. 3. (a + b + ey = (a + sell 
(a + by + 2(a+ bye e 
(a? + 2ab + b) + 2 (ac + bel + e? 
a? *.0 + c + 2ab + 2ac + 2be. 


l H H 


REMARK.—It is a very common mistake with beginners to write 
down a? + b? as the square of (a + b), thereby leaving out twice 
the product of the quantities a and b. They should impress this for- 
mula, viz. :— 

(a + 5)? = a? + 2ab + b? 


thoroughly upon the mind, 
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IT. The form (a + 5) (a — 0). 
It may be easily found by long multiplication that 
(a + b) (a — 0) = a? Di, 
which, in ordinary language, may be thus expressed :— 

The product of the sum aud difference of two EE 1S 
the difference of the squares of the quantities. 

This formula may be applied in all cases where the terms 
of the quantities to be multiplied are of the same magni- 
tude, but when some of them differ in sign. 

Ex. I. (e + b + c + ) (a + b C = d) 
= | (a+b) e (e d) y (a + Ó) — (c + d) 
= (a + b) — (c + d = (a+ 2ab + 0?) — (e + 2 cd + d?) 
= @ + D — c — d° + 2ab — 2cd. 

Ex. 9. (as — 3 a?b + 3ab? — 07) ( 3 d  3aD + d’) 
= Í (aë + 3al?) - (3 90 0) E | (aè + 3 ab?) + (3 ab + | 
( + 3a? — (Bab + Dy? 

x + 6a + 900) — (N + Garb* + b°) 

d — 3 d + Aa. 

The principle to be adopted in all such cases is to find 
what terms in the given quantities are exactly alike, and put 
them first in brackets, when the remaining terms will fall 
into the proper form. Thus 


(3a -* Tb - 5bec- d) (34 —Tb c 5e d) = | (Ga + 5 c) 
+(Tb—d)t | -. 

And (3a — 7b- 5% d) Ga e 7b +5e+d)= } (3a+d) 
- (Tb +50)! | (Ba +d) + (1b +50). 

(III.) The form (x + a) (x + b). 

By multiplication we find that— 


(x + a) (z + b) = o? + (a + b) z + ab, 


which in ordinary language may be thus expressed :— 

The product of two binomials containing a common term and 
an uncommon term, is the square of the common term, plus 
the sum of the uncommon terms multiplied into the common, 
term, plus the product of the uncommon term, 


S l !l 
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Thus— 

(x + 2) (æ +3) =a? + (2 + 3) W 42x Š =a’? + 5x + 6, 

(x + 6) (æ 1) = + (6— I) z+ 6 ( — 1) = ＋ 5 — 6, 

(x — 5) (x — D=- (5 + 7) * + ( 5) (- 7) =e — 12 z 
+ 95 


(z + 3a) (= 5a)= 2 + (ŠG — Say g + (3a) (= 5a) = 22 
— 2 am — 15a 

And so, _ 

(z a + b) (z + c + d) = (z d + b) (z + c + d) 
= % + (d + b + c + d) z + (a + b) (e + d). 

We may extend this formula to any number of factors. 

Thus, by multipliestion, we find that— 

(x + a) (z + b) (x + c) = o? + (a+ b + c) a? + (ab + ac 
55 bc) X + «oc. | 

(x + a) lx + b) (x + c) (@ + d) = 2*⁄ + (a+ b + c + d) 
ai + (ab + ac + ad + bc + bd + ed) x + (abc + abd. + acd 
+ bed) « + abcd. 


Law of Formation of the Terms. 


1. It will be seen that the coefficient of the first term is 
in each case unity ; that of the second term, the sum of the 
uncommon letters taken singly; that of the third term, the 
sum of the uncommon letters taken two together ; that of the 
fourth term, the sum ef the uncommon letters taken three 
together, &c. 

2. The power of the common letter is in the first term that 
of the number of the binomials, and it sinks one every term. 

Ex. (x + 1) (x 2) (x + 3) =a? + (1 + 2 + 92? (1 + 
(1x24+1x3+2x580+1x2x3=x3 +64 + 11z + 6. 

(IV.) The form (a + b + c + d+ dc). 

By ordinary multiplication or otherwise we have (a + 6 + c 
+ df = d + b° + C + d° + Zabt 2ac + 2ad+ 2 be + 
2 bd + 2cd ; and a similar result follows if we take a larger 
number of terms. 

We may hence deduce the following rule — 

The square of the sum of any number of quantities is the 
sum of the squares of the quantities together with twice the 
sum of the products formed by multiplying the first quantity 
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into all that follow separately, then the second into all that 
follow, the third into all that follow, &oc. 


Ex. 1. (1 + 2x + 32°) = 1 + 42° + Hat 
Zort 62 + 12 
=] + 4% + 102? + 12928 + Oat 


Ex. 2. (a+ 3 ab + 3 ab” + Dy 
= qf + 9 ab” + 920 
, 6004+ 6 5 + 2 ad? + 6 
18 ab? + 6 abt + 6ab> 
= +6 ab + 15 42 + 20.0303 + 15 abt + 6 ab? + 56. 


Ex. VIL. 


1. Find by inspection the squares of z — y, 3a — 5 b, 4 c 
+ d°, 3% — 2%. 

2. Find the continued „ of a + b, a + be, at + b$, 
and a — b. 

3. Multiply mx + ny 3 and 5a? — 30? by 10 a? 
+ 60, 

4. Find the value of (a + b + e + d) (a — b + c — d), and 
of (a + b — e — d) (a + b + e + d). 

5. Show that (22 + 2 xy + Y) ( — 2ay + y) = at — 
2x + Y. 

d Multiply z + 5 separately by z - 1, > + 2, z — 3, z — 5. 

What is the continued product of x — 2, x + 3, * — 6, 

x + 54 

8. If 2s = a +:b + c, find the value of s (s — 0) (s 0) | 
(s — O, 

9. If 2s =a + b + c + d, what is the value of — 

(2s — 2a) + (28 — 25y + (2s — 20% + (2s — 2d)! 

Prove that— 

10. (ax + by) + (eX + dy)? + (ay — bay + (cy — day = 
" k de + d?) (c? + y). 


1. (ae — bd) x + (ad + bo) y |? + Gere bd) y — (ad 
+ Sc = (a“ + be) (2 + de) ( + /). | 


12. (ax + by + cz) = (a +b +c) laz” + by? + cer) — 
ab (z — y) — ac (x sf — be (y — 2). | 


- a 
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13. BR EES (x — a) (a = b) (z — ce) + 

2 f(a + b oh + abe}. 

14. (m * np af = = (m ny Fn py + (m +9)" 

+ (n + py + (n+ gra + (p + g) — 2 (m° + ni + p° +g) 

15. (à? + b + c) (m? + m? + p? + q?) = (am + bn + cp)? 
+ (an — bm + cg) + (ap — bq — em)? + (aq + bp = cny. 

16. (a — b) (5 — c) + ae s. + (c - a) (a — b) = 
3 (ab + ac + bc) — (a + b + cy 

17. (2+y+2+0)- (2-y-2 +a) = 4 (x+a) (y + 2). 

18. [(% — 6)? + 4 45 f(a + bP- 4ab) Lat — b + 
2 ab (a? — b°) ; = (a + b) (a — dy, 

19. (a? + b°) (€ + d?) = (ac + bd)? + (ad x be). 

20. 4 ( + 05 (c? + d) = (a + by ( ＋ dy + (a — by 
(c — dy + (a + by (e = dy + (a — bP (c ＋ dy. 

21. 8 (af + 0% = (a + bd) + 6 (a? — 0? + (a — 6)“. 

22. (y - Y + (y — 2) + (6-0) + e o dubi 
2 (x — y) (z — x) + 2 (y = 2) (z — x) = 0. 

23. Ir EM TAB a om 
4 ab”, when a? + b* = 

24. 20 (aa™ + by")? + (ay? — bam)? = (a° + 55 f(a” + am 
E (o^ m 27% J. 

Division. 

27. As in multiplication, we have especially three things 

to attend to, viz. :— ` 


1. The signs. 

We have learnt (Art. 13) that like signs give +, and unlike 
signs glve —. 

2. The coeficients. 

Understanding here the numerical coefficients, 16 is plain 
that they may be divided as ordinary arithmetical quantities. 

9. The letters. 

As the product of the quantities a and b is expressed by 
ab, it follows that the quotient of ab by either of the factors 
a or 6 will give the remaining factor 6 or a respectively. 
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Thus, ab + a or © = b, and ab + bor E a. 

And so, xyz + zz = y, and pgrs + gs = pr. 

We may then conclude that when the divisor 15 contained 
as a factor in the dividend, the quotient ts found by omitting 
from the dividend those of its factors which constitute the 
divisor. 

If the divisor-be nót contained as an exact factor in the 
dividend, we may then express the quotient symbolically. 
xy 
ab 

When, however, the dividend and divisor have a common 
factor, it is plain that we may, as in arithmetic, strike out of 
the numerator and denominator of the symbolical quotient 
this common factor. 


Thus, zy + ab = 


, 5 ab 5 ac 
Thus, 5 abe + bd = 55 

D _l6xyz 8y 
And 16 xyz + W 


28. A power of a quantity is divided by any other power 
of the same quantity by subtracting the index of the divisor 
from that of the dividend, the quotient being that power of 
the quantity whose index is the remainder so obtained. 

1. Let the power of the quantity in the dividend be the 
higher. 

We have a’ = aaaaa, and a? = aaa. 

F 
aaa 

Or, generally, m being greater than n, since 

a^ = aaa...to m factors, and a^ = aaa...to n factors, 


5—3 


we have— 

am + Qn = aaa...tom factors 
f aaa...to n factors 

2. Let the power of the quantity in the dividend be the 
ower. 


(m = n) factors = om", 
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Suppose we have to divide af by a’. 
We have at = 0% = 1 _ 1 
aaaanaa aaa a 

We may, however, so express the result that it shall agree 
exactly with the proposition at the head of this article. 

For we may conceive of aë as representing the product of 
unity and the quantity a?. We shall therefore be perfectly 
consistent if we allow a? to represent the quotient of unity 
by the quantity o?. 


We shall then have a7? = A and hence we get from the 
a 


above result 


goals gf ss gi, 
Or, generally, m being less than n, we have 
aq" d ] to m factors 1 
G diu to m factors aaa....... (n — m) factors 
d using the notation just explained, 
JJ ses quot toes qe 


3. Let the powers of the quantities in the dividend and 
divisor be equal. 


[tis evident that their quotient 1s unity. 
1 


4 
a d 
Ths. So xl ves 
gd Eos 


a” 
And so, — = I. 
a” 


If, however, we assume the principle proved in the two 
cases above to hold here, we have 


m 
a — g0 


a" 


It follows therefore that a? = 1. 

Cor.—From the above interpretation of negative indices 
it follows that the same rules for multiplication and division 
of quantities involving them may be applied as in the case of 
positive indices. 

1 
2 


And so, a + aT? = a*-C€9 o, 


Thus, oi x a7?= à? x 
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2 
Ex. 1. SE e 5 æy. 


4 xz 
— 45 qct 
Ex. 2. „ 3 ee 
x 15 be ids 
Ex. 3. — — 14a % 3 45 + 2B 
— Ta 
Ex. 4 422 — 6 ER + 42 aye 
— BOY 


42 214 
ES eei 
Aas ye az 
Es Sa A lr ae Eeer 


Ex. 5. Divide 3a? + 13ab — 100 by a + 50. 

When the divisor, as in this example, contains more than 
one term, it is generally convenient to follow the method of 
arithmetical long division. Thus 


a+ 50)3a ＋ 13ab — 10 P (3a — 26 


3a? + 15 455 
— 2ab — 1052 
E 2ab — 106? 


Ex. 6. Divide ai + ab? + bt by a? + ab + B°. 
a? + ab + b) at + ab? + 6 (a? — ab + 0? 


a + ob + ab? 
— ab + bš“ 
— ab — wi? — ab? 


ab" + ab? + bt 

ab? + aD + D 
It will be seen that in the last two examples care has been 
taken to keep the terms of the divisor, dividend, and successive ` 
remainders arranged according to the ascending or descending 
powers of some letter. In these cases we have arranged the 
terms according to the descending powers of a, and, as there- 
. fore follows, according to the ascending powers of 6. Want 
of care in this respect will often render the operation of find- 
ing the true quotient tiresome, if not impossible. The next 
two examples will illustrate this point. They may be 
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attempted first by the student, keeping the terms in the order 
as given. 

Ex. 7. Divide 2 - 7x — 15 by 5a - 1. 

— ] + 5%2)2 — 7% — 15 — 2 - 3x 
2 — 10x 
3% — 1522 
3x — 15 
Or thus, 5% — 1) - 1527 — Tx + 2(- 3 — 2 
- 15 + 32 

— 10% + 2 
— 1l0x + 2 

Ex. 8. Divide æ? + y by z—1 + y? 

Here we have the powers of x in the dividend descending, 
while in the divisor they are ascending.  Arranging them in 
the divisor as in the dividend, the operation is easy. Thus 

y | + aTh + y (y — “y + ay 


L + wu 
= ey + Y 
= XY SCH ay? 
EE 
ay + y? 


We shall work the next example in two ways to illustrate, 
firstly, the above point again ; and, secondly, to show how the 
operation may be sometimes abbreviated by the use of brackets. 

Ex. 9. Divide æ? + y + 2? — 3xyz by x + y + z. 

h / ) - 3 xyz + 2 + ( — z — zz + Y — % + 22 
L + e + az 
— vy — zz — 3 xyz 
F 
— oz + LY? 2 xyz 


— az — LYZ — M 
LY — LYZ + ag? + y 
ay La ＋ 
— «yz + LZ — yz 
— LYZ — ys — ya 


a Tue +2 
| | qz . 7/7 ＋ 25 
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Or thus, inclosing the last two terms of the divisor in 
brackets— 


* + (y +2) ) —Sayzt+ y + Pa? — (y + 2)0+ (y? — yz + 2) 
L? + (y+ z) x? 
— (y + 2) à? — 3 xyz 
— (y + z) 22 — (Y + 2 % + 22) x 


(y? — yz + 22) v P + 22 
(y? — yz + 22) m + y? + 22 


It will be seen in both the above operations that we have 
brought down the terms of the dividend only when the sub- 
trahends indicated they were required. This often prevents 
much useless repetition. 


Ex. VIIL 


Find the quotient of— 

1. 28 ab — 7 ab? + 14 0% by 70; 3 x? — 12 xy* by 
9 LY. 

2. — 6 ab + 15 a%b*— 20 ae by — 3 ab; 4 ay? + 6 x^? 
+ 4 z“ by 2 ay”. 

3. ax?" bay" + cy?" by amis ar + harry + 
n by 0] n, 

4. 30 * +2 xy — 12 y? by 5 z - 3; and by 6 z + 4 y. 
. 17 2 7 3% + 2% + ethyl + > + 22 
J r. BS Ew oe and by Ze + 4. 
xt — 4 x + 12 ay — + - B yj and yag 
* — y^ by = — y; and à? . / by z + y. 

9. ac t” + ada"y" + bea?" + bdy” +” by ca” + dy”. 
10. as — ab? — a?b* + D by a? — ab — ab? if, 

11. ? + ab + bc + ac by a + b; and a? + ab + be + 
ac by a + c. 

12. a+ (a b) z + (a+b + c) 22 + (a + b + c) 2 + 
"raw b + W. 

13. a? — pas + qœ — qa + pa — l bya - 1. 


Go. — M Qu 
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14. c + bt + é+ dt 2 (abe + ac + ad? + bed + 
Dg? + ed) — 8 abcd by o- b + c + d; and that of this 
quotient by a — b — c — d. 

15. Show that the remainder, after the division of * — px? 
+ q — rx + s by — a, isa — pa? + qa? — ra + s. 

16. Divide a — yt by x7? — / , and à? + x7? + 2 by 
* + l. 

17. Show that the quotient of 1 by 1 + z, is 1 — z+ 2° 
— à? + &c. ad infinitum. 

18. Show that the quotient of 1 by 1 — 3% + 32? — 2° 
is l + 3x + 6 + 10% + 15 at + dc. ad infinitum. 

19. Divide (z + y — 2 (x + y  * 2 by z + y — z. 

20. Divide (a - cf — 3 (a — e (b — d) + 3 (a — e) (b — dy 
— (b—-dybya-b — c + d. 


Factors. 


29. The ordinary method of finding the quotient of two 
algebraical quantities having been explained in the last 
article, we shall now proeeed to show how, in certain cases, 
this method may be avoided, and the quotient written down 
at sight. It may be remarked at the outset, that the resolu- 
tion of algebraical expressions into their elementary factors 
is a subject of very great importance, and one which the 
student will do well to thoroughly master. 


(J.) The form 22 + 2 ax + aë, 

We have seen (Art. 26) that a? + 2 ax + a? = (x + a). 
Hence the sum of the squares of two quantities, together 
with twice the product of the quantities, is equal to the 
square of the sum of the quantities. 

And hence, any algebraical expression, which can be thrown 
into the form (a? + 2 ax + a’), is of necessity a perfect square. 

Thus— 


L + 6 + 9 S. +2 (3) 0 + 3 = (z + 3) 

a^— l0ab + 23b'= @ + 2a( = 5% + ( — 50) = 
(a — 5 D)*. = 

16 a/ — 56 abxy + 49 5˙% = (4 ax)? + 2 (4 ax) ( 7 by) 
+ ( — T by) = (4 ax — 7 by). | | 


my 
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3 ab — 6 abeay + 3 ac = 3 a (bæ — 2 bexy + c) = . 
3 al (ba)? — 2 (bz) (9) "nft: 3 a (bx — cy). 

(II.) The form a? — 07. 

We have seen (Art. 26, IL) that à? U = (a + b) (a — b). 

Hence the difference of the squares M two quantities 1s 
equal to the product of the sum and difference of the 
— Thus— I 

— b^ = (ax)? — (by) = (ax + by) (ax — by). 
ei % (% (y) = (1 + y) (e - y) 
= (Qi 9) (z + y) (z — y) 

a+b — c — d° + 2 ab — 2 cd 

| = (a? + 2 ab + U) — (c? 2 ed + d°) 
= (a + bf — (c + dy 
= {(a + b). + (c + d); Í (a + b) — (c d) 


= (a b + c + d) (a + — c — 


— 


zo tow + yf) — xy? 
= (yy — aby? 

= {(æ@ +y’) + e +y’) - æy} 

= (07 + æy + y (x? — ay + y’). 

(III.) The form a? + px + q. 

This form n includes both the preceding, for the 
first form—viz., 22 + Zax + a” is included, since q may be 
the square of half p; and the second is included—viz., 
* — d, since we may have p = o, and ga negative square 
quantity. 

Now, the resolution into elementary rational factors of the 


quantity «^ + px + q is not always possible; but, since 
(Art. 26, III.), 

à? + (a + b) x + ab = (x + a) (x + b), 
we have the following rule, when the quantity admits of 
resolution. 

RULE.—If the third term q of the quantity a? + px + q 
can be broken up into two factors, a and b, such that the 
sum of these will give the coefficient of x, then the 

elementary factors of x + px + ꝙ are zx + d and x + b. 

— Thus, * + Tæ + 12 = (x + 3) (z + 4); for the product 
of 3 and 4 is 12, and their sum is 7, the coefficient of z. 


* + ay + 1⁄2 
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. — æ — 30 = (x = 6) (x + 5); for the product of — 6 
and 5 is — 30, and their sum 1s — 

And so, à? — 18 + 32 = (æ — 2) (z — 16), 

And à? + 3 ab — 108 5 = 4 + (126 — 90) a + 
(12 6) (- 96) = (a + 120) (a — 90). 


(IV.) The form ax? + bx + c. 

This is the general form of a trinomial, The following 
remarks, though equally applying to each of the three pre- 
ceding forms, are especially intended to be practically 
applied to trinomials not included by them. 

The above form will include such expressions as the fol- 
lowing :—20 a? + lla — 42, 6x? — 37 % + 55. 

It is evident that the product of the first terms of the 
factors will be the first term of the given trinomial, and that 
the product of the last terms of the factors will be the third 
term of the given trinomial. 

And, further, when the third term is negative, the last 
term of one factor must have the sign +, and the last term 
of the other the sign — ; but, when the third term is 
positive, the last terms of the factors must have the same 
sign as the middle term. 

Thus, 12 2? — 31 — 30 = (4% + 3) (3% — 10). 

Here the factors of 12 x? are either 3 x and 4 v, 6 and 2 x, 
12 x and x, and the factors of 30 either 5 and 6, o and 10, 
2 and 15, 1 and 30 ; and we must give à + sign to one of each 
of these latter pairs, and a — sign to the other. It is easily 
found on trial that, in order to obtain - 31 x as the middle term, 
the factors of the trinomial must be 4 x + 3 and 3x — 10. 

So we have 10 2 — 41ab + 21 ẹ = (5a — 36) Qa - 70), 
and aca? + (ad + be) xy + bda? = (ax + by) (cæ + dy). 


(V.) The forms z” + y” and ap — y”. 

We shall show in the next article that a rational in- 
tegral algebraical expression, involving , contains z — a as 
a factor when it vanishes on substituting a for x. 

Hence, * + y” and g” — y” must each vanish on putting 
y for x, if they contain « — y as a factor, n being an integer. 

The former becomes y” + y” or 2 y”, and the latter y" — 
y" or 0. We therefore conclude that 

x” + % does not contain x — yas a factor, and that 
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. y deeg, contain « — y as a factor, whether « be 
even, or BÀ 

Again, on the same principle, they must each —M if 
they contain x + y as a factor, on putting — y for x. 

The former becomes ( y)” + y", which vanishes when » is odd, 
andthelatter becomes ( — y)” — y", which vanishes when nis even. 

Hence we conclude that — 

€" + y" contains x + yas a factor when m is odd, and 
x” — y” contains x + y as a factor when n is even. 

Now, the quotient of either of these quantities by x + y or 
x — y can in any particular case be found by long division. 
We thus find that— 

e+ = (z + y) (a — wy + wy? — af + y 
at % = (z % (2 + wy + y) 
a — y? = (x + y) (a + wy + y. 

The law of formation of the co-factor in each case 1s easy 
to see; and if we may asswme this apparent law as generally 
true, we may conclude that, when an algebraical quantity is of 
the form z" + y” or af — y”, and it contains z + y Or - y 
as a factor, the law of formation of the co-factor is as follows: 


Law of Formation of Co-Factor. 


1. The terms are homogeneous, and of dimensions one 
degree lower than the given expression, the power of x in the 
first term being n — 1, and diminishing each successive term 
by unity; and the power of y increasing each successive term 
by unity, and first appearing in the second term. 

2. The coefficient of every term is unity. 

9. The signs are alternately + and — , when z + y is the 
corresponding elementary factor; and are all +, when z — y 
is the corresponding elementary factor. 

Ex. I. a? + 32 = a + 2 = (a + 2) (at + 03:2 + 02: 2 
+ @°2? + 2*) = (a + 2) (at + 20? + 40 + 8a + 16). 

Ex. 2. à? — 6° = (4502 — (Dy = (as + 0%) (à — 65) = 
(a + b) (à? — ab + d): (a — b) (@ + ab + b° = (a + b) (a — b) 
(a? — ab + 0%) (a? + ab + 55. 

30. The remainder of the division of a rational integral 
function of x by x — a may be found by putting a for x in 
the gwen function. 
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Der.—A function of x is an algebraical expression in- 
volving z; and a rational integral function of z is an expres- 
sion of the form ax” + óx"—! + dic. + su + t, where all 
the powers of z are integral and positive. 

Let f (x)* be a rational integral function of x, and suppose 
Q to be the quotient, and Ak the remainder on dividing the 
function by « — a. 

Then, evidently— 

Q (x = a) + R = f(x) identically. 

And this identity must hold for all values of x, and 
therefore holds when z = a. 

In this case we have Q (a — a) + KR = / (a) 

0 + k = f (a) 
or & = f (a). 

Now f (a) is the result of putting a for z in the given func- 
tion, and is, as we have just shown, the remainder on 
dividing the given function by z — a. 

Con. 1l. When there is no rémainder, we must, of course, 
have f (a) = 0. Hence, a given rational integral function 
of x vanishes when a is put for x, if it be divisible by æ- a. 

Ex. 1. The remainder, after the division of 2 x? — 5 + 
Gæ + 7 by zx — 2 is 15. 

For, putting « = 2, we have— 

2 — 5 ＋ 6047 = 2 2 - 5 22 46°24 7 = 15. 

Ex. 2. The function 

* — 2% + 5 — 52 is divisible by z — 4. 
For, putting z = 4, we have 
* — 2 % + 5 — 52 = 48 — 2 42 + 5 4 — 52 = 0. 

Con. 2. Any rational integral function of z is divisible by 
x — 1, when the sum of the coefficients of the terms is zero. 

For, putting « = 1 in the given function, it is evident 
that it is reduced to the sum of its coefficients, which sum 
must be zero if the function be divisible by z — 1. 

Ex. Each of the following functions is divisible by 
æg — l, viz:— 

3 xt + Tæ —- % + 12 — 21, 5 % — 2 — 3, 

(a —5)a? + (b—c) x + (c — a), (a+ 6 af —& abe — (a — by. 


* The expression f (x) must not be considered to mean the product 
of f and z, but as a symbol used for convenience, 
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Cor. 3. Any rational integral function of z is divisible by 
x + 1, when the sum of the coefficients of the even powers of 
x is equal to the sum of the coefficients of the odd powers. 


(The term independent of x is always bo be considered as the co- 
efficient of an even power). 


Let ar” + aa*-! + &c. + va? + se + the a rational in- 


tegral function of x. í 
Put x = — 1, then we have, if the function be divisible 
by x + 1— 


a(—1) +b(-137* + Cc. + r(—1P -s(— 1) 44-0. 
Suppose n to be even, then evidently ( — 1)” = ( — 1) 
( — 1) ( — 1)...to an even number of factors = + 1. 
And so ( — 1*7! = (= 1) (= 1) ( — D)..to an odd 
number of factors = — 1; and so on. 
Hence we get a — b + &c. + vr — 8 + t = 0, and this 
must evidently require the condition that the sum of the 
positive quantities is equal to the sum of the negative, and, 
therefore, that the sum of the coefficients of the even powers 
of z is equal to the sum of the coefficients of the odd powers. 
And a similar result will follow if we suppose n to be odd. 
Ex. Each of the following functions is divisible by z + 1, 
viz.: | 
* ＋ 5 % T 7 ＋ 3, 5 % — 4 % + 8% — 2% 1, 
wat — (a + I) (a+ 2) 22 + 2 z + 3 z + 4, pers (g + r) 22 
+ (g + v) 2 + p. 


Ex. IX. 

Resolve into elementary factors— 

1. * —9 a, 16 yt — 25 24, 24 a? — 54 P, 8 à? — 97 y. 

2. & — ay, a? — D, g. + ay, 2 az — 8 xy. 

9. a — 4D xt + m? + yt aot — 2 au + bt a + 52 — . 
2 ab. 

4. a+ Pee + 2ab 2 cd, à? — P — 2 + d* 2 be 
+ 2ad, a? — (b — cy. 

5. (a 1 — (x + 2), (* + 5) — (x + 22 (Qa + b) 


Do — yy + 4 (W. + 22 + %) ay, (2 + y) — 
Do + %) ay? + Lagu, | 
E M 
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7. à? 3% — 70,0 + 11% + 10, ? — 15ab + 56 0, 22 
— 4x — 192, 

8. oa + abxy — 420, 3ax? — 24 a» — 60 a, 24 ac — 
5 ac? + ac. 

9. 622 — 11% —35, 82? + 6x — 135, 18% — 21 — 72, 
20a? — lla — 42. 

10. 32? + 10222 + 3, 2022 + 12ax? + 25 da? + 
15 abu, mæ + (mq + mp) z + pq. 

Write down the quotient of— _ 

1l. & — 16 by x — 2, 92? + 96 byw + 2, * — 27 by 
. 

12. (a + 5 — ( + df by a + b + c +d a — É + e 
— d + 2 2 bd by a + b + c — d. 

Find the remainder after the division of — 

13. xt + pæ + o + re + s by = — a, a + a by 
* — a, 

14. — 5 )¾] + Tx — 9 by + 3, a — 3x + 7 bya - 2. 

Show that 

15. 5% — 3x + Ta? — 8x — l is divisible by æ — 1. 

16. 2% — 322 + 3? — Tx - 13 is divisible by x + 1. 


CHAPTER III. 
INVOLUTION AND EVOLUTION. 
Involution. 


31. Involution is the operation by which we obtain the 
powers of quantities. ‘This can of course be done by multi- 
plication, but the results obtained by the actual multiplication 
of simple forms enable us to develop without multiplica- 
tion more complex forms. As the subject requires the aid of 
the Binomial Theorem, we shall here show how to develop a 
few only of the more simple expressions. 

39. The power of a single term is obtained by raising the 
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coefficient of the term to the power in question, and multiply- 
ing the exponents of the letters of the term by the exponent 
of the power in question: 


Thus, (à?) = oi x oi = OTI = @*? 
ai s sup se qm de qu. cos P SS ee 


And so, >, (4 abet) = 43 2 58 * 20 — 64 ds. 

33. Development of thethird, fourth, and At powers of a + b. 

AM know (Art. 26, I.) that (a + b) = a? + 2ab + D. 

(a+ by S +2 ab + D) (a+ b) 2 à + Š ab + 39 ab? + bš; 

dee, (a: + BY = (à) + 3ab? + ab’ + D) (a + b) = a + 
4 ab + Ga? + 4 a + b; 

and (a + MET = (a° + 4a% + 6 at? + 4 ab? + 0% (a + L) 
= OË + 5 405 t 10g? + 1090? + 5 ad? + bš. 


The following law of the formation of the terms is evident :— 


Law of Formation of Terms. 


1. The first term contains a raised to the given power, and 
the power of a decreases by unity in each successive term, 
while the power of b (which first appears in the second term) 
increases by unity in each successive term, till 1t reaches the 
power of the given quantity. 

2. The first coefficient is unity, and the coefficient of any 
term is found by multiplying the previous coefficient by the 
exponent of a 1n the previous term, and dividing the product 
by the number of terms hitherto developed. 

Ex. 1. (2x + 3% = (2 , + 3 (2a) E y) + 3(2a) (3/2 
+ (3202 = 822 -36xy + 5A4wy + 27 y. 

Ex. 2. (a + b + cy = (a + b + oy = (a + by + 
3 ( + bye + 3 ( ＋ b) & + 6 = ( + 3ab + 3ab* + D) 
+ 3 ( + 2ab + D)e ＋ 3 (a + b) ad + Ó + d 
+ 90b + 3 Qe + 3al? + 300 + 3ac + Ibe + Gabe. 


(In the following examples the above law may be assumed as 
generally true.) ! 


Ex. X. 
1. Find the values of (), ( — 3 ab*)’, (2 abe), ( S) 
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Expand — 

2. (a + Ab, (2a + dy, (a — by, Ba — 40), 

3. (2m + 14 Ox + 2, (3a — 40% (- a — dy, 

4. (* + z + 1) (3 4 — b + 4c - dy, (a + 26 — cy 
(3a + 3b + 30). 

5. (I + z = z”, (ax + by + ect, | (a+ Ver (e + 40 75 

6. (1 + 7, (I + z + 22%, (a + bæ + ex”). 

T. (ax — by), (3 + yy (3% — g), (2° + ay + y) le ). 

8. (c + ay? + yy (et yy (e - vy, 

| (a + 0) - tab; | (a — b)? + 4 ab | 

Simplify— 

9. (a+ b + e — 3(a + b + eye +. 3 (a+ b + e) - e 
10. (a — b) + 3(a — by (b — e) + 3(a — b) (b ei 
(b — o). 

11. (1 € + 3% + 3%) + (1 — z +30? — 3 ær. 

12. | (z + y — (x? + yb — 27 ay? (a + y). 


8 


Evolution. 


34. Evolution is the operation by which we obtain the 
roots of quantities. 

Since the square or second power of a? is (d)? or af, we call 
(Art. 17) aš the square root or the second root of af, 

And so, since the cube or third power of a” is (a^)? or af, we 
call a? the cube root or the third root of af. 

So, generally, since the nth power of a”. = (a”)” = am" we 
call a” the «th root of a". 

Thus, we have va? = ds, Va® = de, Jam = a”, 

Hence, in the case of quantities consisting of a single letter 
with a given exponent, when the given exponent contains as 
a factor the number indicating the root, we must divide the 
given exponent by this number, the quotient being the 
exponent of the root. 


(We shall see farther on that this rule holds when the given exponent 
is not so divisible, the root in this case being called a surd). 
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35. Since the product of an even number of negative 
Jactors must give a positive result, and the product of an odd 
number of negative factors a negative result, 16 follows that— 


I. When the root is indicated by an even number— 


1. The root of a positive quantity may be written either 
with a + or — sign. 


Thus, 2922 = +3a, 21605 = +26. 
2. The root of a negative quantity is impossible. 
Thus, y — @, Y — ab”, &., are impossible quantities. 


II. When the root is indicated by an odd number, the root 
has always the sign of the given quantity. 


Thus Y — 27 56. — 38% J32 9 = 2 ay. 


(It may be remarked that the theory of impossible quantities forms an 
important branch of Algebra, which the student cannot yet enter 
upon. According to that theory, all quantities have as many roots as 
the number indicating the root.) 


Square Root. 
96. We shall now develop the method of finding the 


square root of a given quantity. 

Ex. 1. Find the square root of a? + 2ab + 0, 

We know that a? + 2ab + 0 = (a + by. 

Hence, a + Ób is the square root of à? + 2ab + b or a 
+ (2a + 0) 0. 

Now, it is evident that the first term æ of the root is the 
square root of the. first term a* of the given quantity; 
and if this term be subtracted, there remains 2 ab + bi 
from which to determine b the second term of the root. 
Now, b is contained in 2ab + 6 or (2a + b)b exactly 
(2a + b) times. Hence it follows that the second term of 
the root is found by dividing the remainder by twice the 
first term of the root, and, if we wish to arrange our work 
in à way similar to long division, it is evident that we 
first take for our divisor 2 a + b, that is, twice the first 
term of the root added to the second term, which mui- 
tiplied by 6 the second term, and :subtracted, leaves no 
remainder. 
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Thus the whole process may be arranged as follows :— 
a+ 2ab + ba + 6 
a? 
2a + b 2ab + b° 
2ab + 0 


Ex. 2. Find the square root of à? + 2ab + b° + 2ac 
+ 2be + c. 

Now we know (Art. 26) that— 

a? + 2ab + D  2ac + 26e + cor (a + 0) + 
2 (a ) + ê= a+b +c) 

And if we compare the form (a + 6)? + 2(a + be + e? 
with the form a? + 2 ab + 0”, it is evident that, having ob- 
tained as in the last example the first two terms a + b, we shall 
by continuing the process obtain the third term. Thus— 


9 


a? ＋ 2ab + b + 2ac + 26e + a+ b + c 


20 ＋ 25 7c Zac + 2 be + cC 
l Joe + 2 be + ei 


We may deduce from the above examples the following 
general rule :— 
RULE. 


1. Arrange the terms of the given quantity according to the 
ascending or descending powers of some letter, and take the 
square root of the first term for the first term of the quotient. 

2. Subtract the square of the quotient, and bring down 
the next two terms of the given quantity. 

3. Double the quotient, and place the result as a trial 
divisor; then, aividing the first of the terms brought down 
by this trial divisor to obtain the second term of the root, 
add the quotient so obtained to the first term of the root, 
and also to the trial divisor, to obtain a complete divisor. 

4. Multiply the complete divisor by the second term of 
the root, and subtract the product, as in long division, from 
the terms brought down. 

D. If there be any remainder or more terms to bring down, 
double the whole quotient for a trial divisor, and divide the 
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remainder by the new trial divisor, to obtain the third term 
of the root; and so on. 

Ex. 3. Find the square root of 1 — 4% + 10 a? — 1222 + 9a. 
The terms are here arranged according to the ascending 
powers of x. Then proceeding according to rule, we have 


l - 4% + 1022 — 1933 + 9a* (1 — 2% + 3 


1 
2— 2x — 4% + 102 
— 4% 4 
D edam. 62? — 12% + 9 act 


622 — 1922 + 9 


The student wil observe that twice the quotient is most 
easily obtained by,bringing down the previous complete 
divisor with its last term doubled. 


Square Root of Numerical Quantities. 


37. It is easy to apply the above method to numerical 
quantities. 

Since 1? = 1,10? = 100, 100? = 10,000, 1,000? = 1,000,000, 
&c.,1t 1s evident that the square roots of numbers having less 
than three figures must contain one figure only ; 

That those having not less than three and less than five 
must contain two figures and two only ; 

Those having not less than five and less than seven must 
contain three figures and three only ; and so on. 

Hence it follows that, if a dot be placed over the units’ 
figure, and over every alternate figure to the left, the num- 
ber of dots will give the number of figures in the square root. 

Thus, the square roots of the numbers 141376 and 
1522756 have three and four figures respectively. 

In the number 141376 we call 14, 13, 76 respectively the 
first, second, and third periods. So in the number 1522756, 
the first, second, third, and fourth periods are respectively 
1, 52, 27, 56. 

It is evident that the number of periods correspond to the 
number of figures in the square root, and it will be seen that 

the figures of each period are used in the operation for the 
corresponding figure of the root. , 
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Ex. Find the square root of 565504. 

Pointing off the number, we find the first period to be 56. 
Now, the greatest square in 56 is 49, and the square next 
greater is 64. Hence the number lies between the square 
of 700 and 800; and, following the algebraical method, 700 
will be the first term of the root. 

The operation will stand thus é 
565504 (700 + 50 + EL 152 

490000 = a° 
2a +b = 1400 + 50 =1450 75504 
72500 = 2 ab + b° 
2a+26+¢=1400+100+2=1502 3004 
9004 = 2 ac + 2. bc v.c 


Or, omitting the useless ciphers, and bringing down one 
period of figures at a time, the operation will stand thus— 


565504(752 
49 
145 755 
125 
1502 3004 
3004 
Ex. l. Find the square root of 6091024, 
6091024(2468 
4 
44 209 
176 
486 3310 
2916 
4998 39424 
39421 
Ex. 2. Find the square root of 83521, 
83521(289 
4 
48 435 
384 
569 5121 


5121 
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It will be observed that the second remainder, 51, is 
greater than the previous complete divisor, 48, and it might 
be supposed, therefore, that the second figure in the root 
should be 9 instead of 8. | 

Now, the square of (a + 1) exceeds the square of a by 
2a + 1. 


Thus, (a + 1? — a? = (a? + 2a + 1) - à? = 2 G + 1. 


Hence it follows that, so long as any remainder is less than 
twice the corresponding number in the root + 1, we may be 
certain that we have taken the figure of the root sufficiently 
large. 

Thus, since the remainder is less than 28 x 2 + 1 
or 57, we may be «certain that 8 is the correct figure and 
not 9. | 


Square Root of à Decimal. 


38. It is evident that the square of any number containing 
one, two, three, &c., decimal figures, will contain £wo, four, 
six, &c., decimal figures respectively ; and, hence, .conversely, 
every decimal considered as a square must contain an even 
number.of decimal figures, and its square root must contain 
half this.even number of figures. 1t will then be necessary 
to add a cipher when the given number of decimal figures 
is odd. | 

Further, since decimals and integers follow the same system 
of notation, 1t is evident that if a dot be placed over the 
units figure of the given number, the pointing off may be 
performed with regard to the integrai part exactly as in 
integers, there being no necessity to point off the decimals, 
only taking -care to bring them down in pairs, and putting a 
decimal point in the quotient when the first pair is brought 
down. | 

And again, if an integer be given which is not a perfect 
square, we may, by affixing to the right of it a decimal point 
and an even number of ciphers, gradually approximate to the 
square root as nearly as we please. 
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Ex. 9. Find the square root of 1:8225. 
1:8225(1:35 


23 ER 
69 

265 1335 
1335 


Ex. 4. Find the square root of 247 to four places of 
decimals. 

Instead of adding a decimal point and eight ciphers to 
the right of the given number, we will proceed in the 
ordinary way till we arrive at a remainder. Then putting a 
decimal point in the quotient, we shall add two ciphers to 
this and each successive remainder. 


941 (15-7162 
1 


— 


95 147 
195 
307 2200 
2149 
3141 5100 
3141 
31426 195900 
188556 
314322 734400 
628644 


105756 

39. It will be shown hereafter that when n + 1 figures of 
a square root have been obtained by the ordinary method, n 
figures more may be obtained by dividing the remainder by 
the number formed by taking twice the quotrent already 
obtained, provided that the whole number of figures in the 
root is 2n + 1. 

Ex. Find the square root of 29 to six places of deci- 
mals. 
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The square root required will evidently contain seven 
figures. We shall therefore find the first four figures by the 


ordinary method, and the other three Ly the above method. 
Thus— 


29(5:385164 


25 
103 400 
309 
1068 . 9100 
8544 
10765 55600 
| 53825 
` 10770 , 17750 then by division, 
10770 
69800 
64620 
51800 
413080 
Ans. 5385164. 8720 
Cube Root. 


40. We will next develop the method of finding the cube 
root of a quantity. 


EX. 1. Find the cube root of à? + 3a% + 3ab? + 6°. 


We know (Art. 33) that (a + bP = a + 3 wb + 
3 ab? + D. Hence a + bis the cube root of a? + 3a% + 
2 ab? + D. | 

We see then that, the quantity being arranged according 
to the powers of a, the first term a of the cube root 
is the cube root of the first term of the given quantity; 
and if this term a’ be subtracted, there remains 3 œ + 
dab? + bš. 

We see again that if this remainder be divided by 3 a°, its 
. first term gives 6 the second term of the root, and, further, if 

it be divided by b, we get 3 + 3ab + Ü as a quotient. 
If we wish therefore to arrange the whole process in a way 
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similar to ordinary division, it is evident that we must 
write as a divisor 3a* + 3 ab + b, in order that after 
multiplication by the quotient figure 6 we may obtain a 
quantity which when subtracted shall leave no remainder. 
The operation will then stand thus— 


a? + 3ab + 3 ab + Bla + b 
a? 
30? + 3ab + 6 3 d + Sab + b° 
34b + 8ab? + 55 


We call 3a* the trial divisor, because by means of it we 
search for the second term of the cube root. Having ob- 
tained this second term, we then form ¿he complete divisor 
3 + 3ab + b°, 


Ex. 2. Find the cube root of 82? — 36 xy + 54 xy? — 27 y. 
8 = 36 ary + 54% — 27 y (2% —3y 


8 a3 
122? — 18 ay + 9 y — 36 Ly + 54 — 27 y? 
— 30a°y + o4 2⁄2 — 27 ap 


EXPLANATION.— We find the cube root of 82? to be 2 z. 
This is then the first term of the.quotient, and corresponds to 
a in the previous example. We now require 3 a” for a trial 
divisor. This, of course, = 3(2 x)? =,12x" Subtracting the 
first term of the given quantity and dividing the first term 
of the remainder by this trial divisor, we obtain — 3 y for 
the quotient. This forms the second term of the root, and 
corresponds to 6 in the last example. "We now easily obtain 
3 ab and 02. | 

Thus, 3 4 = 3 (2a) (— 3y) = — 18, and 0° = (- 3 yy 
ES A 

Hence, the complete trial divisor, corresponding to 3 a° + 
3 ab + ' in the last example, = 12 % ~ 18 + 9 y. 

Multiplying now by — 3y the quotient, we obtain 
~ 36 a7y + day — 27 at, which subtracted leaves no re- 
malnder. 

Hence, 2x — 3y1s the cube root. 
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Ex. 1. Find the cube root of 262144. 
: . a b 
262144(60 + 4 = 64 


216000 
3a? = 10800 46144 
3ab = 120 
= 16 
3a? + 3ab + B = 11536 46144 


EXPLANATION.—Pointing off the given number, we find 
the first period to be 262, and that the cube root consists of 
two figures. Now, the greatest perfect cube in 262 is 216, 
which is the cube of 6. Hence, the given number lies between 
the cubes of 60 and 70 ; and following the algebraical method, 
60 will be the first term of the cube. This, we see, corre- 
sponds to a in the algebraical method. 

We first then subtract the cube of a—viz., 216000, which 
leaves as a remainder 46144. 

We now write down 3 a” or 3 (60)? = 10800, which is the 
trial divisor for determining b. Dividing then by this value of 
3 0, we find b = 4, which is the second term of the cube root. 
We next obtain 3ab = 3 (60) (4) = 720, and 0? = 4? = 16, 
and so by addition we get 3a? + 3% + 0% = 11536, which 
is the complete divisor. Multiplying this then by the 
quotient figure, we subtract the product, and, there being no 
remainder, we find the cube root to be 64. 

We may omit the useless ciphers in the above operation, 
if, remembering the local value of figures when numbers are 
expressed in ordinary notation, we take care to place the 
right-hand figure of the value of 3ab one place to the right 
of the corresponding figure of the value of 3 a” and also to 
place the right hand figure of b° one figure further still to the 
right, 

The operation will then stand thus— 


262144(64 
216 
3 x 6? = 108 46144 
3x6x4= 72 
4? = 16 
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Ex. 2. Find the cube root of 102503232. 


102503232(468 
64 
9 x 4? — 48 38503 
3x4x6 = 72 
0 = 36 
5556 f 33336 
36 5167232 
3 x 462 = 6348 
9x 46 * 8 1104 
8² = 64 
645904 5167232 


EXPLANATION.—The first two figures of the root are ob- 
tained as in Ex. 1. We then treat the number they form, viz., 
46, as corresponding to d in the algebraical model, omitting 
useless ciphers. Obtaining then 3 à? or 3 x 46? = 6348, we 
find 8 to be the next figure of the root. Then writing under 
this, 3abor3x 46 x 8 = 1104, and afterwards b? or 8? = 64, 
taking care as to the positions of the right-hand figures, and 
adding, we get 645904 as the complete divisor. Then as before. 


REMARK.—It is unnecessary to be at the trouble to find 
the value of 3 x 46? by ordinary multiplication. For re- 
ferring to the algebraical model, and writing here the succes- 
sive terms of the complete divisor, and adding, we have— 

SES 
9 ab 
H If we now again write down Ai 
Sum = 304 + Jab + 6 | under this sum, and then add up 
D ) the last four lines, we get 


3a? + 6ab + 30, or 3 ( + 2ab + b°) = 3 (a + bF. 


This is three times the square of the first two terms of 
the root. | | 

It therefore follows that, if, as in the above example, after ` 
completing the operation for finding the first two figures of 
the cube root, we write under the complete divisor Just ob- 
tained the value of the square of the second figure, and then 
add together the last four lines thus obtained, we get three 
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times the square of the quotient for a partial divisor by which 
to determine the next figure of the root. 

The four lines to be added are in the above example 
bracketed. This method will be found to materially shorten 
the work, for it may be similarly applied to find the trial 
divisor when the cube root consists of any number of figures 


Cube Root of a Decimal. 


42. We know that the cube of any number containing one, 
two, three, &c., decimal figures will contain three, six, nine, 
&c., decimal figures respectively, and hence, eonversely, every 
decimal considered as a cube must contain a number of 
decimal figures which is a multiple of three, and the number 
of decimal figures in the cube root must be one-third of the 
number contained in the given cube. It will then be necessary 
to add ciphers when the given number of decimal figures is 
not a multiple of 3. 

And by continuing the reasoning of Art. 37, if a dot be 
placed over the units' figure and over every third figure to 
the left, it will be sufficient to bring down the decimal figures 
three at a time, putting a decimal point in the quotient when 
the first three are brought down. 

And further, if an integer be given which is not a perfect 
cube, we may proceed in the ordinary way till we arrive at 
a remainder, and then, putting a decimal point in the quotient, 
by affixing three ciphers to this and each successive re- 
mainder, approximate to the cube root as nearly as we please. 


Ex. 3. Find the cube root of 395440904. 
395:446904(1:34 


343 
3 x 72 = 147 52446 
3 „ 7 Xx 3 63 
32 — 9 8 
15339 ( 46017 
9 6429904 
9. X fo = 15987 
2 x 73x í = 876 
42 = 16 


1607476 6429904 
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43. We shall show farther on that when n + 2 figures of 
a cube root have been obtained by the ordinary method, n 
figures more may be obtained by dividing the remainder by 
the next trial divisor, provided that the whole number of 
figures in the root is 2 n + 2. 

We may apply this principle with advantage when we re- 
quire the cube root of number to a given number of decimals. 
Ex. Find the eube root of 87 to five places of decimals. 

The required cube root will evidently contain 6 figures, 
and since 6 here corresponds to 27 + 2 above, it is evident 
that» = 2. Hence, we shall find 4 (that is, n + 2) figures 
by the ordinary method, and then 2 more by division. 

The operation will stand thus— 


i 87(4:43104 
Ü 64 
3x4*- 48 23000 
39x4x4-2 48 
42 = 16 
5296 í 21184 
. 16 1816000 
3 „ 442 = 5808 
3 * 44 x 3 = 396 
| 33 = 9 
| 584769 1754307 
9 61693000 
3 x 443? = 588747 
3x443 x 1 = 1329 
11 = 1 
58887991 58887991 
| 1) ` 280500900 
58901283 235605132 
44895768 
Ans. 4:43104. 
Ex. XI. 


Find the square roots of— 

I. 4 %, 16 ,, t + 22422 + oi 

2. 4% — 122 + 29 aty? — 902352 + 952. 
a N | 


—I 
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3. 95a* — 30 4% + 19a? — 6 45 + BF 

4. 1 — 4% + 10a? — 2022 + 25 — 24% + 162%, 

5. à? + 2abx + (2ac + Da + 2 (ad + beja? + (2 bd 
+ cl + 2cda? + dix. 

6. ax" A & liga? 94 qm = a 16742 


1. + 2 + = , We? — 2 + a 2. 
4 
€ 9 G 

8. 92°" — 3 mm + 259? — 30 g Fa + 5 45. 


Find the square roots of— 
9. 1296, 6241, 42849, 83521. 
10. 1065024, 000576, 1, XE. 
2 x9 d 
RE Aa xb SL 
Give the values correct to four places of decimals of— 
12. 89591410 Nö + V2 Jlo 2 
e SE sus T P. 
. . A93 Doer WD J10 + 2 
2 SCH 
Find the cube roots of— 
13. 8 5/2, 1252242 a? + 6 a?b + 12 455 + 80, 
14. «P? + T 4 6 a — 998 — 42 + 441 — 343, 
15. à? + 3% + Say + y — Dem — 3e? — 3 0% 
+ Aer + 3% — c. 
16. * + xT? 3 (z + a"), ay? + Bary? + 3% 41. 
Find the cube roots of— 
17. 5849513501832, 1371:330631. 
18. 20:346417; 037, 73972 


Give the value of the following correct to four places of 
decimals :— 


15 A512 + 403375 1 
Zon — 4-01 ' J4 + 72 + 1. 
op, 625 + wt 3-695 + 04 - O sk 2 
F005 + AJ 04. T 
21. (JT + 2) (JT - J), (5 + 4/3) (4 + 4/12). 


91416 of 
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29. WIV 9.2. 0.4 15-79: 
93 J 06-245. 4541 
4 16 4 " 
94. a (b — c) - Ü (a — c) + la = b), where a = NI, 

b = — wä and e = — 4/027. 


CHAPTER IV. 
GREATEST COMMON MEASURE AND LEAST COMMON MULTIPLE. 
Greatest, Common Measure. 
7 


44. In Arithmetic (page 24) we defined the G. C. M. of two 
or more numbers as their highest common factor. In Algebra 
the same definition will suffice, provided we understand by 
the term highest common factor, the factor of highest dimen- 
sions (Art. 18). This, it need hardly be remarked, does not 
necessarily correspond to the factor of highest numerical value. 

45. To find the G.C.M. of two quantities. 

RurE.—Let A and B be the quantities, of which A is not 
of lower dimensions than B. Divide A by B, until a re- 
- mainder is obtained of lower dimensions than B. Take this 
remainder as a new divisor, and the preceding divisor A asa 
new dividend, and divide till à remainder is again obtained 
of lower dimensions than the divisor; and so on. The last 
divisor is the G.C. M. 

Before giving the general theory of the G.C.M. we shall 
work out a few examples. 

Ex. 1. Find the G.C.M. of à? — 6x — 27 and 222 — 11% 63. 

According to the above rule, the operation is as follows :— 

a? —6»- 27/24 — 11 — 63(2 
2x* = 12x — 54 
* — 9a-6x- 2T(x + 3 
„ — OR 
3* — 27 
3 — 27 
— The G. C. M. is x — 9. 
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Ex. 2. Find the G. C. M. of 102? + 3122 — 63 and 14 a 
+ 5122 — 54a. 


We may tell by inspection that z is a common factor, 
which we therefore strike out of both, only takimg care to 
reserve it. The quantities then become 


10% + 31 — 63, and 14 + 51 — 54. 


We may now proceed according to rule, taking the 
former as divisor. We see, however, that the coefficient 
of the first term of the dividend is not exactly divisible by 
the coefficient of the first term of the divisor Multiply 
therefore (to avoid fractions) the dividend by such à number 
as will make it so divisible, viz, by 5. This will not affect 
the G.C.M., as 5 is not a factor of the first expression, 
viz., l0 a? + 31« — 63. 

It may as well be here mentioned that the G.C.M. 
of two quantities cannot be affected by the multipli- 
cation or division of one of the quantities by any 
quantity which is not a measure of the other. We 
shall, for a similar reason, reject certain factors or introduce 
them into any of the remainders or dividends during the 
operation, (See Art. 47). 


14% + 51 — 54 
5 
102? + 31 G63) 70 + 255 — 270(7 
70 + 217x — 441 
38a + 171 


Rejecting the factor 19 of this remainder, we have— 


2y + 9102 + 31 — 63x — 7 


1022 + 45 
— 14% — 63 
— 144 — 63 


Hence, 2% + 9 is the last divisor, and multiplying this by 
v, the common measure struck out at the commencement, we 


find the G. C. M to bex (2a + 9) or 2 + 9x. 
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Dividing this remainder by 14571, and taking the quotient 
for a new divisor, we have— 
* — Tæ- 3) — ER + 6792? — 1009» — 525( 72 + 175 
— 720° + 50422 + 2162 
1752? — 1225 x — 525 
175% — 1225 x — 525 


oi 7% 3is the G. C. M. 


It will be seen that we have introduced and rejected factors 
during the operation in order to avoid fractional coefficients. 
This, as will be seen from the general theory, will not affect 
the result, provided that no factor thus introduced or rejected 
is a measure of the corresponding divisor or dividend, as the 
case may be. ` 


Theory of the Greatest Common Measure. 


46. Let À and B be the two algebraical quantities, and the 
operation as indicated by the rule (Art. 45) be performed. 
Thus, let A be divided by B, with 5)A(p 
quotient p and remainder C. "Then pb 


let 5 be divided by C, with quotient q, B 
and remainder D. Lastly, let C be qC 
divided by D, with quotient 7, and DjO(r 


remainder zero. 
Then we are required to show that "e 
D is the G.C.M. of A and B. 


(I.) D is a common measure of A and B. 

Now, we have = rD, D = 90 + D, A = pB + C. 
Hence, D is a measure of C, and therefore of 90. It is 
therefore a measure of gC’ + D or b. Hence, also, D is a 
measure of pB, and since it is also a measure of C, it must be 
a measure of p8 + C or A. But we have shown it to be a 
measure of B. Hence, D is a common measure of A and BB. 


( 2.) Dis the G. C. M. of A and B. 

For every measure of A and B will divide A 5 or C; 
and hence every measure of A and D will divide P 90 or 
D. Now, D cannot be divided by any quantity higher than 
D, and, therefore, there cannot exist a measure of A and P ` 


higher than D. Hence, D is the G. C. M. of A and 5. 
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47. A factor which does not contain any factor common to 
both A and B may be rejected at any stage of the process. 
Let the operation stand thus :— 


B = m suppose, 


B)4(p C)B ( 
pb Y ` qC | 
Ç = nC’ suppose, DIC" 
| vr D 
2 (0 


where neither m nor n contains any factor common to A 
and 5. 

It will be an exercise for the student to show that D is the 
G. C. M. of A and B. 


48. A factor, which has no factor that the divisor has, may 
be introduced into the dividend at any stage of the process. 
The operation may stand thus— 
B)mA(p, where m has no factor that B has; 
PB | SÉ 
Cin Bio, where n has no factor that C has; 
qC 
D)C(r 
7D 


— — 


0 


As in Arts, 46, 47, it may be easily shown that D is the 
G.C. M. 

Both the above principles are made use of in working out 
Ex. 3 Art. 45. 


. 49, When a common factor can be found by inspection, it 
is advisable to strike 1t out of the given expressions. Then, 
having found by the ordinary process the G. C. M. of the re- 
sulting quantities, we must multiply the G.C. M. so found by 
the rejected factor. 

Thus, 4 is common to the quantities 4% — 202? + 24, . 
and 4% + 1622 — 84a. 

Rejecting it, we get x? — 5 x4 6, and * + 4% — 21, 
whose G. C. M. is easily found to be x — 2. 


Multiplying by 4x, we find the required G.C.M. to be 
42 — 8a. 
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50. By a little ingenuity on the part of the student in 
breaking up the given expressions into factors, the ordinary 
and often tedious process of finding the G.C.M. may be 
avoided. The limits of our space will allow us only one 
example. 


Ex. Find the G. C. M. of 3922 + 422 — 10 + 3, and 
15 + 4722 + 13 — 12. 

The first expression contains v — l as a factor (Art. 30), 
for the sum of its coefficients is zero. The other factor may 
be obtained thus— 

323 ＋ 4% — 10 ＋ 3 = 3% — 3% ＋ 7 — Tx — 344 3 
= 3% (x — 1) + 7 z (0 — d — 9(x— 1) 
= (32° + Tæ — 3) (z — 1). 

Now, 3a? + Tæ — 3 is not further resolvable, and x — 1 

is evidently (Art. 30) not a factor of 15 à? + 34% + 13 — 


12. It is, therefore, very probable that 3 % + Tæ = 31sthe 
G. C. M. required. 


We may test it thus— 
152? +474? + 13x- 12 = 1523 35% — 15» + 1222 + 28 12 
5 (3% 7 = 3) ＋ 403 π ö = 3) 
=(5% + 4) (3 + T» — 3). 
Hence, 33? + Tx 3 is the G. C. M. required. 


G. O. M. of Three or More Quantities. 


51. The G. C. M. of three or more quantities may be found 
thus 

RULE.— Find the G. C. M. of any two of the quantities, then 
the G. C. M. of the G. C. M. so found and a third quantity, and 
soon. The last found G. C. M. will be the G. C. M. required. 


Ex. XII. 
Find the G. C. M. of the following 
l. * — 5x + Ganda? + 3% — 18. 
e+ 6 + lla + 6 and a? + 527 + Tx + A 
2 + 1022— 182-90 and 3 2? + 1622 — 26 — 141. 
x? (m + b « + ab amd a + (a + c) x + ac. 
a — Band à? + ab + ab. 


cto po bo 
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6.2? — 4% + 3 and à? + 4 2? — D. 

7. 4 — 32 + 85a — T5 and 3922 — 152? + 15 + 9. 

8. 9a? — 3xy + 2y — 4 and 6a* — 42° — 9% + 6%. 

9. 48 % + 823 + 3122 + 15 wand 24 xt + 222% + 17 x? 
+ 5. | 

10. 15 à? + ab — 3 45 + 2 55 and 54 à? — 24 55%. 

11. 3 — (8e + d+ 1) 2 — (24-065 — 30 - d + 2)x 
+ 2a + band 2% — (a + b + 2) 2 + G + b. 

12. 622 — 4 % — 11 æ — 322 — 3% — land 4% + 22 
— 182? + 3% D 

13. ab + 2a? — 30? — 4 be — ac — c? and Yac + 2a — 
5 ab + 4c + 8bc — 12 52. 

14. etx? + ei 22 + 1 and eat — e + x* — 1. 

15. axt + (b + c) 22? - ax — b — c and ex — (F- gue + 
(f — e) = g. 

16. Lat + 2% + 42? + 39x — 980 + 2027 + 5blx 
+ 9 and 2a* + æ + 3% + 18x. 

17. ax? — (c + I) + (c+ I) — a, b — (b + d) £ + 
(c + d)a? — (c e) 2 +e, and (c + 1) à? + (d + 2) a — 
(d+ 1) — (e+ 2) ***. 

18. à? — D? ter 3 abc and a? — b + c+ 2ac. 


Least Common Multiple. 


52. When two or more algebraical expressions are arranged 
according to the powers of some letter, the expression of 
lowest dimensions which is divisible by each of the given. 
expressions is called the L.C. M. 


53. The L.C.M. of monomials and of expressions whose 
factors are apparent may be found by inspection. 

Ex. 1. Find the L. C. M. of ab, ac, ad, bc, bd, cd. 

If we form an expression, whose elementary factors con- 
tain each of the. elementary factors of the given quantities, 
we shall evidently have a common multiple ; and if no ele 
mentary factor of this expression is of a higher power than 
the highest power of the same factor in the given quantities, 
we shall get the L.C.M. 

Hence, the required L.C.M. = abcd. 


202 ALGEBRA. 


Ex. 2. Find the L.C. M. of— 

(a — b) (Ó — c) (a — b) (e — a), (Ó — ©) (e — a). 

Ans. (a — 6) (6 — c) (c — a). 

Ex. 3. Find the L.C.M. of a (x + 1), b (* — 1), 
c (x^ + 2% — 3), d(x + 4x” — 3). We may write the given 
expressions thus— 

ale + 1), b(@ + 1) (z = 1), 

c(@ = 1) (x + 3), d(x + 1) (2 3). 

Hence, the required L.C.M. = abcd (x — 1) ( + 1) 
(x + 3). 

Ex. 4. Find the L.C.M. of a? — ax + 2, d + ax + æ, 
e+ va a, 

Now (Art. 29) a? + æ = (a + h) (a? — ax + æ’), 

and a? — a? = (a — x) (a + ax + 2). 

Hence the required L.C. M.— 
= (a + x) (a = z) (a + ax + s?) (à? — ac + o?) = d — z. 

54. The L.C.M. of two quantities is found by dividing 
their product by their G.C. M. 

Let a and 6 be the two quantities, and d the G.C.M. ; 

And suppose a = pd and b = qd. 

it is evident that p and q contain no common factor. 
Hence pq is the L.C. M. of p and g ; and, therefore, no expres- 
sion of lower dimensions than pqd can possibly be divisible 
by pd and gd. 

Hence pgd is the L. C. M. of pd and qd, or of a and b. 

Now pgd = pd x qd + d =a x b +d, and hence the rule. 

55. To find the L. C. M. of three or more quantities. 

hurnE.—Find the L.C.M. of two of the quantities, then 
the L.C.M. of the expression thus obtained and a third 
quantity, and so on. The last expression so found is the 
L.C. M. required. 

We shall prove. this rule in the case of three quantities. 

Let a, b,c be the quantities, and m be the L.C.M. of a 
and 6. 

Then the L.C.M. of and c is the L.C. M. required. 

For every common multiple of m and c is a common 
multiple of a, b,c. And every common multiple of a and 6 


EI 


must contain the m, their least common multiple. 


LEAST COMMON MULTIPLE. 203 


Hence, 


every common multiple of a, b, c must be a common multiple 


of m and c, and the converse is also true. 


Hence, the 


L.C.M. of m and c is the L. C. M. of a, b, c. 


Ex. XIII. 


Find the L.C. M. of— 


a^? 


. any’, 3 aay, Lay, 6 ay’. 
5 gebb, 6 arc, A beet. 
as da die dui i di E 


l vis + a), % — a), 22 


— a’, 
a + 3% + 2,07 + 4% + 3, a + 5% + 6. 

a? — æ — 90,2? — lla + 30,2? _ 25. 

Ga? + 37 + 56, 8 + 38% + 35, 12% + 47a 


5% — z + 1), 6G + 1), 7 ( + J). 


*. + aa + at, qu^. aX + q ah — Qm + a. 
a + (c + bim + ab, 2? + (à + c) ＋ ac, 22 + 
c) a + bc. 

Tux + , 1 + e, 1 + , 1 + x. 
@ + Oa + lle + 6, — 62? — 25% + 150. 
a? — 9ab (a — b) — ba? — D, o? + ab + ab 
ai — 1, 6 + Dai + Sai + 4% + 2% — l. 

a — 240 + %% at + 40° + Gabi + Lab? + 0%, 


n + Doft — 4 al? + 0%, 
. Ə 2° 


— 4% + 1,2% — 7% + 5, 4 + 6 r 


. 3% + 6a 24, æ — 12 + 16, 5% — 22% — 36. 
. à? — ab’, bš — ab, ab? — b°, 
. 3x — 48, 5% — 20, 3 
. 99 — a — 222 + wa + oy + ay? + . 
21. 


OO aš. 


— 16a + 20. 


2° + act + a^? + ax? + ate + wand a — qa + 


— ax”? + atx — a’. 


22. 


o + 52 — e — d + 25 — 2cd and a? — 52 — c 


+ d? + 2ad — 2 bc. 


l 
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23.4 + Ó + c — 3 abe and (a + 0y + 2(a + 0)c 
+ e. 

24. (a + bP — (c + dy, (a + cy — (b — dy, (a + dy 

(b — cy, (e + dy — (a — by, (b + d - (a — cy, and 
(b 4 cy (a - dy. 


CHAPTER V. 
Fractions. 


56. It is unnecessary to repeat here the propositions relat- 
ing to fractions which were proved in Arithmetic, Chap. II. 
of this work. The student will see that, by substituting 
general symbols for the particular figures there used, the 
reasoning will equally hold. We shall work out a few 
examples to show the method of dealing with them in algebra. 


à? — 2a? +a — 12 

w+ 2% — 15 

By inspection (Art. 30) we see that x — 3 is a factor of 
numerator and denominator. We have then— 


x — 2% + z 12 _ w(x — 3) + m (z — 3) + 4 (z — 3) 


Ex. 1. Simplify the fraction 


* + 2% — 15 (x — 3) (z + 5) 
J) 8 

(æ — 3) ( 55 | æ+5 K. 

1 1 2 a 

9 Ej E MEE EM 
Ex. 2. Find the value of — E p cu a.y 
E E nig ease sm nd RA Uo, RE 
a+b a-b +ë (atb (a-b) a + D 
_ 28 20 E 1 1 
a qup "Tei grs 
CCC 222 4b 


(EPA C? ee ei D 


GA 
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ac 
Ex. 3. Find the value of — t ca caldos 
ab 
+ (ca) (e - b) 

The second denominator has a factor, (b — a), which differs 
from a factor, (a — b), of the first denominator in sign only. 
We shall therefore change the sign of the second fraction, 
and also of its first factor. This will not alter its value. 

And, similarly, we find that by changing the signs of each 
of the factors of the third denominator we shall have them in 
a form corresponding to factors of the first and second denomi- 
nators. The sign of the third fraction will not be changed, as 
the sign of the denominator will, on the whole, be unchanged. 

The given expression then will stand thus— 


bc ac ab 

(a — 5) (= c (a-0)(b—c) ` (G — c) (b — c) 
_ be (b — c) — ac (a — c) + ab (a — b) 

— e e e 
_ be (b — c) — ac + ac? + ob = ab? 

RESCH (a = c) b=) ) 
a? (b — c) — a (5 — c?) + be 

6 — 9) (a — 9) @ — o) 

rator and denominator by 6 — c, 
a? d (b + c) „% (a — b) (a — c) 
( - 6) (a — c) |» (a—6)(a-oc) ` 
Ex. 4. Simplify— 
Lt | 4ax — 3 qe + =| " [o ＋ 4 + 3 e. + a 


Q Tw a — x 


, or, re-arranging, 


— 


Og D then, dividing nume- 


= 


— 


The given expression— 
| aa + z) — 4 ax + Sax e d x) + 4 ay + 3 ax? + a? 
a+ ox a—x 
aè + ax — 40r äonä a de ont Aart 3 d + 23 
% + @ — o — % 


— 
— 
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a? — 3 % + Ə am — a? y w+ 23a?» + 39aa? + a? 


à tX à — x 
(a — «y (a T ) (a — xy (a +)” : "T 
CUL "ue rcg eh ee E 
Ex. 5. Divide— 


1 1 | a b 
0 scil leo gv] 
Now— 
i l l (x + b) — (x — a) 
l Maz NB o 1 
"e 4 0o (n LL ale + b) + (a — ay 
2 , ( — ai ` rapa ( 22 (a — a)? (a +0) 


or, reducing— 


a + b 1 
I e? b). Ce CR 1:9 (a + b). 7 
6 . Teater v aer 


_ la + b) (x — a) (e + b) 
(a — b) (a? + ab) 


Ex. XIV. 

Simplify the following expressions :— 
1 * — 5% + 4 æ- 3% + 2 
m + 2% — 94 oF dar 5 
62? + 29 + 35 2 + 7a — 9 
14 + 39% + 10 5% — 3% — 4% + 2 

at — 2a + bt 24a? — 28a% + 6ab* — 76° 
ds —4ab44ab? — D? 6a + llab — 210* l 
4 * (% — 2) — ay (2% + gz — ) + yte) 2° + vy + y 
Aly) ayy +3 year 2) + (g+) daf 

1 1 1 E 


"a+b a-b a-b oi 5 
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6. oe, BO , œ 
a+b a-b ab-U a + ab 
7. 1 8 gak el ` 
^4A(r-1) 4(2+1) 2( + 1) 
5 2 18 _ (x + l 
I ( +2)? 5 (% 2) 5( +] 
11 11 14 
"orl x3 (x4 1)” 
10. p _ 2 16 - 88 
( = 1) (2-1) ( * 3 ( 21) 3(6 - ο r 1) 
) 8 
LEON 558 5 
| ——— — 8 
SS? CES TET * (e - a) (c - b) 
13. CER" 3 4 EN 
(«-50-9 * 6-290-9^ (-2(-5 
f ˙ ˙-A a q 
W n W 
15. ; 
GEILEN DE) E 1) (as 1) 
16. (a+b ＋ (6 — c (a c)? 2 2 " 2 
(a + b) (b—c) (a + c) 4 ＋ b-c +0 


a 
mf Ls, Ly 2 1111 ae), 
„ ax a+) lar a-x œ+ 
(e+ a-ob a+rb a-b 
E E ZEE . A 
B E k — 55 a+b 

, 2 2 act 2 a^ 2a? 
19. e De ecu s lnc e a ge E I 
I a? il are} Ú E a L} 


a ( 9 Jee, HJ 


C 
; ab + bc + ca 
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: 9 
91. 4 " 11. (ty +1). Te 9j. 
Hey £L — 2 2 
* (% — 2) + %% — x) + 2 (z — y) 
Sh + xut aM + 22 + gu + yk + 222 


22 ss Les Ie A 
1-23? I- T 5 E 
(a + b) (a + c) (z — a) (a+ b) (6 — c) (@ +Ó) — 


c? 


9 > 24 ES 
a € "id a æf’ 
piata 


| 
Leet 


| bx? -D2 
Lea Ë Ge) SS 


24. 


D ee rondes 
5 iu 
a — 6 — 
b? a 2b 2g 
27. —— t GA TIT 2. 
“aia Taro aaa 
JJ He S E Uš ` 
(x — y) (a + x) SON (a + y) (a + yy 
24 2-1 SE , ! 
x í 
E NES E NN : E 
E | M ow Y Y 
UA 3 
| ps 
* XL + 1 C de 
y+ — 
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CHAPTER VI. ` 
Simple Equations, 


57. When two algebraical expressions are connected by the 
sign (=), they are said to form am equation. 

"When the equality i$ such that rt is true for all values of 
the letters in the given expressions, it is called an identity. 


Thus, (z + a) (z + b) = 2° + (a . ) + ab 
and (a + by — (a — by = tab are identities. 


58. When the condition of equality 1s such that some one 
or other of the letters must have particular values or a 
limited number of values, the statement of equality is termed 
an equation of condition, or, more briefly, an equation. 

Thus, it may be found on trial that the equality 

4x +2 = 3 + 5 


is true only when z = 3.' Such an expression is therefore 
an equation. 

59. The letters of an equation to which particular or a 
limited number of values must be given are termed wnknown 
quantities. 

Equations may contain one, two, three, or more unknown 
quantities. 

The determination of the particular value or values of the 
unknown quantities is called the solution of the equation, 
and each of the values which satisfies the equation is said to 
be a root of the equation. | 

60. The expressions on the left and right sides of the sign 
(=) are termed the first and second sides respectively. It 
follows, therefore, that— 

1. If both sides of an equation be multiplied by the same 
quantity, the equation still subsists. 

2. If both sides, be divided by the same quantity, the equa- 
tion still holds. 

9. Any term may be transposed p one side to the other 
. 4f the sign of the term be changed. 

Thus, if 3% + a = b, we must have also 
SE? b — a, 
9—L ; 0 


i! 
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for this results from subtracting a from each side of the 
equation. 

4. The equation holds if every term on both sides has tts 
sign changed. | 

Thus, if ax + b = cx — d, we may reason as follows:— 

The quantity (ax + 6) looked upon as a whole is given 
equal to the quantity (cx — d) looked upon as a whole. If 
we change the qualities of these quantities, they will .. 
be still equal. 

Hence, — (ax + b) = (c — d) 
or, — ax — b = — cx + d. 
Now, this is the result of changing the sign of every term on 
both sides of the given equation. 

5. The sides of an equation may be reversed without destroy- 
ung the equality. 

Thus, if mæ + n = px + q, it must also follow that 

pe + q = mm + m. 

6. The sides of am equation may be raised to the SAME 
POWER, or we may extract the same root of both sides, and 
the equation still subsists. 

61. Simple equations are those in which the unknown 
quantities are not higher than the first degree, when the 
equations are reduced to a rational integral form. 

The following is the general method adopted in solving a 
simple equation involving only one unknown quantity— 

1. Clear of fractions if necessary. 

2. Transpose all the terms involving the unknown quantity 
to the first side of the equation, and all the remaining terms 
to the second. side. 

3. Simplify both sides if necessary, and divide both sides 
by the coefficient of the unknown quantity. 

Ex. 1. Solve the equation 5% + 6 = 3x + 12. 

Transposing the terms, we have 
5 — 3% = 12 - ô. 
Now, simplifying, we get 
2a 0% 
and dividing each side by the coefficient of the unknown 
quantity, viz, by 2, we have— 
A 2 Sa. 
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VERIFICATION. — Putting the value 3 for in each side of the 
given equation, the first side becomes 5 x 3 + 6 or 21; and 
the second side becomes 3 x 3 + 12 or 21. The value of x 
found therefore satisfies the given equation. 


— 2, a 

2 3 

Clearing of fractions, by multiplying every term on each 

side by the L.C.M. of the denominators, viz., by 6, we get— 
3 (x — 2) + 2% = 20 x 6 — 3 (x — 6). 


(Beginners often neglect to multiply integral terms such as 20 by 
the L.C. M.) 


Ex. 2. Given “ zo acit 


or 3 642zg-190- 3x + 18, or, transposing, 
3% 2 + 3% 120 + 18 + 6, or, simplifying, 
Sx = 144, 


or dividing each side by 8, the coefficient of x, we have 
x = 18, the value required. 
(It will be good practice for the student to verify this result as in 
the last example). 


4 x — 21 7 — 28 9— 7K 
Ex. 9, — A co edu es gc ds 
It is sometimes convenient to first partially clear off frac- 
tions. Thus, multiplying each side by 72, we have 
72 (4% — 21) 
SEES + 47 x 12 + 24 (Tax - 28) 
= 12% + 15 x 18—9(9— 72) + 6; 
288 x 


or 


— 72 x 3 + 564 + 168 x — 672, 
= 72% + 270 — 81 + 63a + 6; 
or, transposing, 
41i y + 1680 — 72x 63 x 
= 270 — 81 + 6 + 216 — 564 + 672; 


or, simplifying, 


741% — 519; or, multiplying each side by 7, 
519m = 519 x 7; 
ue cm 


b» 
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Ex. XV. 
l.5x+ 2= 2 + 11. 
» vc £ 
Dc uid ou ecc 
2. 4 1 6 1 8 2 
3. 2% + a= 3 - b. 
4. 3 (2-7) + 4% 2 (Qu — 4) + 2. 
p 2-1 * ＋ 3 2 7 8x — 1. 
ES ß da ud 
o 19-8 3-2 10cm 3 Tx — 3 
em Tor e 
4 — 15 Za+ 3 5 — 1 
— s = 
à 8 (5% + 2) 2v-1 17x-2 53 ＋ 80x 
S dcc IIS xL MG MEL 
9. ax + be = bx + ac. 
x a x b 
10. - LED" a 
za x-—b ex = ci 
— 9 
11. b a ab ° 
19. abe + b? = bx + Q. 
A EET 
a b C 
UR ub Me a 
0 b 
F375 
abc 
a? 3 bx „ bx 6bx — 5 % d+ 4a 
16. x — ——— - Ü = — —— — 
a a 2 a" 4a 
17. 15% + 025 = 075% + 175. 
9 3195 š 2 : š 
18, = Poggi PD 


x E E 7 
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| 1 1 1 : 
19. 2 + Top ^ (6 135. 
20. ( + a) (z + b) = (z + c) (z + d). 


21. (x-a) (x — 8 


1 1 Lr b c 
o s: „ EL Gm E 
22. DOE CLE (a 5 + c) 1e SE 
za g-b g-ce 1 
23 bc oe ab =2 ( ++) 
l -ax 1-ba 1-cx 9 
e bc dae (Gt 


Abbreviated Methods for Particular Cases. 


69. When the unknown quantity is involved in both 
uumerator and denominator, it is often convenient to reduce 
such fractions to mixed numbers. 


| . 6 7 12 +18 
Ex. Solve the equation 9" - N — 5 = 2. 
DEE 6x — 7 19 
by division we get „„ 6 — E 
12% + 18 38 
!.. 


Hence the given equation n 


(6 - 33) - (4 33 —56 5) = 2; 


19 38 2 


xô- E geet teg T?) 
. 19 38 
or transposing, — — 3 3 k t 2 — 6 + 4; 
19 38 


or — —— = s; 
274-2 3 — Di 


or, dividing each side by — 19, we have— 
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Hence, multiplying each side by the L.C.M. of the de- 


nominators— 


3 — 5 = 2 (a 2 = 2% — 4, 
or 3x + 24 = — 4 + Š, 
oróx= l, 
E eme. 


63. When each side of am equation consists solely of a single 
fraction, the numerator of either fraction may change places 
with the denominator of the other. 


b 


Multiply each side by 6, then, by Art. 60 (1.)— 
A EE hae, 
q q 


b 
Divide each side by p, then, by Art. 60 (2.)— 
a pb o 6 
p 7 p q 
Here the denominator b of the first side of the given equation 
has changed places with the numerator p of the second side. 


Let 7 — : be the equation. 


And similarly we may show that ; BE , where the other 
a 


numerator and denominator have changed places. 


Cor. The two sides of an equation of the form e may 
q 


b 


be inverted. 


For interchanging p and 6 in the last result, viz., : = +, 


a Io 


b 
we get Ñ = — and therefore also, by Art. 60 (5.), we have 


RIO 
KQ 


(The student is cautioned against inverting the separate terms of 
the two sides of an equation when there are more than one term on 
each side.) 

64. When each side of an equation consists solely of a 
single fraction, we may perform the following operations :— 
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1. We may add or subtract the numerator and denominator 
of EACH fraction for a new numerator or denominator, and 
retain either the original numerator or denominator for the 
other term of the fraction, both sides being always similarly 
treated. 


na 
Thus, if; = P we have— 


b q 
Q09T5.pt*tq „ 0-0 p-=q 
(i.) b 5 5 SS ? 
— 5 z 
ptit, EM eg LESS 
a o P a P 


or, (v.) we may have equations formed by inverting each of 
these. | 
These results are easily obtained—. 


— a | | B 
For, since "x 4 we have, adding unity to each side— 
q 


And so, by subtracting unity from each side, we get— 


a — b — 
PO P r 2 and so on. 
2. Wemay take the sums of the numerator and denominator 
of each for new numerators or denominators, and the DIF- 
FERENCES for the other terms of the fraction; and VICE VERSA, ' 
both sides being always similarly treated. 


.. 0 , a+ b c+d 

Thus, if B= gp we have also "mop RE wes. 
J a-b c-d 

and g + Ó c+d 

for we have just shown that <: ; : a4 : 2 
Cf 


b q ` 
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Hence, dividing equals by equals, we get— 


——— — — W Y. 
— 


a+b a-b PFG p-d 


b 
Or = me es 2 which is the first result. 
a — b 2 — q 


And inverting each side, we have, by Art. 63 (Cor.)— 


a-b p-q 
a+b pg 


: „ me + G + D mL + ate 

Ex. 1. Solve the equation PeT Rerum aem d 
ML + G + 6 N — e- d 

By Art. 63, we have ——————— = . 
TO Lo ＋ nx — b — d 


Then, by Art. 64 (1.5, retaining the numerators`and taking 
the differences for new denominators, we have— 
ma + a 5 næ — c — d 
| b — c EE = ¿Ç š 
or, multiplying each side by (6 — c)— 
me + d + b = næ — c — d; or, transposing— 
a+b+c+d 


(m — % = -— (a +b +ce+ d); . * = - 5 


Ex. 2. Solve Va x Na = = G, 


Na + NJ 
We may consider the quantity a as a fraction whose deno- 


à; ; E 
minator is unity, Or as D 


Then, Art. 64 (2.), taking the sum and difference, we have— 
2 J + 2 _ G+ 1 
2/é-“2 as] 

Ja +x? a+. 

good cR 
SE 
4 — z 


H 


. 
d 
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Again, taking the difference and sum, we have— 


2% 4a . 
8 ceu Oe 
2 0 20^ + 2 

x» 20 

a a + 1 
oe. 2 a? 

I a+ 1 


65. We now give an example to show that sometimes the 
easy solution depends on an advantageous arrangement of 
the terms on the two sides of the equation. 


Ex. Solve / + 4 + vVx-3=7 
Transposing, we have— 
Ja + 4-2 7- Næ- 3; squaring, then— 
* + 4 = 49 — 14 / — 3 + (z 3); 
subtracting z from each side and transposing, then— 
14 J — 3249-3 — 4 = 42. 
~ I — 3 = 3; or squaring, 
AD dux cgo) = 12, 
Should the student commence by squaring at once, he will 
render the equation more complicated. 


Ex. XVI. 
ye Fs dq do 
& ＋ 4 s ues 


2. (x — a) ( = b) = (z = ce) (2 — d). 
3 13 3% + 10 `x 


uam uni Io ie 
4. 1 — 25% 3 — 22 28 — 5% le — ll æ 
| 15 ` 14 (x— 1) 3 30 3 
5. * — 4 ,3e-158_1 

6x + 5 18 — 6 3 
6. 32 5 — 2 ů½f 4 2 


l-2 7-22 7 16 + 42° 
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po c adus E o — 
8. 6% + 5 , 58 + lo _ 
3x+ 1 9 + 2 
3 11 1 
55 5 "IE 
17! ü ER, EE 
2% — 9 7 14 2 2] 
11. 62% — Te — 63. 92 — 122 — 19 _ 17 
2% — 3 3 H 6x — T 
12. ax + m + 1 ar + n _ 0v + m 
ax + m — 1 ax + * — 2 ar + m-— 2 


ax + m + 1 
qm + n — 1 


Vz — 4 + 5 wir +a = 5 a — b. 


WE" pa Ww orones IA T 
14 ino GEES = 
BN ee AE 
15. JZ +10 + J2x — 2 = 6. 
— 3 _ 
16. JE L= 


1v IO Jee ale fee. 


ax + 1 + Mal? — 1 ` 


TEE rx 
a b a — b 
19. a XJ a a 
a 8 a * 
»" AE WU nto ee dec ME 
Ja + a VD m 
VAS 4 2 — a [a — VV Q0 
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d 5. 7 — 1*3 

22 : e s N 5 

=>.) 6 — Dx + a 2 di ids O 
23 4% +5 * + 5 24 + 5 a” — 10 
— = ——~ — * 

a+ 1 L + 4 L + 2 tpa m 
„, ax + b care Q + e 
2 — 

er , qam + J ac 


Problems producing Simple Equations involving One 
Unknown Quantity. 


66. To solve an algebraical problem we represent the re- 
quired or unknown quantity by a letter, as z, and then ex- 
press the given conditions in algebraical language. ‘Thus we 
form an equation, the solution of which gives the required 
value of the unknown quantity. 

Ex. 1. My purse and money are together worth 24 shillings, 
and the money is worth seven times the purse. Find the 
value of each. 

Let « = the value in shillings of the purse, 
Then 7z = e S money. 


Now, by problem the value of both together is 24 shillings. 
Hence we have— 


L + Tx = 24 
or 8x = 24 
^A æ = 3, the value in shillings of the purse, 
and .. also Tæ = 7 x 3 = 21, i . money. 


Ex. 2. What number is that to which, if 36 be added, the 
sum shall be equal to 3 times the number? 


Let z = the number ; 
“+ 36 = the sum when 36 is added, 
and 3 z = 3 times the number. 


Hence, by problem 


x + 36 = Am, 
or x- 3 = — 36, 
or — 2% = 36; 

— 36 


ll 


18, the number required. 


— š w— 


— 2 


ord 
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Ex. 3. The distance between two towns 1s such that a train, 
whose speed is 30 miles an hour, takes 1 hour more in going 
10 miles over 5 times the distance than a train whose speed 
is 20 miles an hour takes in going within 4 miles of 3 times 
the distance. Find the distance between the towns. 


Let « = the distance required in miles. 
Then 5 x + 10 = 5 times the distance together with 10 miles, 


and — = time in hours to travel this distance at 30 
miles an hour. 
And so, a = time in hours to travel 4 miles less 


than 3 times the required distance, at 20 miles an hour. 
But by the problem the former of these times exceed the 
latter by 1 hour. 
or + 10 3-4 ` 
30 20 i 
From this we easily find x — 28. 
Hence 28 miles 1s the distance required. 


l. 


Hence 


Ex. 4. Find the price of an article, when as many can be 
bought for ls. 4d. as can be bought for 2s. after the price 
has been raised 1d. 


Let « = the price required in pence; 
Then DN number of articles bought for 1s. 4d. 
o 


And x + Í = the raised price in pence. 
24 
EE 
price. 
But, by the problem, the number of articles in each case is 
the same. 


16 24 


Hence — = 
a 


= number of articles bought for 2s. at the raised 


p from which x = 2. 


Hence 2d. is the price required. 


Ex. 5. A man sells geese at as many shillings each as the 
number he has, and having returned 5s., finds that if he had 
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had 2 more to sell on the same condition, and had returned 
Əs., he would have had 38s. more. How many had he? 

Let — the number required ; 

Then x? — 5 = number of shillings received. 

Also, on the second supposition, 
(z + 2)? — 3 = number of shillings he would have received. 


Now, by the problem, this latter number is 38 more than 
the former. 

Hence (x + 2)? — 3 = a — 5 + 38, from which we find 
x = 8. 

Ex. 6. A waterman finds that he can row 5 miles in š 
hour with the tide, and that it takes him 14 hours to row 
the same distanee against the tide when 1t 1s but half as 
strong. What is the velocity of the tide ? 

Let z = the velocity of the tide in miles per hour. 

Now the velocity of the boat when going with the tide 
ap 2 4 == 20, 

`. 20 — æ = velocity ef the boat when there is no tide. 


Again, velocity of boat against the tide when it is half as 
strong = 0 + 11 = 1. 


S Dar Toe — velocity of the boat, when there i 1s no tide. 
Hence we have— E 
= +3 = — — «; from which 

"own SS 


. The velocity required is 22 miles per hour. 


Ex. XVII. 


1. If I add 25 to 3 times a certain number, T obtain the 
same result as if I subtract 25 from 8 times the number. ` 
Find the number. 


2. Divide 70 into 2 such parts that the one shall be as 
much above half the number as the other is above 15. 


3. Divide £720 among A, B, and C, so that B may have 
- twice as much as C, and A as much as B and C together. 
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4. There are two trains, one of which goes 5 miles an 
hour faster than the other, and the former performs a journey 
of 100 miles, while the latter goes 75 miles. Find their 
respective rates. | 


5. A horse when let out for hire brings in a clear gain of 
10s. per day, but costs 1s. 6d. daily for food. At the end of 
30 days his master had gained £11. lls. Required the 
number of days for which he was hired. 


6. A and D have 4 guineas between them, and play at 
hazard. B loses 4 of his money, and afterwards gains A, of 
what he then had. It is then seen that B has as much 
money as A had at the end of the first game. How much 
had each at first? 


7. A and B have respectively an equal number of florins 
and crowns. B pays a debt of 4s. to A, and then A's money 
is just half B's. Find what each had. 


8. A workman, instead of adopting the 9 hours' system, 
worked 10 hours daily, and had a corresponding rise of 
wages. By this means his wages were increased 4s. weekly. 
Find his original wages. 


9. A person who has regular wages of 26s. weekly, think- 
ing to better himself, takes a job at higher wages. He is, 
however, put on half-time during 20 weeks of the year, and 
finds himself at the end of the year £4. 12s. worse off. Re- 
quired his increased wages. 


10. A company of men, arranged in a hollow square 4 deep, 
numbered 144. What was the number in a side of the 
square ! 


11. In an examination paper there were two serles of 
questions, and the questions of the second series carried each 
9 marks more than those of the first series. A candidate who 
attempted 3 of the first series, obtaining half marks for them, 
and 5 of the second series, obtaining for these full marks, got 
altogether 80 marks. Find the number of marks attached to 
each question of the first series. 


19. A grocer has tea at 3s. 4d. and at 4s. He sells 


altogether 64 pounds, thereby realizing £12. How much did 
he sell of each ? 


„„ 
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13. If 11 be subtracted from 5 times a certain number, 
and the remainder divided by 6, the quotient will exceed by 2 
the quotient obtained by subtracting 3 from 4 times the num- 
ber and dividing the remainder by 7. Find the number. 


14. A garrison of 1,250 men were provisioned for 64 days; 
but after 22 days a certain number were called away, and it 
was found that the remaining provisions lasted the number 


left for 70 days. Find the number told off. 


15. Ata railway station £15 was taken for single fares, 
and £33. 15s. for returns. The number of return tickets 
exceeded the single tickets by 10, and the price of a return 
ticket was half as much again as a single ticket. Find the 
fare for a single journey. 


16. In a tour lately made round the world, the distance 
travelled by water was 20,000 miles, and by land 8,000 miles; 
and the whole time taken was 220 days. Supposing the rate 
by water to be two-thirds of that by land, find the number 
of days travelled by land. 


17. The distance between A and B is 32 miles, A person 
starting from A, at the rate of 4 miles an hour, meets another 
who started from B half an hour later, at a rate of 31 miles 
an hour. At what point will they meet? 


18. There are two clocks, one of which gains twice as much 
per day as the second loses, and they are set right at noon 
on Monday. When itis noon on Thursday by the first clock, 
it is 11:50 A. M. by the second. What is the gain per day of 
the first clock? ` 


19. A draper r raises his goods a certain rate per cent., and 
afterwards reduces them to the original price by lowering them 
1323 per cent. Find the origiñal rise per cent, 

20. Required the distance between two towns such that a 
person can perform the journey one hour sooner when he 
walks 4 miles an hour than when he walks 31 miles an hour? 

21. The sum of £12. 15s, is paid away with an. equal 
number of sovereigns, crowns, and sixpences. Required the 
number of each. 


22. A walks along an inclined plane at a certain rate, and 


B walks along the base of the plane at a rate of one-third of 
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a mile per hour less than A. The inclination of the plane is 
such that A is always vertically over B, and that at the end 
of half an hour they are exactly five- sixths of a mile apart. 
Find the respective rates of A and B. 


23. There is a direct road over a hill between two stations 
at the foot of each side. The distance on the one side from 
the foot to the top 1s 5 miles, and the road down the other 
side forms a right angle with the road up. It is also known 
to be 1 mile less down the hill than the direct distance by 
tunnel between the two stations. Find the distance down 
the hill. 


24. Two trains, whose respective lengths are 122 and 98 
yards, and the former of which is going at the rate of 35 miles 
an hour, pass each other in 30 seconds. Find the rate and 
relative direction of the second train. | 


25. A man bought a number of sheep for £132, and having 
lost 10, and sold 20 that were diseased at 6s. per head below 
cost price, disposed of the remainder for £116, thereby 
realizing his outlay. How many did he buy? 


26. A boy spends 10s. in oranges and apples. The oranges 
were bought at 5 for 6d., and the apples at 3 for 2d.; and 
their number together amounted to 132. What did he spend 
on each? 


27. If B is allowed 2 hours more time than A takes to do 
à piece of work, he will do 4 times as much, and if C is allowed 
1 hour more than A, he also can do 4 times as much. More- 
over, D requires 4 hours more than A to do the piece of work. 
Also, the work done by A and B together is the same as that 
done by C and D together in the same time. Required 
the respective times for A, D, C, D to do a piece of work. 


28. A person sells out £1,200 Three and a Half per Cent. 
stock, and invests the money in Two and a Half per Cents., 
whose price is 14 lower than the first- named stock. The loss 
in annual income is £7. Find the price of the first-named 
stock, 

29. The banker's discount on a certain sum of money at 
5 per cent. per annum is equal to the true discount on a sum 


£50 larger. Find the sum. 
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30. An express train, which ought to perform its journey 
in 21 hours, after having gone uniformly 80 miles, finds itself 
6 minutes behind. However, by increasing the speed to as 
many miles per hour as there were miles in half the journey, 
it just arrived at its destination in time. Find the original 
speed of the train, and the length of the journey. 


31, A vessel contains a quantity of spirit (sp. gr. '9) and 
water, and a cylinder of wood (sp. gr. 92), whose length 
is 10 inches, floats upright, so as to be just covered by the 
spirit. Find how much of the cylinder floats in the water. 


32, A mixture of hydrogen and oxygen is found to condense 
when fired, to 16 vols. of steam. Now, every 3 vols. of such 
a mixture is known to condense to 2 vols., when the origina! 
gases are in the proportion of 2:1. Find the quantity of 
each. | 


33. A mixture of 100 grams of sodic and potassic sulphates 
yielded. a gram of baric sulphate. Now, each gram of sodic 
sulphate yields 6 grams of baric sulphate, and each gram of 
potassic sulphate yields e grams of baric sulphate. Find the 
amount of sodic and potassic sulphates in the mixture. 


34. lf a oxen consume 6 acres of grass in c weeks, and a’ 
oxen consume 6 acres of grass in e! weeks, the grass growing 
uniformly, find the week's growth: of an acre. 

35. The freezing and boiling points of a common ther- 
mometer are marked 32° and 212° respectively ; those on the 
centigrade thermometer are marked 0 and 100*. At what 
temperature do the graduations agree? 

36. A person going at the rate of a miles per hour finds 
himself ó hours too late when he has c miles farther to go. 
How much must he increase his speed to reach home in time? 


Simultaneous Equations of the First Degree with two 
. Unknown Quantities. 

67. Suppose we have given the equation 3x — 4y = 5, 
then by ascribing to y a series of values we get a correspond- 
ing series of values for a. 

Thus we may have? bh jd Ek dm SI &c. 
` 6—r e MS l a 


s< 
| 
Hx 
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A gain, if another equation, as 4x + y = 32, be given, we 
may in the same way obtain a series of pairs of values which 
satisfy it. And, further, if the two equations are distinct and 
compatible, there is always a par of values common to the 
two equations. This pair of values then satisfies both equa- 
tions, and the equations are called simultaneous equations. 

The methods of solving simultaneous equations will now 
be explained. 

First MeTHOD.—Lqualize the coefficients of one of the un- 
known quantities in both equations, and add or subtract the 
equations so obtained, so as to obtain an equation with one 
unknown quantity. 


Ex. 4% + 3y 


l l 
E 

SC? 

— 

— 

— 
— 


9x — 5y CCC (2) 
From (1), multiplying each side by 9, we get 
3% LO 8 (3). 
And from (2), multiplying each side by 4, we get 
oD p ss /! ve tn aud (4). 
(3) - (4), then 47 y = 141 
UE. ME 


Hence, substituting in (1), we have— 
4 + 3x3 = 17, from which we get 


t° 


Hence, the solution required is x = 2, y = A 

SECOND METHOD. press one of the unknown quantities 
in terms of the other by means of either equation, and sub- 
stitute its value in the other. 

Taking the same example, we have— 


00 eee ataman " 


lH ll 


9% — 57 


From (1) we have 4 > = 17 : 9 y, or x= d ot BO): 


Substituting this value of x in (2) we have 
ma = 39) - 5y = 3 
4 ) 


or, 153 — 27 y — 20y = 12, from which 
y= 3, 
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Then from (3) we get x = Bod. X = 2, 

THIRD METHOD. Express one of the unknown quantities 
vn terms of the other by means of each equation, and equate 
the expression. 


We will this time express in each case y in terms of x. 


We have 4x + 37 = 17........................... (1) 
T (2) 
From (1) 3y = 17 — 4a, or y 1 
u P ` 9gæ - 3 
And from (2) 5% = 9 — 3, or = x — . .. (4). 
Equating (3) and (4), then „ "E - E from which 
nE 
Then from (3) by substitution, y = * = 0: 


Simultaneous Equations of the First Degree of Three 
or more Unknown Quantities. 


68. In the case of three unknown quantities we may 
obtain, from the three given equations, two equations 
with two unknown quantities, and then, by a similar method, 
from the two obtain an equation with one unknown 
quantity ; and a like method may be pursued for more than : 
three unknown quantities. 


Ex. % En EE AN 
4% + 3% — 59 = — 3............ (2) 
62+ Ty — 8z = EE e 
From (1) 12x + 4y + 16% = 100............ (4) 
And from (2) 12x + 9y — 152 = - 9............ 60 
(5) — (4), then 5% — 312. -109 .. . (6) 
Again, from (1) 6x + 2y + 82 K- 50............ (7) 
(3) — (7), then 5y 167 = - 49............ (8) 
(8) — (6), then l5bz= 60 
e Be eS 4 
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Hence from (8), by substitution— 


5y — 16 x 4 =-4 
from which y — 


And hence from (1), by substitution of the known values 
of y and z— 

g3x2+3+4x 4 = 

from which « = 


25, 
9. 


Hence the respective values of x, y, z, are 2, 3, 4. 


Ex. XVIII. 
l. 6x + y = 22, 5 + 377 = 27. 
2. 4% — 3% = 14,6x + Sy = 40. 
3. 3% ＋ 5% = 44, % — z = 4 
o y 39% y 
4. 1+3= 23, 5 + 19 = 2770 
5 2 . Y — 41. 
674 4 6 3 
6% Ls a Lo A 
A ee 
7. 99 + 4% + 2 = 14, 2x2 + y + 5 2 = 18, 
5 * + 2% T 32 = 18. 
8. 7 + 2% + 32 20, 3% — 4y + 22 = 1, 
5y — 2 + 72 = 29. 
9. 2% — 5 % 33, 3 — 22 = — 1, 4 + 22 = 20, 


10. ax + by = c,a + by = Ci. 
ll. x+y=0y+2%2=0,%+2=C. 
12. ax + by = d, by + cz = e, ax + cz =f. 


2e2—2 024-2 Z+ 2 SE — 2 2, 
E ) E 
13. — 4 6 inve 2 
ery Ly 23 eru *v-y 7 
14. 10 15 30 15 10 30 
EE 
v JY 2 y 
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VVV 
17. 4 (y + 3% — 3 (z + y) = & (v + y) (a + 3 y), 


20 9 

—̃ t —n—n—IO = 

ety “<+ 97 | 
18. 73y — 5z = (z — 5% (z + 3 y), 


CAE NK 
x- 5y «+ 3y 33 
19 MK DE 
2 X. 2 z 


Toni is 
21. 3x—2y=52-6y=Tx- 42 1. 
22. W + / + Z = d, / + 2 + % = b, ＋ % + = c, 
2 + € + # = d. | 
x 


2 
7177! e ao ee 
m n n p m p 
24. x + ay + bz = a, y ag + bx = B, z + ax + by = y. 
3 | 


25. z + ay + azta 


=O; 
x + by + Us + b° = 0. 
* + ey +z +c =0 
20. x» + ay + Q? + au + at = 0. 
x + by + bz + bu + B= 0. 
* + ey + ez + èu + C = 0. 
x + dy + de + dš + de = 0. 
27. m + ay = a. 28.4. b c 
by = — + - + - = d 
y ZP W 9 2 
cl = y. a! b' ei 
: á — 1 4 -=d' 
U + ez = e a" b" e 
% 
v y 2 
29. 1 + 2 + 9 Hy + &c. T TW = Q4. 
Lo + 2H, + 3%, + UC. + "X, = di 
&c. = &e 
4 + 22, + 3%, + Cc. + Nyy = G 
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Problems producing Simultaneous Equations of the 
First Degree. 


69, There are certain problems which may be solved with 
much greater facility by the introduction of more than one 
unknown quantity. 


Ex. l. Nine men and seven women receive together 
£3. 2s. 8d., and three men receive 10d. more than four women. 
Find the receipts of each. 

Let x and y respectively represent in pence the receipts of 
a man and woman. 

Then, since £3. 2s. 8d. = 752d., expressing the conditions 


of the problem in algebraical language— 
br) 


92+ Ty = 752 | Solving these equations, 
34% — 4% 10 we find 
,, 8 
Hence, the receipts of a man and woman are respectively 


54d. and 38d., or 4s. 6d. and 38. 2d. 


Ex. 2. Find a fraction such that, if we diminish its 
numerator by 1, it becomes equal to 1; and if we increase its 
denominator by 1, it becomes equal to 4. 


Let ? be the required fraction. 
Y 


* | 


Then, by problem, 


2 solved, glve— 


and raras l 
x= 6, y = 35. 


e dé is the fraction required. 


1 
7 („ which equations, when 
1 
6 


Ex. 3. A's money, together with twice B's and thrice C's, 
amounts to £38; B's money, together with twice C's and 
thrice A's, to £35; and C's money, together with twice A's 
and thrice B's, also to £35. Find the money of each. 
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Let x, y, z be respectively the number of pounds each 
has. Then we have— 
+2y+32= 38 
y+22+3x= 35 >; from which we get 
z+ 2 + 37 = 35 
„ se O98 ies ef, 
Hence, £5, £6, £7. are the respective moneys of A, B, 
and C. | 
d Ex. XIX. 


1. A and B engage in play. A puts down half-a-crown 
to B's florin. They play twenty games, and then it is found 
that A has won 4s. How many games did each win? 

2. There is a number, the sum of whose two digits is 10, 
and, if 36 be added to the number, the digits change places. 
Find the number. | 

9. A grocer has tea at 3s. 4d. alb., and sugar at 4s. a stone. 
He sells £2 worth of the two. If he had raised the tea 20 
per cent., and lowered the sugar 124 per cent., and sold the 
same quantities of each, his profits would have been Is. 6d. 
more. Find the quantity sold of each. 


4. Eight times the numerator of a certain fraction exceeds 
three times the denominator by 3, and five times the numer- 
ator added to twice the denominator make 29. Find the 
fraction. 

5. If the number of cows in a field were doubled, there 
would be 65 cows and horses together ; but, if the number of 
horses be doubled, and that of the cows halved, there would 
be 46. How many are there of each ? 

6. Thirty shillings are spent in brandy, and 42s. in gin; 
19 bottles being purchased in all. Had the 42s. been spent 
in brandy, and the 30s. in gin, 17 bottles only would have 
been bought. Find the cost per bottle of each. 


7. A fishmonger receives 240 mackerel. He sells a. 
certain number at 4 for a shilling, but the rest being seized 
as bad fish, and he being fined 10s., finds himself a loser by 
9s. Had he sold them at 3 for a shilling, he would have 
been a gainer by 5s., if 13 more fish had been seized. How 
many did he sell, and what did he pay for the lot? 


l |l 


232 | ALGEBRA. 


8. Three persons invest their money at 3, 4, 5 per cent: 
interest respectively. The total amount of interest is £38, 
and the interest of the first and third together is 21 that of 
the second ; while the total interest would have been £34 had 
the rates been 5, 4, A per cent. respectively. Find the 
capital of each, 


9. À toll-gate keeper receives 8s. 8d. for the toll of a 
number of horses, oxen, and sheep, the tolls for each being 
respectively lid. Id., 4d. Had there been twice as many 
sheep and the number of horses diminished accordingly, he 
would have received 7s. 2d. Had the oxen passed through 
free, and the tolls for a horse and sheep respectively been 2d, 
and $d., he would have received 9s. 14d. Find the number 
of each. 


10. A, B, C start from the same place, B after a quarter 
of an hour doubles his rate, while C, who falls, after ten 
minutes diminishes his rate 4th. At the end of half an hour 
A is 1 mile before D, and 4 mile before C, and it is observed 
that the total distance which would have been walked by the 
three, had they each continued to walk uniformly from the 
first, is 61 miles, Find the original rate of each. 


11. A, B, C, working 3, 4, 5 hours respectively, can do 
277 Pieces of work; if they each work an hour more, they 
can finish an extra 13 of a piece; and, if C does not work, 
the other two, working for 1 and 6 hours respectively, can 
together finish 1 piece. Find the time required for A, D, 
C to finish separately a piece of work. 

12. There are three numbers such that, if the first be in- 
creased by 6, and the second diminished by 5, the product of 
the results is the product of the first two numbers; 1f the 
second be increased by 2 and the third diminished by 5, the 
product of the results is the product of the second and third; 
and, if the first be increased by 3 and the third diminished 
by 6, the product is that of the first and third. Find the 
numbers. 

13. A person performed a journey of 221 miles, partly by 
carriage at 10 miles an hour, partly by train at 36 miles an 
hour, and the remainder by walking at 4 miles an hour. He 
did the whole in 1 hour 50 minutes. Had he walked the 
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first portion, and performed the last by carriage, it would 
have taken him 2 hours 301 minutes. Find the respective 
distances by carriage, train, and walking. 


14. A and B start from two places C and D, distant 28 
miles, and 1t is found that A reaches D 3 hours after they 
meet. Had the distance between C and D been 35 miles, A 
would have reached a point 28 miles from C 2 hours after 
he met D. Find the respective rates of A and B. 


15. Three trains—a luggage, ordinary, and express—move 
along three parallel pairs of rails, the distance between the 
stations being 120 miles. The first two start from the same 
station, and the express from the opposite. The luggage 
train, starting 2 hours first, is overtaken by the ordinary in 
2 hours; and the express train, starting 1 hour after the 
ordinary, meets the luggage in 1 hour 74 minutes. Had all 
three started from the same station, the ordinary would have 
been overtaken in 2 GEES Find the respective rates of the 
trains. | 


16. If (a, b, c), (G, D, Co), (as, b, Cz) be the respective 
compositions by weight of three mixtures of three substances, 
and di, ds, d, be the respective prices of the mixtures, find the 
price per unit of weight of each substance. 

17. By alloying two ingots of gold in two given propor- 
tions, we form two new ingots of which the fineness of each 
is known. What is the fineness of each of the given 
ingots ? 

18. A group of n persons play as follows :—The first. 


1 
plays with the second and loses 3 of what he has, the second 
then plays with the third and loses of what he has, the 
third then with the fourth, losing of what he has, Ze, the 


nth with the first losing Ñ of what he has. At the end 
they each have b What had each at first“ 
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MATHEMATICS. 


SECOND STAGE. 


SECTION 1. 


GEOMETRY. 


EUCLID'S ELEMENTS, BOOK II. 


Definitions. 


1. A rectangle, or right-angled parallelogram, is said to 
be contained by any two of the straight lines which contain 
one of the right angles. 

2. In any parallelogram, the figure which is composed of 
either of the parallelograms about a diameter, together with 
the two complements, 1s called a gnomon. 

Thus the parallelogram HG, to- 
gether with the complements AF, 
FC, is a gnomon, which is briefly ex- 
pressed by the letters AGK, or EHC, 
which are at the opposite angles of ,, 


K 
the parallelograms which make the F 


gnomon. B G ° 


E D 


The rectangle under, or contained by two lines, as AB and BC, is 
concisely expressed thus: AB, BC. 
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Proposition 1.—Theorem. 


Jf there be two straight lines, one of which is divided «nto 
any number of parts, the rectangle contained by the two 
straight lines is equal to the rectangles contained by the un- 
divided line, and the several parts of the divided line. 


Let A and BC be two straight lines; and let BC be 
divided into any parts in the points D, E; | 

The rectangle contained by the straight lines A and BC 
shall be equal to the rectangle contained by A and BD, 
together with that contained “by A and DE, and that con- 
tained by A and EC. 

CONSTRUCTION. From the point B draw BF at right angles 
to BC (I. 11), 

And make BG equal to A (I. 3). 

Through G draw GH parallel to 
BC (I. 31), 

And through the points D, E, C, draw . 
DK, EL, CH parallel to BG (I. 31). 

Proor.—Then the rectangle BH is 
equal to the rectangles BK, DL, EH. A. 

But BH is contained by A and BC, for it is contained 
by GB and BC, and GB is equal to A (Const. ); 

And BK is contained by A and DD, for it is contained 
by GB and BD, and GB is equal to A ; 

And DL is contained by A and DE, "because DK is equal 
to BG, which is equal to A (I. 34) ; 

And in like manner EH is contained by A and EC; 

Therefore the rectangle contained by A and BC is equal 
to the several rectangles contained by A and BD, by A and 
DE, and by A and EC. 

Therefore, if there be two straight lines, &c. O. Z. D. 


B D E C 


Proposition 2.—Theorem. 


If a straight line be divided into any two parts, the rect- 
angles contained by the whole line and each of its parts are 
` together equal to the square on the whole line. 


Let the straight line AB be divided into any two parts 
in the point C ; 


A °` BC = 
A ° BD + 
A DE + 
A EC. 


AB BOC 
＋AB AC 
= ABA, 


For 
AB? is the 
sum of its 
parts AF+ 
CE. 


And... 
AB ACL 
AB BC. 
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The rectangle contained by AB and BC, together with ths 
rectangle contained by AB and AC, shall 


be equal to the square on AB. A c n 
CoxsTRUCTION.— Upon AB describe the 

square ADEB (I. 46). 
Through C draw CF parallel to AD or 

BE (I. 31). 
Proor.—Then AE is equal to the rect- 

angles AF and CE. D F 9E 


But A E is the square on AB; 

Therefore the square on AB is equal to the rectangles AF 
and CE. 

And AF is the rectangle contained by BA and AC, for it 
is contained by DA and AC, of which DA is equal to BA; 

And CE is contained by AB and BC, for BÉ is equal 
to AB. | 

Therefore the rectangle AB, AC, together with the rect- 
angle AB, BC, is equal to the square on AB. 

Therefore, if a straight line, dc. Q. Z. D. 


Proposition 3.—Theorem. 


If a straight line be divided into any two parts, the vect- 
angle contained by the whole and one of the parts rs equal to 
the square on that part, together with the rectangle contained 
by the two parts. 


Let the straight line AB be divided into any two parts in 
the point ©; 

The rectangle A B BO shall be equal to the square on BC, 
together with the rectangle AC CB. 

CoNsTRUCTION.— Upon BC describe the square CDEB 
I. 46). 
|j zs ED to F; and through A E 
draw AF parallel to CD or BE (I. 51). 

Proor.—Then the rectangle AE is 
equal to the rectangles AD and CE. 

But AE 1s the rectangle contained by 
A B and BC, for it is contained by AB 
and BE, of which BE is equal to BC ; 

And AD is contained by AC and CB, for CD is equal to CB; 


E 


“I 
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And CE is the square on BC. 

Therefore the rectangle AB, BC is equal to the square on 
BC, together with the rectangle AC, CB. 

Therefore, if a straight line, &c. Q. Z. D. 


Proposition 4.— Theorem. 


If a straight line be divided nto any two parts, the square 
on the whole line is equal to the sum of the squares on the two 
parts, together with twice the rectangle contained by the parts. 

Let the straight line AB be divided into any two parts 
in C; 

The square on AB shall be equal to the squares on AC and 
CB, together with twice the rectangle contained by AC 
and OB. 

CONSTRUCTION.—Upon AB describe -the square ADEB 
(I. 46), and join BD. 

Through C draw CGF parallel to A.D or 
BE (1. 31). 

Through G draw HGK parallel to AB H 
or DE (L. 31). 

- PRoor.— Because CF is parallel to AD, 
and BD falls upon them, ' 

Therefore the exterior angle BGC is 
equal to the interior and opposite angle ADB (I. 29). 

Because AB is equal to AD, being sides of a square, the 
angle ADB is equal to the angle ABD (1. 5); 

Therefore the angle CGB is equal to the angle CBG 

Ax. 1); 
Ther fore the side BC is equal to the side CG (I. 6). 

But CB is also equal to GK, and CG to BK (1. 34); 

Therefore the figure CGKB is equilateral. 

It is likewise rectangular. 

For since CG is parallel to BK, and CB meets them, the 
angles KBC and GCB are together equal to two right 
angles (I. 29). 

But KBC is a right angle (Const.), therefore GCB 1s 

right angle (Ax. 3). 

“Therefore also the angles CGK, GKB, opposite to these, 

are right angles (I. 34). 


A C B 


APR? — 
AC24+CB2 
+2 AC'CB. 


Show first 


that CK is 


a square 
= CB?, 


So also 
HF=AC?2 


And 
AG+GE 
=2AC'CB. 


.*. whole 
figure or 
AB? = 
AC2-+ BC2, 
4-2 AC'CB. 


AD DB 
+CD2 
=CB2, 
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Therefore CGKB is rectangular ` and it has been proved 
equilateral ; therefore it is a square; and it is upon the 
side CB. 

For the same reason HF is also a square, and it is on 
the side HG, which is equal to AC (I. 34). 

Therefore HF and CK are the squares on AC and CB. 

And because the complement AG is equal to the com- 
plement GE (I. 43), 

And that AG is the rectangle contained by AC and CG, 
that is, by AC and CB, 

Therefore GE is also equal to the rectangle AC, CB; 

Therefore AG, GE are together equal to twice the rect- 
angle AC, CB; 

And HF, CK are the squares on AC and Cb. 

Therefore the four figures HF, CK, AG, GE are equal 
to the squares on AC and CB, together with twice the 
rectangle AC, CB. 

But HF, CK, AG, GE, make up the whole figure ADEB, 
which is the square on AB; 

Therefore the square on AB is equal to the squares on 
AC and CB and twice the rectangle AC : CB. 

Therefore, if a straight line, &c. . Z. D. 


CoroLLARY.—From this demonstration it follows that the 
parallelograms about the diameter of a square are likewise 
squares. 


Proposition 5.—Theorem. 


If a straight line be divided into two equal parts, and also 
anto two unequal parts, the rectangle contained by the unequal 
parts, together with the square on the line between the points of 
section, is equal to the square on half the line. 


Let the straight line AB be bisected in C, and divided 
unequally in D; 

The rectangle AD, BD, together with the square on CD, 
shall be equal to the square on CB. 


CoxsrRUCTION.— Upon CB describe the square CEFB 
(I. 46), and join BE. 
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Through D draw DHG parallel to CE or BF (1. 31). 
Through H draw KLM. parallel to CB or EF. 
And through A draw AK par- 
allel to CL or BM. A. C p B 
Proor.—Then the complement 
CH is equal to the complement HF R 
(I. 43). | | 
To each of these add DM; there- ‘ 
fore the whole ON is equal to the E G E 
whole DF (Ax. 2). For 
But CM is equal to AL (I. 36), because AC is equal to CB AL=0M 
(Hyp.) ; | — 
Therefore also AL is equal to DF (Ax. 1). | 
To each of these add CH; therefore the whole AH is . AH= 
equal to DF and CH (Ax. 2). Sek 
But AH is contained by AD and BD, since DH is equal 
to DB (II. 4, cor.), 
And DF, together with CH, is the gnomon CMG ; 
Therefore the gnomon CMG is equal tothe rectangleA D, DB. .-. CMG. 
To each of these equals add LG, which is equal to the 4 to 
square on CD (II. 4, cor., and I 34); 5 
Therefore the gnomon CMG, together with LG, is equal 
to the rectangle AD, DB, together with the square on CD. 
But the gnomon CMG and LG make up the whole figure 
CEFB, which is the square on CB; | 
Therefore the rectangle AD, DB, together with the square .. CB? 
on CD, is equal to the square on CB. TeDe. 
Therefore, if a straight line, &c. Q. Z. D. 
COROLLARY.—From this proposition it is manifest that the 
difference of the squares on two unequal lines AC, CD is 
equal to the rectangle contained by their sum and difference. 


Proposition 6.—Theorem. 


if a straight line bé bisected, and produced to any point, the 
rectangle contained by the whole line thus produced and the | 
part of it produced, together with the square on half the line 
bisected, is equal to the square on the straight line which is 
made up of the half and the part produced. 


Let the straight line AB be bisected in C, and produced to D; 


AD DB 
＋ CB2 
= CD2, 


For 
AL — CH 
= HF, 


°. AM or 
AD: DB 
— CMG. 


Add to 
each LG 
or CB2, 


. AD: DB 


+ CB2 
= CD2, 


A B24- BC? 


= 2 AB:BC 


4- AC?, 
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The rectangle AD, DB, together with the square on CB, 
shall be equal to the square on CD. 

CoxsTRUCTION.— Upon CD describe the square CEFD 
(I. 46), and join DE. 

Through B draw BHG parallel f 
to CE or DF (I. 31). 

Through D draw KLM parallel e 
to AD or EF. 
And through A draw AK par- 
allel to CL or DM. I 
Pnoor.— Because AC is equal " ww 
to CB (Hyp.), the rectangle AL is equal to CH (1. 36). 

But CH is equal to HF (I. 43), therefore AL is equal to 
HF (Ax. 14). 

To each of these add CM; therefore the whole AM is 

equal to the gnomon CMG (Ax. 2). | 

But AM is the rectangle contained by AD and DB, since 
DM is equal to DB (II. 4, cor.) ; 

Therefore the gnomon CMG is equal to the rectangle 
AD, DB (Ax. 1). 

Add to each of these LG, which is equal to the square on 
CB (II. 4, cor., and I. 34); 

Therefore the rectangle AD, DB, together with the square 
on CB, is equal to the gnomon CMG and the figure LG. 

But the gnomon CMG and LG make up the whole figure 
CEF, which is the square on CD; | 

Therefore the rectangle A D, DB, together with the square 
on CB, is equal to the square on CD. | 

Therefore, if a straight line, dc. . Z. D. 


Proposition 7.—Theorem. 


Jf a straight line be divided into any two parts, the squares 
on the whole line and on one of the parts are equal to twice 
the rectangle contained by the whole and that part, together 
with the square on the other part. 

Let the straight line AB be divided into any two parts in 
the point C; 

The squares on AB and BC shall be equal to twice the 
rectangle AB, BC, together with the square on AC. 
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CoNsTRUCTION.— Upon AB describe the square ADEB 
(L 46), and join BD. 
Through C draw CGF parallel to AD or a C OF 


BE (I. 31). 
Through G draw HGK parallel to AB : el 


or DE (I. 31). 
Proor.—Then- AG is equal to GE 


(I. 43). | 
To each of these add CK; therefore the € SEC. uu 
whole AK is equal to the whole CE; AK=CE. 


Therefore AK and CE are double of AK. 

But AK ànd CE are the gnomon AKF, together with the 
square CK ; | 

Therefore the gnomon AKF, together with the square CK, .-. AKF 
is double of AK. | m 

But twice the rectangle AB, BC is also double of AK, for 
` BK is equal to BC (II. 4, cor.); 

Therefore the gnomon AKF, together with the square CK, 
is equal to twice the rectangle AD, BC. 

To each of these equals add HF, which is equal to the Add HF or 
. square on AC (II. 4, cor., and 1. 34); "E 

Therefore the gnomon AKF; together with the squares 
CK and HF, is equal to twice the rectangle AB, BC, together 
with the square on AC. 

But the gnomon AKF, together with the squares CK and .. AB? 
HF, make up the whole figure ADEB and CK, which are 2538.80 
the squares on AB and BO; + AC. 

Therefore the squares on AB and BC are equal to twice 
the rectangle AB, BC, together with the square on AC. 

Therefore, if a straight line, Ze O. E. D. 


Proposition 8.— Theorem. 


If a straight line be divided into any two parts, four times 
the rectangle contained by the whole lune and one of the parts, 
together with the square on the other part, is equal to the 
square on the straight line which is made up of the whole line 
and the first mentioned part. 


Let the straight line AB be divided into any two parts in 


the point C; | 
o—I, | g 
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E Four times the rectangle AB, BC, together with the square 
(ABI BC z. On AC, shall be equal to the square on the straight line 
made up of AB and BC together. 
CoxsrRUCTION.—Produce AB to D, so that BD may be 
equal to CB (Post. 2, and I. 3). 
Upon AD describe the square AEFD A C B D 
(I. 46), | 
And construct two figures such as in ^' 
the preceding propositions. 
PRoor.— Because CB 1s equal to BD * 
(Const.), CB to GK, and BD to KN 
(Ax. 1), | 
For the same reason PR is equal «x H F 
to RO. 
For And because CB is equal to BD, and GK to KN, 
p Therefore the rectangle CK is equal to BN, and GR to 
"RN (L 36). 
But CK is equal to RN, because they are the complements 
of the parallelogram CO (L. 43) ; 
Therefore also BN is equal to GR (Ax. 1). 
„the four Therefore the four rectangles BN, CK, GR, RN are equal 


(K, to one another, and so the four are quadruple of one of them, 
CK. 
nus Again, because CB is equal to BD (Const.); 


dea And that BD is equal to BK, that is CG (II. 4, Cor., and 
Ad, mp, I. 34); 
Et» Rs And that CB is equal to GK, that is GP (I. 34, and II. 4, 


are equal 
to each cor.) b 


E Therefore CG 1s equal to GP (Ax. 1). 
n = And because UG is equal to GP, and PR to RO, 
l The rectangle AG is equal to MP, and PL to RF (I. 36). 
But MP is equal to PL, because they are complements of 
the parallelogram ML (1. 43), and AG is equal to RF (Ax. 1); 
Therefore the four rectangles AG, MP, PL, RF are equal 
to one another, and so the four are quadruple of one of them, 
AG. | 
And it was demonstrated that the four CK, BN, GR, and 
EN are quadruple of CK ; 
Therefore the eight rectangles which make up the gnomon 


AOH are quadruple of A K. 
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And because AK is the rectangle contained by AB and ., Gnomon 
BC, for BK is equal to BC; im AG) 
Therefore four times the rectangle AB, BC is quadruple of =4 AK, 

But the gnomon AOH was demonstrated to be quadruple 
of AK; 

Therefore four times the rectangle AB, BC is equal to the 
gnomon AOH (Ax. 1). 

To each of these add: X H, which is equal to the square nn 
on AC (II. 4, cor., and I. 34); XH or AC? 

Therefore four times the rectangle AB, BC, together with 
the square on AC, is equal to the gnomon AOH and the 
square X H. | 

But the gnomon AOH and the square XH. make up the 
figure AEFD, which is the square on AD; 

“Therefore four times the rectangle AB, BO, together with 4 AB. BC 
the square on AC, is equal to the square on AD, that is, on £ Af = 
the line made up of AB and BO together. (AB+B0)?. 

Therefore, if a straight line, Ze, Q. Z. D. 


Proposition 9.—Theorem. 


If a straight line be divided into two equal, and also into 
two unequal parts, the squares on the two unequal parts are 
together double' of the square on half the line, and of the square 
on the lime between the points of section, 


Let the straight line AB be divided into two equal parts 
in the point C, and into two unequal parts in the point D; 
The squares. on AD and DB shall be together double ‘of Ap? pps 
the squares on AC and CD. cyt 
ConsTRUCTION.—From the point C draw CE at right 


angles to AB (I. 11), and make it equal 


to AC or CB (I. 3), and join EA, EB. e 
Through D draw DF parallel to CE - 
(I. 31). — 
Through F draw FG parallel to BA LT IN 
(I. 91), and join AF, Á C D B 


PRoor.— Because AC is equal to CE 
(Const.), the angle EAC is equal to the angle AEC (I. 5). 


For 
AEC=} a 
right z 
= CEB. 


„. AEB is 
a right z. 


EG=GF, 


And 
DF- DB. 


But 
AE2 
2AC2, 
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And because the angle ACE is a right angle (Const.), the 
angles A EC and EAC together make one right angle (I. 32), 
and they are equal to one another ; 

Therefore each of the angles AEC and EAC is half a right 
angle. 

For the same reason, each of the angles CHB and EBC is 
half a right angle; | 

Therefore the whole angle AEB is a right angle. 

And because the angle GEF is half a right angle, and the 
angle EGP a right angle, for it is equal to the interior and 
opposite angle ECB (I. 29), 

Therefore the remaining angle EFG is half a right angle ; 

Therefore the angle GEF is equal to the angle EFG, and 
the side EG is equal to the side GF (I. 6). 

Again, because the angle at B is half a right angle, and 
the angle FDB a right angle, for it is equal to the interior 
and opposite angle ECB (1. 29), 

Therefore the remaining angle BFD is half a right angle; 

Therefore the angle at B is equal to the angle BED, and 
the side DF is equal to the side DB (I. 6). 

And because AC is equal to CE (Const.), the square on 
AC is equal to the square on CE ; 

Therefore the squares on AC and CE are double of the 
square on AC. 

But the square on AE is equal to the squares on AC and 
CE, because the angle ACE is a right angle (1. 47); 

Therefore the square on A E is double of the square on AC. 

Again, because EG is equal to GF (Const.), the square on 
EG is equal to the square on GF; 

Therefore the squares on EG and GF are double of the 
square on GF. 

But the square on EF is equal to the squares on EG and 
GF, because the angle EGF is a right angle (1. 47) ; 

Therefore the square on EF is double of the square on GF, 

And GF is equal to CD (I. 34); 

Therefore the square on EF is double of the square on CD. 

But it has been demonstrated that the square on A E is 
also double of the square on AC ; 

Therefore the squares on AE and EF are double of the 
squares on AC and CD. 
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But the square on À F is equal to the squares on AE and But 


EF, because the angle AEF is a right angle (I. 47); | 5 EF? 
Therefore the square on AF is double of the squares on AC =AD2+ 
and CD. i A 


But the squares on AD and DF are equal to the square DB’. 
on AF, because the angle ADF is a right angle (I. 47); 

Therefore the squares on AD and DF are double of the 
squares on AC and CD. 

And DF is equal'to DB; therefore the squares on AD and .-. AD?+ 
DB are double of the squares on AC and CD. DB AC24 

Therefore, if a straight line, dc. Q.E.D. 5 


Proposition 10.—Theorem. 


If a straight line be bisected and produced to any point, the 
square on the whole lime thus produced, and the square on the 
part of it produced, are together double of the square on half 
the line bisected, and of the square on the line made up of the 
half and the part produced. 


Let the straight line A B be bisected in C, and produced to . 

The squares on AD and DB shall be together double of the Cb. j 
squares on AC and COD. 

CONSTRUCTION. From the point C draw CE at right angles 
to AD, and make it equal to AC or CB (I. 11, I. 3), and join 
AE, EB. 

Through E draw EF parallel to AB, and through D draw 
DF parallel to CE (1. 31). Then because the straight line 
EF meets the parallels EC, FD, the angles CEF, EFD are 
equal to two right angles (1. 29); therefore the angles BEF, 
EFD are less than two right angles; 
therefore EB, FD will meet, if 
produced towards B and D (Ax. 
12). 

ba them meet in, G, and join A< 
AG. 

Proor.—Because AC is equal | 
to CE (Const.), the angle CEA. is equal to the angle EAC 
L 5). 
| And the angle ACE is a right angle ; therefore each of the 
angles CEA. and EAC is half a right angle (I. 32). 


Asin 
Prop. 9. 


AEB is à 
right z. 


And 
BD=DG. 


Also 
GF=—FE. 


Again as 
in Prop. 9. 


AE? = 
2 AC?, 
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For the same reason each of the angles CEB and EBC is 
half a right angle ; 

Therefore the whole angle AEB is a right angle. 

And because the angle EBC is half a right angle, the angle 
DBG, which is vertically opposite, is also half a right angle 
I. 15 
SCH the angle BDG is a right angle, because it is equal to 
the alternate angle DCE (I. 29); 

Therefore the ‘remaining angle DGB is half a right angle, 
and is therefore equal to the angle DBG; 

Therefore also the side BD is equal to the side DG (I. 6). 

Again, because the angle EGF is half a right angle, and 
the angle at F a right angle, for it is equal to the opposite 
angle ECD (I. 34); 

Therefore the remaining angle FEG is half à right angle 
(I. 32), and therefore equal to the angle EGF; 

Therefore also the side GF is equal to the side FE (1. 6). 

And because EC is equal to CA, the square on EC is equal 
to the square on CA; 

Therefore the squares on EC and CA are double of the 
square on CA. 

But the square on A E is equal to the squares on EC and 
CA (I. 47); 

Therefore the Mp on AE is double of the square 

on AC. 

Again, because GF i is equal to FE, the square on GF is 
equal to the square on FE; 

Therefore the squares on GF and FE are double of the 
square on FE. 

But the square on EG is equal to the squares on GF and 
FE (1. 47); 

Therefore the square on EG is double of the square on FE, 

And FE is equal to CD (1. 34), 

Therefore the square on EG is double of the square on CD. 

But it has been demonstrated that the square on AE is 
double of the square on AC; 

Therefore the squares on AE and EG are double of the 
squares on AC and CD. 

But the square on AG is equal to the squares on AE and 


EG (L. 47); 
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Therefore the square on AG is double of the squares on 
AC and CD. 


But the squares on AD and DG are equal to the square on Wi 


AG (I. 47); 


Therefore the squares on AD and DG are double of the g 


squares on AC and CD. | 
And DG is equal to DB; therefore the squares 


on AD and DB are double of the squares on AC. 


and CD. 
Therefore, if a Wielt line, Ze O. Z. D. 


Proposition 11.— Problem. 


To divide a given straight line into two parts, so that the 
rectangle contained by the whole and one of the parts shall be 
equal to the square on the other part. ` 


Let AB be the given straight line. 

It is required to divide AB into two-parts, so that the 
rectangle contained by the whole and one of the parts shall 
be equal to the square on the other part. 

CONSTRUCTION. Upon AB describe F —6 
the square ABDC (I. 46). 

Bisect AC in E (I. 10), and join BE. 

Produce CA to F, and make EF equal 


to EB (I. 3). A S 
Upon AF describe the square AFGH 

(I. 46). | 
Produce GH to K.. ` E 


Then AB shall be divided in H, so 
that the rectangle AB, BH 1s equal to the 
square on AH, C K D 

Proor.—Because the straight line AC is bisected in E, 
and produced to F, 

The rectangle CF, FA, together with the square on AE, 
is equal to the square on EF (II. 6). 

But EF is equal to EB (Const);  . 

Therefore the rectangle CF, FA, together with the square 
on AE, is equal to the square on EB, 

But the square on EB is equal to the squares on AE and 
AB, because the angle EAB is a right angle (I. 47); 


. AG? 
—AD? + 


CF-FA + 
AE? 


—EF? 
—EB? 


=AB2+ 
AE?, 
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Therefore the rectangle CF, FA, together with the square 
on A E, is equal to the squares on A E and AB. 
Take away the:square on AE, which is common to both ; 
E Therefore the remaining rectangle CF, FA is equal to the 
~> ' square on AB (Ax. 3). 
But the figure FK is the rectangle contained by CF and 
FA, for FA is equal to FG; 
And AD is the square.on AB; 
“.FK=AD ‘Therefore the figure FK is equal to AD, 
Take away Take away the common part AK, and the remainder FH 
Pl HD is equal to the remainder HD (Ax. 3). 
or AB BH But HD is the rectangle contained by AB and BH, for 
AP is equal to BD; 
And FH is the square on AH; 
Therefore the rectangle AB, BH is equal to the square on 
AH. 
Therefore the-straight line A D is divided in H, so that the 
rectangle AD, BH is equal to the square on AH. . Z. F. 


Proposition 12.— Theorem. 


In obtuse-angled triangles if a perpendicular be drawn from 
either of the acute angles to the opposite side produced, the 
square on the side subtending the obtuse angle 1s greater than 
the squares on the sides containing the obtuse angle, by twice 
the rectangle contained by the side on which, when produced, 
the perpendicular falls, and the straight line intercepted with- 
out the triangle, between the perpendicular and the obtuse angle. 


Let ABC be an obtuse-angled triangle, having the obtuse 
angle ACB; and from the point A let AD 


Por be drawn perpendicular to BC produced. 


SCH The square on AB shall be greater 

2 BC'CD. than the squares on AC and CB by twice 
| the rectangle BC, CD. 

PRoor.— Because the straight line BD 

/ is divided into two parts in-the point C, 

E m The square on BD is equal to the 

2BCCD. squares on BC and CD, and twice the rectangle BC, CD 


(II. 4). 
To each of these equals add the square.on DÀ; 
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Therefore the squares on BD and DA are equal to the. 
squares on BC, CD, DA, and twice the rectangle BC, CD. 

. But the square on BA is equal to the squares on BD and 
DA, because the angle at D is a right angle (I. 47); 

And the square on CA is equal “to the squares on CD and 
DA (I. 47); 

Therefore the square on: BA. 1s equal to the squares on BC 
and CA, and twice the rectangle BC, CD; that is, the square 
on BA is greater than: the squares on BC and CA by twice 
the rectangle BC, CD. 


Therefore, in obtuse-angled triangles, &c. Q.E.D. 


Proposition 13.— Theorem. 


In, every triangle, the square on the side subtending an acute 
angle is less than the squares on the.sides containing that angle, 
by twice the rectangle contained by either of these sides, and 
the straight line intercepted between the perpendicular let fall 
on from the opposite angle and the acute angle. 


Let ABC be any triangle, and the angle at B an acute 
angle; and on BC, one of the sides containing it, let fall the 
perpendicular AD from the opposite angle (1. 12). 

The square on AC, opposite to the angle B, shall be less 
than the squares on CB and BA, by twice the rectangle 
CB, BD. 

Case I.—First, let AD fall within the 
triangle ABC. 

Proor.—Because the-straight line CB is 
divided into two parts in the point D, 

The squares on CB and BD are equal 
to twice the rectangle contained by CB, j 
BD, and the square on DC (II. 7). 

To each of these equals add the square on DA. 


A 


Therefore the squares on CB, BD, DA are equal to twice D 


the rectangle CB, BD, and the squares on AD and DC. 
But the square on AB is equal to the squares on BD and 
DA, because the angle BDA is a right angle (I. 47); 
And the square on AC is equal to the squares on AD and e 
C(L 47); 
Therefore the squares on CB and BA are equal to the 


TPD Da 
or 


GH s 
5 


7250 CD 
=BC2+ 
AC? 
+2BC:CD. 


AC?=CB? 
+ AB? — 
2CB:BD. 


+(AD2+ 
pos 


CB LBA 
S2 0CB DB 
+ À C2, 
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square on AC, and twice the rectangle CB, BD; that is, the 
square on AC alone is less than the squarés on CB and BA 
by twice the rectangle CB, BD. 

CASE II.—Secondly, let A D fall without the triangle A BC. 

Proor.— Because the angle at D is a right angle (Const.), 

A the angle ACB is greater than a right 
angle (1. 16); 
Therefore the square on AB is equal 
to the squares on AC and CB, and twice 
the rectangle BC, CD (IL 12). 
To each of these equals add the square 
E C D on BC. 

Therefore the squares on AB and BC are equal to the 
square on AC, and twice the square on BC, and twice the 
rectangle BC, CD (Ax. 2). 

But because BD | is divided into two eh at C, 

The rectangle DB, BC is equal to the rectangle BC, CD 
and the square on BC (II. 3); 

And the doubles of these are equal, that is, twice the 
rectangle DB, BC is equal to twice the rectangle BC, CD 
and twice the square on BC; 

Therefore the squares on AB and BC are equal to the 
square on AC, and twice the rectangle DB, BC; that is, the 

A Square on AC alone is less than the squares on AB 
and BC by twice the rectangle DB, BC. 
Case 111.—Lastly, let the side AC be perpen- 
dicular to BC. 
Proor.—Then BC is the straight line between the 
perpendicular and the acute angle at B; and it is 
B c manifest that the squares on AB and BC are equal 
to the square on AC, and twice the square on BC (I. 47, 
and Ax. 2). 
Therefore, in every triangle, &c. Q.E.D. 


Proposition 14.— Problem. 
To describe a square that shall be equal to a given recti- 
lineal figure. 


Let A be the given rectilineal figure. | 
It is required to describe a square that shall be equal to A. 
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CowsTrRUCTION.— Describe the rectangular parallelogram 
BCD E equal to the rectilineal figure A. (I. 45). 

If then the sides of it, BE, ED, are equal to one another 
it is a square, and what 


was required is now H 
done. 
But if they are not 
equal, produce one of 
them, BE, to F, ‘and i: G IS 


make EF equal to ED 
(I. 3). | 

Bisect BF in G (I. 10), and from the centre G, at the dis- 
tance GB, or GF, describe the semicircle BHF ; 

Produce DE to H, and join GH ; 

Then the square described upon EH shall be equal to the 

rectilineal figure A. 

Proor.—Because the straight line BF is divided into two 
equal parts in the point G, and into two unequal parts in 
the point H, 

The rectangle BE, EF, together with the square on GE, BEEF 
is equal to the square on GF (II. 5). 

But GF 1s equal to GH ; —GH? 

Therefore the rectangle BE,EF, together with the square EHR T 
on GE, is equal to the square on GH. 

But the square on GH is equal to the squares on GE and 
EH (I. 47); 

Therefore the rectangle BE, EF, together with the square .'.BE-EF 
on GE, is equal to the squares on GE and EH. uod 

Take away the square on GE, which is common to both ; 

Therefore the rectangle BE, EF is, equal to the square on 
EH (Ax. 3). 

But the rectangle contained by BE and EF is the paral- 
lelogram BD, because EF is equal to ED (Const.); 

Therefore BD is equal to the square on EH. 

But BD is equal to the rectilineal figure A (Const.) ; 

Therefore the square on EH is equal to the rectilineal Hence 
figure A. x Y 

Therefore, a square has been made equal to the given 
rectilineal figure A, viz, the square described on EH. 


Q.E.F. 
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EXERCISES ON BOOK II. 
Prop. 1—11. 


1. Divide a given straight line into two such parts that the rect- 
x contained by them may be the greatest possible. 

The sum of the squares of two straight lines is never less than 
twice the rectangle contained by the straight lines. 

9. Divide a given straight line into two parts such that the squares 
of the whole line and one of the parts shall be equal to twice the 
square of the other part. 

4, Given the sum of two straight lines and the difference of their 
squares, to find the lines. 

5. In any triangle the difference of the squares of the sides is equal 
to the rectangle contained by the sum and difference of the parts 
into which the base is divided by a perpendicular from the vertical 
angle. 

6. Divide a given straight line into such parts that the sum of their 
Squares may be.equal to a given square. 

7. If ABCD be any rectangle, A and C being opposite angles, and 
O any point either within or without the rectangle—OA? + OC? 
= OB? + OD?. 

8. Let the straight line AB be divided into any two parts in the 
point C. Bisect CB in D, and take a point E in AC such that EC 
= CD. Then shall AD? = AE? + AC CB. 

9. If a point C be taken in AB, and AB be produced to D so that 
BD and AC are equal, show that the squares described upon AD and 
AC together exceed the square upon AB by twice the rectangle con- 
tained by AE and AC. 

10. From the hypothenuse of a right-angled triangle portions are 
cut off equal fo the adjacent sides. Show that the square on the 
middle.segment is equal to twice the rectangle under the extreme 
segments. 

11. If a straight hne be divided into any number of parts, the 
square of the whole line is equal to the sum of the squares of the 
parts, together with twice the rectangles of the parts taken two and 
two together. 

12. If ABC be an 1sosceles triangle, and DE be drawn parallel to 
the base BC, cutting in D and E either the side or sides produced, 
and EB be joined ; prove that DE? = BC: DE + CE2. 


i 


“Prop. 12—14. 


13. In any triangle show that the sum. of the squares on the sides 
is equal to twice the square on half the base, and twice the square on 
the line drawn from the vertex to the middle of the base. 
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14. If squares are described on the sides of any triangle, find the 
difference between the sum of two of the squares and the third 
square, and show from your result what this becomes when the 
angle opposite the third square is a right angle, 

15. Show also what the difference becomes when the vertex of the 
triangle is depressed until it coincide with the base. 

16. The square on any straight line drawn from the vertex of an 
isosceles triangle, together. with the rectangle contained by the 
segments of the base, is equal to the square upon a side of the 
triangle. 

17. If a side of a triangle be bisected, and a perpendicular drawn 
from the middle point of the base to meet the side, then the square 
of the altitude of the triangle exceeds the square upon half the base 
by twice the rectangle contained by the side and the straight line 
between the points of section of the side. 

18. In any triangle A BC, if perpendiculars be drawn from each of 
the angles upon the opposite sides, or opposite sides produced, meet- 
ing them respectively in D, E, F, show that— 


BA? + AC? + CB? = 2 AE: AC + 2CD:CB + 2BF BA; 


all lines being measured in the same direction round the triangle. 

19. Construct a square equal to the sum of the areas of two given 
rectilinear figures. 

20. The base of a triangle is 63 ft., and the sides 25 ft. and 52 ft. 
respectively. Show that the seoments of the base, made by a per- 
pendicular from the vertex, are 15 ft. and 48 ft. respectively, and 
that the area of the triangle is 630 sq. ft. 

21. In the same triangle, show that the length of the line joining 
the vertex with the middle of the base is 22-9 ft. 

22. A ladder, 45 ft. long, reaches to a certain height against a 
wall, but, when turned over without moving the foot, must be short- 
ened 6 ft. in order to reach the same height on the opposite side. 
Supposing the width of the street to be 42 ft., show that the height 
to which the ladder reaches 1s 36 ft. 

23. 'The base and altitude of a triangle are 8 in. and 9 in. respec- 
tively; show that its area is equal to a square whose side is 6 in. 
Prove your result by construction. 

24, On the supposition that lines can be always expressed exactly 
in terms of some unit of length, what geometrical propositions may 
be deduced from the following algebraical identities ?— 


(1.) (a + b)? = a? + Qab + b? 


(2.) (a + b) (a — b) + 0? =a? 

(3) (2a + b) b + a? = (a + b)? 

(4.) (a + 0)? + b? =2(a+ 5) b + a? 

(5.) 4 (% ＋ b) b + 52 = (a + 20)? 

(6.) (a + 5)? + (a — b)? =2a? + 20? 
(J.) (a + b)2 + 0? = 2a? + 2 (a + b)? 
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EUCLID'S ELEMENTS, BOOK III. 
Definitions. 


]. Equal circles are those of which the diameters are equal, 
or from the centres of which the straight lines to the circum- 
ferences are equal. 


2. A straight line is said to touch 
a circle, or to be a tangent to it, 
when it meets the circle, and being 
produced does not cut 1t. 

3. Cireles are said to touch one 
another, which meet, but do not eut 
one another. 


4. Straight lines are said to be equally 
distant from the centre of a circle, when 
the perpendiculars drawn to them from the 
centre are equal. 

5. And the straight line on which the 
greater perpendicular falls, is said to be 
farther from the centre. 

6. A segment of a circle is the figure 

11 contained by a straight line and the circum- 
ference which it cuts off. 

7. The angle of a segment is that which is contained by 
the straight line and the circumference. 

8. An angle in a segment is the angle 
contained by two straight lines drawn 
from any point in the circumference of 
the segment to the extremities of the 
straight line, which is the base of the 
segment. 

9. An angle is said to insist or 
stand upon the circumference inter- 

cepted between the straight lines that contain the 
angle. 


tO 
Ct 
QU 
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10. A sector of a circle is the figure con- 
tained by two straight lines drawn from 
the centre and the circumference between 
them. 


d 


11. Similar segments of circles 


are those which contain equal 


[Any portion of the circumference is called an are, and the chord 


of an arc is the straight line joining its extremities. ] 


y 


Proposition 1.—Problem. 
To find the centre of a given circle. 


Let ABC: be the given circle. 

It is required to find its centre. 

CowNsTRUCTION.— Draw within the circle any chord AB, 
and bisect it in D (I. 10). 

From the point D draw DC at right C 
angles to AB (I..11). 

Produce CD to meet the circumference 
in E, and bisect CE in F (1. 10). 

Then the point A egau be the centre of the 
circle A BC. 

Proor.—For if F be not the centre, if ^ Suppose 
possible let G be the centre; and j join GA, E E 
GD, GB. 

Then, because DA is equal to DB (Const.), and Du com- 
mon to the two triangles ADG, BDG; 

The two sides AD, DG are equal to the two sides BD, 
DG, each to each; 

And the base GA is equal to the base GB, being radii of 
the same circle; 

"Therefore the angle A DG is equal to the angle BDG (I. 8). . . ¿ADG 

But when a straight line, standing on no ber stralght = ¿Bpg. 
line, makes the adjacent angles equal to one another, each of 
the angles 1s called a right angle (I. Def. 10). 


956 GEOMETRY. 


Therefore the angle GDB is a right angle. 
But the angle FDB is also a right angle (Const.) ; 
m D. Therefore the angle GDB is equal to the angle FDB 
(Ax. 11), the less to the greater; which is impossible. 

Therefore G is not the centre of the circle A BC. 

In the same manner it may be shown that no point which 
is not in CE can be the centre. 

And since the centre is in CE, it must: be in F, its point 
of bisection. ` 

Therefore F is the centre of the circle ABC: which was 
to be found. 

CoRoLLARY.—From this it is manifest that, if in a circle a 
straight line bisect another at right angles, the centre of the 
circle is in the line which bisects the other. 


Proposition 2.—Theorem. 


If any two points be taken in the circumference of a circle, 
the straight line which joins them shall fall within the circle. 


Let ABC be a circle, and A and B any two points in the 
circumference. _ N u" 
The straight line drawn from A to B shall fall within the 
circle. 
CoNsTRUCTION.—Find D the centre of the circle ABC 
(III. 1), and join DA, DB. | 
In AB take any point E; join DE, and 
produce it to the circumference in F. 
P PRoor.— Because DA is equal to DB, 
¡the angle DAB is equal to the angle 
.DBA. (I. 5). 
And because A E, a side of the triangle 
DAE, is produced to B, the exterior angle 
DEB is greater than the interior and 
opposite angle DAE (1. 16). 
But the angle DA E was proved to be equal to the angle 
DBE; 
Therefore the angle DEB is also greater than DBE. 
But the greater angle is subtended by the greater side 
(L 19); 
DDR, Therefore DB is greater than DE. 
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But DB is equal to DF; therefore DF is greater 
than DE, and the point E is therefore within the 
circle. | 

In the same manner it may be proved that every point in 
A B lies within the circle. 

Therefore the straight line AB lies within the circle. 

Therefore, if any two points, &c. O. Z. D. 


Proposition 3.— Theorem. 


If a straight line drawn through the centre of a circle bisect 
a straight line in it which does not pass through the centre, 4t 
shall cut it at right angles; and conversely, if it cut it at. right 
angles, it shall bisect it. 


Let ABC be a circle, and let CD, a straight line drawn 
through the centre, bisect any straight line AB, which does 
not pass through the centre. 

CD shall cut AB at right angles. 

CONSTRUCTION. Take “E, the centre of the circle (III. 1), 
and join EA, EB, 

Proor.—Because AF is equal to FB 
(Hyp.),and FE common to thetwo triangles 
AFE, BFE, and the base EA equal to the 
base EB (1. Def. 15), 

Therefore the angle AFE is SES to the 

angle BFE (I. 8); 

Therefore each of the angles AFE, BFE ^ 
is a right angle (I. def. 10); 

Therefore the straight line CD, drawn through the centre, 
bisecting another, AB, that does not pass through the centre, 
also cuts it at right angles. 

Conversely, let CD cut AB at right angles. 

CD shall bisect AB; that is, AF shall be equal to FB 
the same construction being made, 

Proor.—Because the radii EA, EB are equal, the angle 
EAF is equal to the angle EBF (I. 5), 

And the angle AFE is equal to the angle BFE 
(Hyp.), 

Therefore, in the two ee EAF, EBF, there are two 
angles in the one equal to two angles in the other, each to 

o—I. R 


Triangles 
AFE aud 
BEF are 
equal in 
every 
respect. 
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each, and the side EF, which is opposite to one of the equal 
angles in each, is common to both ; 

Therefore their other sides are equal (1. 26); 

Therefore AF is equal to FB. 

Therefore, if a straight line, Ze . Z. D. 


Proposition 4.— Theorem. 


If in a circle two straight lines cut one another, which 
do not both pass through the centre, they do not bisect each 
other. 


Let ABCD be a circle, and AC, BD two straight lines in 
it, which cut one another at the point E, and do not both 
pass through the centre. 

AC, BD shall not bisect one another. 

If one of the lines pass through the centre, it is plain that 
it cannot be bisected by the other, which does not pass through 
the centre. 

But if neither of them pass through the centre, 1f possible, 
let A E be equal to EC, and BE to ED. 

CowxsrRUCTION.— Take F, the centre of the circle (III. I), 
and join EF. 

Because FE, a straight line drawn 
through the centre, bisects another line 
AC, which does not pass through the 

centre (H yp.), therefore it cuts it at right 
angles (ILI. 3); 

Therefore the angle FEA is a right 
angle. 

Again, because the straight line FE bisects the straight 
line BD, which does not pass through the centre (Hyp.), 
therefore it cuts it at right angles (III. 3); 

Therefore the angle FEB is a right angle. 

. But the angle FEA was shown to be a right angle ; 
Therefore the angle FEA is equal to the angle FEB, the 
less to the greater, which is impossible; 

Therefore AC, BD do not bisect each other. 

Therefore, if in a circle, &c. Q.E.D. 
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Proposition 5.— Theorem. 


Jf two circles cut one another, they shall not have the same 
centre. 

Let the two circles SC CDG cut one another in the 
points D, C. 

They shall not have 8 centre. 

For, if it be possible, let E be their centre; join EC, and 
draw any straight line EFG, meeting the C 
circles in F and G. 


Proor.—Because E is the centre of the A//p ECE 
circle ABC, EC is equal to EF (I. Def. G 
15). 

And because E is the centre of the 
circle CDG, EC is equal to EG. and EG. 


But EC was shown to be equal to EF; 

Therefore EF is equal to EG (Ax. 1), the less to the greater, . EF=ES, 
which is impossible ; 

Therefore E is not the centre of the circles A BC, CDG. 

Therefore, if two circles, &c. Q.E.D. 


Proposition 6.— Theorem. 


If one circle touch another internally, they shall not have 
the same centre. 


Let the circle CDE touch the circle ABC internally in the 
point C. 

They shall not have the same centre. 

CoNsTRUCTION.-—For, if it be possible, let F be their centre; If they nave 
join FC, and draw any straight line FEB, ë E 
meeting the circles 1n E and b. ` 

Proor.—Because F is the ponte of 
the circle ABC, FC is equal to FB (I Det. 

15). A F x 

And because F is the centre of the i crm 
circle CDE, FC is equal to FE. I 

But FC was shown to be equal to FB; 

Therefore FE is equal to FB (Ax. 1), the less to the greater,- - FE=FB 
which is impossible ; 

Therefore F is not the centre of the circles A BC, CDE. 

Therefore, if one circle, dee, O. Z. D. 
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Proposition 7.—Theorem. 


If any point be taken in the diameter of a circle, which is 
mot the centre of all the straight lines which can be drawn 
from this point to the circumference, the greatest is that in 
which the centre 4s, and the other part of that diameter is the 
least ; and, of any others, that which 4s nearer to the straight 
line which passes through the centre 1s always greater than 
one more remote ; and from the same point there can be drawn 
to the circumference two straight lines, and only two, which 
are equal to one another, one on each side of the shortest line. 


Let ABCD be a circle, AD its diameter, and E its 
centre, in which let any point F be taken which is not the 
centre. 
` FAT FB Of all the straight lines FB, FC, FG, &c., that can be 
apes drawn from F to the cir cumference, FA, which passes . 
the least, through the centre, shall be the gr eatest ; 

FD, the other part of the diameter AD, shall be the least; 
And of the others, FB, the nearer to FA, shall be greater 
than FO, the more remote ; and FC greater than FG. 
ix CONSTRUCTION. — oin BE, CE, GE. 


BE+EF PRoor.— Because any two des of a triangle are greater 


orale ER than the third side, BE, EF are greater 
than BF (I. 20). 
But AE is equal to BE; therefore 
AE, EF, that is, AF is greater than BF. 
Again, because DE is equal to CE, 
and EF common to the two triangles DEF, 
CEF, the two sides BE, EF are equal to 
the two CE, EF, each to each. 
But the angle BEF is greater than the angle CEF; 
And Therefore the base FB is greater than the base FC 
S base Fo (1 24) š 
In the same manner it may be shown that FC is greater 
than FG. 
Again Again, because GF, FE are greater than EG (I. 20), 


Sha P and that EG is equal to ED; 

and..>ED. Therefore GF, FE are greater than ED. 

.GF>Fp Take away the common part FE, and the remainder GF 
is greater than the remainder FD (Ax. 5). 
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Therefore FA is the greatest, and FD the least, of all the 
straight lines from F to y the circumfer ence; and FB is greater 
than “FO, and FC than FG. 

Also, there cannot be drawn more than two equal straight 
lines from the point F to the circumference, one on each side 
of the shortest line. 

Construction.—At the point E, in the straight line EF, 
make the angle FEH. equal to the angle FEG (L 23), and 
join FH. 

PROOF. —Because EG is e equal to EH, and EF common to 
the two triangles GEF, H EF, the two sides EG, EF are 
equal to the two sides EH; EF, each to each ; 

And the angle GEF is equal to the angle HEF (Const. ); 

Therefore the base FG is equal to the base FH (J. 4). 

But, besides FH, no other straight line can be drawn from 
F to the circumference equal to F G. 

For, if it be possible, let FK be equal to FG; 

Then, because FK is equal to FG, and FH 1 is also equal to 

FG, therefore FH. is equal to FK; 

That i is, A line nearer to that which passes through the 
centre is equal-to a line which is more remote; which is 1m- 
possible by what has been already shown. 

Therefore, if any point, &c. . Z. D. 


Proposition 8.— Theorem. 


If any point be taken without a circle, and straight lines be 
drawn from it to the circumference, one of which passes 
through the centre ; of those which fall on the concave circum- 
Jerence, the greatest is that which passes through the centre, 
and of the rest, that which 4s nearer to the one passing through 
the centre 15 always greater than one more remote ; but of those 
which fall on the convex circumference, the least is that be- 
tween the point without the circle and the diameter ; and of 
_ the rest, that which is nearer to the least is always less than 
one more remote, and from the same point there can be drawn 
to the circumference two straight lines, and only two, which 
are equal to one another, one on each side of the least line. 


Let ABC be a circle, and D any point without it, and 
from D let the straight lines DA, DE, DF, DC be drawn 


Triangles 
GEF 

and HEF 
are equal 
in every 
respect. 


And if FK 
—FG, it 
also = FH 

which is 
impossible 


For 
EM+MD 
or AD> 
ED. 


Also 
base ED 


&c. 


Again 
MK+KD 
> MD, or 


= base FD, 
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to the circumference, of which DA passes through the 
centre. 

Of those which fall on the concave part of the circum- 
ference A EFC, the greatest shall be DA, which passes 
through the centre, and the nearer to 1t shall be greater 
than the more remote, viz, DE greater than DF, and DF 
greater than DC. 

But of those which fall on the convex circumference GR LH, 
the least shall be DG between the point D and the diameter 
AG, and the nearer to 1t shall be less than the more remote, 
viz, DK less than DL, and DL less than DH. 

CoNsTRUCTION.— lake M, the centre of the circle ABC 
(III. I), and join ME, MF, MC, MH, ML, MK. 

Proor.—Because any two sides of a 
triangle are greater than the third side, 
EM, MD are greater than ED (I. 20). 

But EM is equal to AM ; therefore 
AM, MD are greater than ED—that 
1s, AD 1s greater than ED. 

Again, because EM is equal to FM, 
and MD common to the two triangles 
EMD, FMD; the two sides EM, MD 
are equal to the two sides FM, MD, 
each to each ; 

But the angle EMD is greater than 
the angle FMD; 

Therefore the base ED 1s greater than 

A the base FD (I. 24). 
In like manner it may be shown that 
FD is greater than CD; 

Therefore DA is the greatest, and DE greater than DF 
and DF greater than DC. 

Again, because MK, KD are greater than MD (I. 20), 
and MK is equal to MG; 

The remainder KD is greater than the remainder GD— 
that is, GD is less than K D. 

And because MK, DK are drawn to the point K within 


` the triangle MLD from M and D, the extremities of its side 


MD; 
Therefore MR, DK are less than ML, LD (I. 21). 
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But MK is equal to ML; therefore the remainder KD is 
less than the remainder LD. 

In like manner it mae, be shown that LD is less than HD. 

Therefore DG is the least, and KD less than DL, and DL 
less: than DH. 

Also, there can be drawn only two equal straight lines from 
the point D to the circumference, one on each side of the 
least line. 

CONSTRUCTION. At the point M, in the straight line MD, 
make the angle e equal to the angle DMK (I. 23), and 
join DB. 

PRoor.— Because MK i is equal to Mb, and MD common 
to the two triangles KMD, BMD; the two sides KM, MD 
are equal to the two sides BM, MD, each to each; 

And the angle DM K is equal to the angle DMB (Const); 

Therefore the base DK 1s equal to the base DB (I. 4). 

But, besides DB, no other straight line can be drawn from 
D to the circumference equal to DK. 

For, if it be possible, let DN. be equal to DK. 

Then, because DN is equal to DK, and DB is also equal 
to DK, therefore DB is equal to DN (Ax. 1); 

That i is, a line nearer to the least 1s equal to one which is 
more remote ; which is impossible by what has been already 
shown. 


Therefore, if any point, dc. Q.E.D. 


Proposition 9.—Theorem. 


Jf a point be taken within a circle, from which there can be 
drawn more than two equal straight lines to the circumference, 
that port 4s the centre of the circle. 


Let the point D be taken within the circle ABC, from 
which to the circumference there can be 
drawn more than two equal straight lines, 
Viz., DA, DB, DC. 
The point D shall be the centre of the F 


G 
circle. Eu 
CONSTRUCTION.—For if not, let E be C 
A 


the centre; join DE, and produce it to 


B 
the circumference i in F and G. 


Triangles 
KMD 
and BMD 
are equal 
in every 
respect. 


DN=DK 
and .. 

= DB 
which is 
impossible 


If D be not 
the centre. 


DG > DO 
> DB 
> DA. 


But they 
are also 
equal. 


If possible, 


the two 
circles 
have the 
same 
centre. 
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Proor.—Then FGis adiameter of the circle A BC (T. Def. 17). 

And because in FG, the diameter of the circle ABC, there 
is taken the point D, not the centre ; 

Therefore DG is the greatest straight line from D to the 
circumference, and DC is greater than DB, and DB greater 
than DA (III. 7); 

But these lines are likewise equal, by hypothesis; which is 
impossible. 

Therefore E is not the centre of the circle ABC. 

In like manner it may be demonstrated that any other 
point than D is not the centre; 

Therefore D is the centre of the circle ABC. 

Therefore, if a point, dc. O. Z. J. 


Proposition 10.— Theorem. 


One circumference of a circle cannot cut another in more 
than two points. 

CONSTRUCTION. —If it be possible, let the circumference 
ABC cut the cireumference DEF in 
more than two points, viz., in the points 
B, G, F. 

Take the centre K of the circle ABC 
(ILI. 1), and join KB, KG, KF. 

PRoor.— Because K is the centre of 
the circle ABC, the radii KB, KG, KF 
are all equal. 

And because within the circle DEF there is taken the 
point K, from which to the cireumference DEF fall more 
than two equal straight lines KB, KG, KF, therefore K 1s 
the centre of the circle DEF (III. 9). 

But K is also the centre of the circle ABC (Const.); 

Therefore the same point is the centre of two circles which 
cut one another; which is impossible (III. 5). 

Therefore, one circumference, &c. O. Z. D. 


Proposition 11.— Theorem. 
If one circle touch another internally in any point, the 
straight line which joins the centres, being produced, shall 


pass through that point. 
Let the circle ADE touch the circle ABC internally in the 
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point A; and let F be the centre of the circle ABC, and G 
the centre of the circle ADE. 
The straight line which joins their centres, being produced, 
shall pass through the point of contact A. 
CONSTRUCTION. —For, if not, let it pass otherwise, if It not, 
possible, as FGDH. Join AF and AG, 
 Pnoor.—Because AG, GF are greater 
than AF (I. 20), and AF is equal m HF y 
(I. def. 15); 
Therefore AG, GF are greater than HF. 


Take away the common part GF, and the AG> HG. 
remainder AG is greater than the remainder 

But AG is equal to DG (I. Def. 15); But AG 

Therefore DG is greater than HG, the less than the FB8. 
greater; which is impossible. HG. 


Therefore the straight line which joins the centres, being 
produced, cannot fall otherwise than upon the point A, that 
is, 14 must pass through it. 

Therefore, if one circle, &c. . Z. D. 


Proposition 12.— Theorem. 


If two circles touch each other externally in any point, the 
str aight line which Joins their centres shall pass through that 
pont. 


Let the two circles ABC, ADE touch each other externally 
in the point A; and let F be the centre of the circle A BC, 
and G the centre of the circle ADE; 

The straight line which joins 


their centres shall pass through E 

the point of contact A. | 

Construction.—For, if not, N If not, 

let it pass otherwise, if possible, | — | 

as FÓDG. Join FA and AG. La) 
Proor.—Because F is the EUM 

centre of the circle ABC, FA 

is equal to FC (I. Def. 15). 
And because G is the centre of the circle ADE, GA is 

equal to GD; 


F 
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Therefore FA, AG are equal to FC, DG (Ax. 2). 
FG is Therefore the whole FG is greater than FA, AG. 
„ But FG is also less than FA, AG (I. 20); which is im- 
also less. possible. 
Therefore the straight line which joins the centres of the 
circles shall not pass otherwise than through the point A, 
that is, 14 must pass through it. 


Therefore, if two circles, &c. Q.E.D. 


Proposition 18.— Theorem. 


One circle cannot touch another in more points than one, 
whether it touch it internally or externally. 


I. First, let the circle EBF touch the circle ABC internally 
in the point B. 
Then EBF cannot touch ABC in any other point. 
If possible,  CONSTRUCTION.—If it be possible, let EBF touch A BC in 
le it touch another point D; join BD, and draw GH bisecting BD at 
in D also; : 
right angles (I. 10, 11). 


Proor.—Because the two points D, D are in the circum- 
ference of each of the circles, the straight line BD falls within 
each of them (111. 2). 
Therefore the centre of each circle is 1n the straight line 
GH, which bisects BD at right angles (III. 1 cor.) 
thon Therefore GH passes through the point of contact (TIT. 11). 
GH passes But GH does not pass through the point of contact, 
the point because the points B, D are out of the line of GH; which 
Keen ite is absurd. 
does not. Therefore one circle cannot touch another internally in 


more points than one. 
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IL Next, let the circle ACK touch the circle ABC 
externally 1n the point A. 

Then ACK cannot touch ABC in any other point. 

CONSTRUCTION. If it be possible, let ACK touch ABC in 
another point C. Join AC. 

Proor.—Because the points A, C are 
in the circumference of the circle ACK, the 
straight line AC must fall within the circle 
ACK (IIT. 2). mE 

But the circle ACK is without the circle 
ABC (Hyp.); | 

Therefore the straight line AC 1s without 
the circle A BC. | 

But because the two points A, C are in 
the circumference of the circle A BC, the 
straight line AC falls within the circle ABC (III. 2); which 
1s absurd. 

Therefore one circle cannot touch another externally in 
more points than one. 

And it has been shown that one circle cannot touch an- 
other internally in more points than one. 

Therefore, one circle, &c. Q.H.D. 


Proposition 14.— Theorem. 


Equal straight lines in a circle ave equally distant from the 
centre; amd, conversely, those which are equally distant from 
the centre are equal to one another. 


Let the straight lines AB, CD, in the circle ABDC, be 
equal to one another. 
Then they shall be equally distant from the centre. 
CONSTRUCTION.—Take E, the centre of the circle ABDC 
(III. 1). | 
From E draw EF, EG, perpendiculars to AB, CD (I. 12). 
Join EA, EC. | 
Proor.—Because the straight line EF, passing through 
the centre, cuts the straight line AB, which does not pass 
through the centre, at right angles, it also bisects it (III. 9). 
Therefore AF is equal to FB, and AB is double of AF. 
For the like reason CD is double of CG. 


If possible 
let it touch 
in C also; 


then 

AC falls 
without 
the circle 


3 
which is 
absurd. 


AF — CG, 


. EF=EG. 


Here 
EF = EG, 
and 
AF2--EF?2 
EG, 
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But AB is equal to CD (Hyp.); therefore AF is equal to 
CG (Ax. 7). 

And because AE is equal to CE, the square on AE is 
equal to the square on CH. 

But the squares on AF, FE are equal to 
the square on AE, because the angle AFE 
is a right angle (I. 47). 

For the like reason the squares on CG, 
GE are equal to the square on CE; 

Therefore the squares on AF, FE 
are equal to the squares on CG, GE 
(Ax. 1). 

But the square on AF is equal to the square on CG, 
because AF is equal to CG; 

Therefore the remaining square on FH is equal to the 
remaining square on GE (Ax. 3); 

And therefore the straight line EF 1s equal to the straight 
line EG. 

But straight lines in a circle are said to be equally distant 
from the centre, when the perpendiculars drawn to them 
from the centre are equal (111. Def. 4); | 

Therefore AB, CD are equally distant from the centre. 

Conversely, let the straight lines AB, CD be equally dis- 
tant from the centre, that is, let EF be equal to EG; 

Then AB shall be equal to CD. 

PRoor.— The same construction being made, it may be 
demonstrated, as before, that AB is double AF, and CD 
double of CG, and that the squares on EF, FA are equal to 
the squares on EG, GC. | 

But the square. on EF is equal to the square on EG, 
because EF is equal to EG (Hyp.); 

Therefore the remaining square on FA is equal to the 
remaining square on GC (Ax. 3), 

And therefore the straight line AF is equal to the straight 
line CG. 

But AB was shown to be double of AF, and CD double 
of CG; 

Therefore AB is equal to CD (Ax. 6); 

Therefore, equal straight lines, &c. . Z. V. 
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Proposition 15.— Theorem. 


The diameter is the greatest straight line in a circle; and, 


of all others, that which is nearer to the centre is always greater 


than one more remote; and the greater is nearer to the centre 
than the less. 

Let ABCD be a circle, of which AD is a diameter, and E 
the centre; and let BC be nearer to the centre than FG. 

Then AD shall be greater than any stralght line CB, 
which is not a diameter; and BC shall be greater than FG. 

CONSTRUCTION.—Fríom the centre E draw EH HK per- 
pendieulars to BC, FG (I. 12), and join AB 
EB, EC, EF. 

PROOF. —Because AE is s equal to BE, 
and ED to EC, 

Therefore AD is equal to BE, EC. 

But BE, EC are greater than BC 
(1. 20); G E 

Therefore also AD is greater than BC. D 

And because BC is nearer to the centre than FG 
(Hyp.), EH is less than EK (III. Def. 5). 

But, as was demonstrated in the preceding proposition, 
BC is double of BH, and FG double of FK, and the squares 
on EH, HB are equal to the squares on EK, KF. 

But the square on EH is less than the square on EK, 
because EH is less than EK; 

Therefore the square on H B is greater than the square on 
KF, and the straight line BH greater than FK; 

And therefore BC is greater than FG. 

Conversely, let BC be greater than FG. 

Then BC shall be nearer to the centre than FG, that is, 
the same construction being made, EH shall be less than EK. 

Proor.—Because BC is greater than FG, BH is greater 
than FK. 
ut the squares on BH, HE are equal to the squares on 
FK, KE; 

And the square on BH is greater than the square on FK, 
because BH is greater than FIX; 

Therefore the square on HE is less than the square on 
KE, and the straight line EH less than EK; 


BE 4- EC 
or 
AD > BC, 


and 
EH <EK. 


. since 
EH? HB? 
— = EK? + 
KF2, 


HB > FK. 
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And therefore BC is nearer to the centre than FG (III. 
clef. 5). 
Therefore, the diameter, ec. O. Z. D. 


Proposition 16.— Theorem. 


The straight line drawn at right angles to the diameter of a 
circle, from the extremity of it, falls without the circle; and a 
straight lune, making an acute angle with the diameter at its 
extremity, cuts the circle. 

Let ABC be a circle, of which D is the centre, and AB a 


diameter, and AE a line drawn from A perpendicular to 


AB. 
The straight line A E shall fall without the circle. 
Take any Construction.—In AE take any point F; join DF, and 


d Fin let DF meet the circle in C. 
" Proor.—Because DAF is a right angle, 
it is greater than the angle AFD (I. 17); 


r Therefore DF is greater than DA 
| S (I. 19). 
then " , Put DA is equal to DC; therefore DF 
DE e D is greater than DC. 
DC. Therefore the point F is without the 
circle. 


In the same manner it may be shown that any other point 
in A E, except the point A, is without the circle. 
Therefore AE falls without the circle. ` 
Again, let AO make with the diameter the angle DAG 
less than a right angle. 
The line AG shall fall within the circle, and hence cut it. 
Draw DH CONSTRUCTION.—From D draw DH at 


at right E ° š 1 
Stee right angles to AG, and meeting the cx 
595 ES cumference in K (1. 12). 

< e e 
and. <_ Proor.— Because DHA is a right angle, 
Dk. 


and DAH less than a right angle; 
Therefore the side DH is less than the 
side DA (I. 19). 
But DK is equal to DA ; therefore DH 
is less than DK. 
Therefore the point H is within the circle. 


ae — 
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Therefore the straight line AG cuts the circle. 
Therefore, the straight line, &c. O. Z. D. 


CoroLLARY.—From this it is manifest that the straight 
line which is dràwn at right angles to the diameter of a 
circle, from the extremity of it, touches the circle (ILI. Def. 
2)5 and that it touches it only in one point, because if 1t did 
meet the circle in two points it would fall within it (III. 2). 
Also it is evident that there can be but one straight line 
which touches the circle in the same point. 


Proposition 17.— Problem. 


To draw a straight line from a given point, either without 
or in the circumference, which shall touch a given circle. 


First, let the given point A be without the given circle 
BCD. 
It is required to draw from A a straight line which shall 
touch the given circle. 
CoxsrRUCTION.— Find the centre E of the circle (LIL 1), 
and join AE. ` 
From the centre E, at the distance 
EA, describe the circle AFG. 
From the point D draw DF at right 
angles to EA. (I. 11), and join EBF < 
and AB, 
Then AB shall touch the circle BCD. 
Proor.—Because E is the centre of 
the circles AFG, BCD, EA. is equal to 
EF, and ED to EB; 
Therefore the two sides AE, EB are equal to the two sides an 
FE, ED, each to each; 
And the angle at E is common to the two triangles AEB, 
FED; 
^ Therefore the base AB is equal to the base FD, and the 
triangle AEB to the triangle FED, and the other angles to 
the other angles, each to each, to which the equal sides are 
opposite (I. 4); 

Therefore the angle ABE 1s equal to the angle FDE. 
But the angle FDE is a right angle (Const.); 


EA, ED re 
spectively 
and Z E 

common ; 


.. Z ABE 
= 4 FDE 
a right 
angle. 


0 i AB 
touches 
the circle. 


If not, sup- 
pose FG 
perpendi- 
cular. 


Then must ` 


FB- FG. 
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Therefore the angle ABE is a right angle (Ax. 1). 

And EB is drawn from the centre (Const.) 

But the straight line drawn at right angles to a diameter 
of a circle, from the extremity of it, touches the circle (III. 
16, cor.); 

Therefore AB touches the circle, and it is drawn from the 

given point A. 

Next, let the given point be in the circumference of the 
circle, at the point D. 

Draw DE to the centre E, and DF at right angles to DE; 

Then DF touches the circle (III. 16, cor.) 

Therefore, from the given points A and. D, straight lines, 
AB and DF, have been drawn, touching the given circle 


BCD. O. Z. F. 


Proposition 18.— Theorem, 


If a straight line touch a circle, the straight line drawn 
from the centre to the point of contact shall be perpendicular 
to the line touching the circle. 


Let the straight line DE touch the circle ABC in the 
point C; take the centre F (III. 1), and draw the straight 
line FC. 

FC shall be perpendicular to DE. 

CONSTRUCTION.—For, if not, let FG be drawn from the 
point F perpendicular to DE, meeting 
the circumference in B. 

Pnoor. — Because FGC is a right angle 
(Hyp.), FCG is an acute angle (1. 17), 
and to the greater angle the greater side 
1s opposite (I. 19); 

E Therefore FC is greater than FG. 

€ € E But FC is equal to FB; therefore FB 
is greater than FG; the part greater than the whole, which 
is impossible. 

Therefore FG 1s not perpendicular to DE. 

In the same manner it may be shown that no other straight 
line from F is perpendicular to DE, but FC; therefore FO 
1s perpendicular to DE. 

Therefore, if a straight line, Ae . Z. D. 


e 


PR G 
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Proposition 19.— Theorem. 


If a straight line touch a circle, and from the point ef con- 
tact a straight line be drawn at right angles to the touching 
line, the centre of the circle shall be in that line. 


Let the straight line DE touch the circle ABC in C, and 
from C let CA he drawn at right angles to DE. 

The centre of the circle shall be in CA. 

CoNSTRUCTION.— For, if not, if possible, let F be the centr e, If not, 


and join CF. cerle 
Pnoor.— Because DE touches the circle Ge 
A BC, and FC is drawn from the assumed 
centre to the point of contact, B d 
Therefore FC is perpendicular to DE 
(HII, 18); | 


Therefore FCE is a right angle; 5 
But the angle ACE is also a right angle (Const.); 
Therefore the angle FCE is equal to the angle ACE; the Then 


ich is i l ¿ACE =x 
less to the greater, which is impossible. 7 BCE, 
Therefore F is not the centre of the circle ABC. „ 


In the same manner it may be shown that no other point 
which is not in CA is the centre; therefore the centre is in 
CA. 

Therefore, if a straight line, &. Q.E.D. 


Proposition 20.— Theorem. 


The angte at the centre of a circle is double of the angle at 
he circumference, upon the same base, that 4s, upon the same 
are. 


Let ABC be a circle, and BEC an angle 
at the centre, and BAC an angle at the cir- 
cumference, which have the same arc BC 
for their base. | l | 

The angle BEC shall be double of the 
angle BAC, | 

CASE 1.—First, let the centre E of the 
circle be within the angle BAC. 

CONSTRUCTION. Join AE, and produce it to the circum- 
ference in F. 

5—41. .. 8 
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Pnoor.— Because EA is equal to EB, the angle EAB is 
equal to the angle EBA (I. 5); 
Therefore the angles EAD, EBA are double of the angle 
EAB. 
ZBEF= But the angle BEF is equal to the angles. EAB, EBA 
Z EAB + (I. 39) - 
=2 Z EAB, Therefore the angle BEF is double of the angle EAB. 
FEC = For the same reason the angle FEC is EES of the angle 
22 EAC. EAC, 
. L BEC Therefore the whole angle BEC is double of the whole 
=24 BAC. angle BAC. 
CASE II.— Next, let the centre E of the 
& circle be without the angle BAC. 
ConsTRUCTION.—Join A E, and produce it 
E to meet the circumference in F. 
y FEC = Proor.—It may be demonstrated, as in 
dM ó the first case, that the angle FEC is double 
=2/ CAB. F E of the angle FAC, and that FEB, a part of 
FEC, is double of FAB, a part of FAC; 
Therefore the remaining angle DEC is double of the re- 


taking h. 
the differ- maining angle BAC. 

zBEC= Therefore, the angle at the centre, dc. Q.E.D. 
2 4 BAC. 


Proposition 21.— Theorem. 


The angles in the same segment of a circle are equal to one 
another. 

Let ABCD be a circle, and BAD, BED angles in the same 
segment BA ED. 

The angles BAD, BED shall be equal to one another. 
A E Case L-——First, let the segment BAED 
| be greater than a semicircle. 

CoNnsTRUCTION.—Take F, the centre of the 
circle ABCD (III. I), and join BF, DF. 

PRoor.— Because the angle BFD is at the 
D centre, and the angle BAD at the circum- 

ference, and that they have the same arc for 

e their base, namely, BCD; 

Therefore the angle BFD is double of the angle BAD 

P. (III. 20). 


Dn . 
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For the same reason, the angle BFD is double of the angle 
BED; 


A 
Therefore the angle BAD is equal to the 77 
angle BED (Ax. 7). B D 
CASE 11.—Next, let the segment BAED " 


be not greater than a semicircle. 

CONSTRUCTION. Draw AF to the centre, 
and produce it to C, and join CE. 

Proor.—Then the segment BADC is E 
greater than a semicircle, and therefore the angles BAC, 
BEC in 1t are equal by the first case. 

For the same reason, because the segment CBED is greater 
than a semicircle, the angles CA D, CED are equal. 


Therefore the whole angle BAD is equal to the whole . 


angle BED (Ax. 2). 
Therefore, the angles in the same segment, de. 


Q.E.D. 


Proposition 22.— Theorem. 


The opposite angles of any quadrilateral figure inscribed in 
a circle are together equal to two right angles. 


Let ABCD be a quadrilateral figure inscribed in the circle 
ABCD. 

Any two of its opposite angles shall be together equal to 
two right angles, 

CONSTRUCTION. —Join AC, BD. 

PRoor.— Because the three angles of 
every triangle are together equal to two 
right angles (I. 32), 

The three angles of the triangle CA B, 
namely, CAB, ACB, ABC, are together A 
equal to two right angles. US 

But the angle CA B is equal to the angle 
CDB, because they are in the same seg- 
ment CDA B (III. 21) 

And the angle ACB is equal to the angle ADB, because 
they are in the same segment ADCB; 

Therefore the two angles CAB, ACB are together equal to 
the whole angle ADC (Ax. 2). | 


B 


NES 


and 
also — 
2 Z BED. 


. Z BAD 
= Z BED. 


Z BAC= 
Z BEC, 


and 

Z CAD = 
Z CED. 

Z BAD 
= Z BED. 


Z CAB + 
Z ACB + 
Z ABC = 
2 right 
angles. 
The first 
two toge- 
ther — 

Z CDB + 
Z ADB= 
Z ADC. 


. ADC 
+ Z ABC 
== 2 right 
angles. 


If possible, 


exterior 
L ACB = 
interior 
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To each of these equals add the angle ABC; 

Therefore the three angles CAB, ACB, ABC are equal to 
the two angles A BC, ADC, 

But the “angles CAB, ACB, ABC are together equal to 
two right angles (L 32); 


Therefore also the angles ABC, ADC are together equal 


to two right angles. 


In like manner it may be shown that the angles BAD, 
BCD are together equal to two right angles. 
Therefore, the opposite angles, de. Q.E.D. 


Proposition 23.— Theorem. 


Upon the same straight line, and on the same side of it, there 
cannot be two similar segments of circles not coinciding with 
one another. 


If it be possible, on the same straight line AB, and on 
the same side of it, let there be two similar segments of 
circles ACB, ADB not coinciding with 
one another. | 

CoNsTRUCTION.—Then, because the circle 
ACB cuts the circle ADB in the two points 
A, B, they cannot cut one another in any 
; other point (III. 10); 

A B Therefore one of the segments must fall 

within the other. 

Let ACB fall within ADB; draw the straight line BCD, 
and join AC, AD. 

Pnoor.— Because the segment ACB is similar to the seg- 
ment ADB (Hyp.), and that similar segments of circles 
contain equal angles (III. Def. 11); 

Therefore the angle ACB is equal to the angle 
ADB; that is, the exterior angle of the triangle ACD, 


- equal to the interior and opposite angle; which is impos- 


sible (1. 16). 

Therefore, there cannot be two similar segments of circles 
on the same straight line, and on the same side of 1t, which 
do not coincide. Q.E.D. 


1 
“| 
~] 
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Proposition 24.— Theorem. 


Similar segments of circles upon equal straight lines are 
equat to one another. 

Let AEB, CFD be similar segments of circles upon the 
equal str aight lines AB, CD. 


The segment AEB shall É y They are 
be equal to the segment s 
CFD. 22 they must 

| incide! 

PRoor.—For if the-seg- A B C d Prop. 23. 


ment AEB be applied to the 
segment CFD, so that the point A may be on the point C, 
and the str aight line AB on the straight line CD, 

Then the point B shall coincide with the point D, because 
AB is equal to CD. 

And the straight line AB coinciding with CD, the seg- 
ment AEB must coincide with the segment CFD (III. 23) 
and is therefore equal to 1t. 

Therefore, similar segments, &c. Q.E.D. 


Proposition 25.—Problem. 


A segment of a circle being given, to describe the circle of 
which it is the segment. 

-Let ABC be the given segment of a circle. 

It is required to describe the circle of which ABC is a 
segment. 

CONSTRUCTION. Bisect AC in D (I. 10). 

From the point D draw DB at right angles to AC (I. 11), 
and join AB. 

EMI B 
B B 


Case I.— First, let the angles ABD, BAD be equal to 
one another. 
Then D shall be the centre of the circle required. 


C 


When 

Z ABD — 
Z BAD, 
DA = DB 


= DC. 


and 
.". D the 
centre. 


and EA — 
EC. 


SOIA = 
ED — EC, 


and there- 
fore E is 
the centre. 
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Proor.—Because the angle ABD is equal to the angle 
BAD (Hyp.); 
Therefore DB 1s equal to DA (I. 6). 
But DA is equal to DC (Const.); 
Therefore DB is equal to DC (Ax. 1). 
Therefore the three straight lines DA, DB, DC are all 
equal; 
And therefore D is the centre of the circle (III. 9). 
Hence, if from the centre D, at the distance of any of the 
three lines, DA, Db, DC a circle be described, it will pass 
through the other two points, and be the circle required. 
CASE 11.—Next, let the angles ABD, BAD be not equal 
to one another. 
CoNSTRUCTION.—A t the point A, in the straight line AB, 
make the angle BA E equal to the angle ABD (I. 23); 
Produce BD, if necessary, to E, and join EC. 
Then E shall be the centre of the circle required. 
Pnaoor.— Because the angle BAE is equal to the angle 
ABE (Const.), EA is equal to EB (I. 6). 
And because AD is equal to CD (Const.), and DE is com- 
mon to the two triangles ADE, CDE, 
The two sides AD, DE are equal to the two sides CD, 
DE, each to each: 
And the angle ADE is equal to the angle CDE, for each 
of them is a right angle (Const.); 
Therefore the base EA is equal to the base EC (I. 4). 
But EA was shown to be equal to EB; 
Therefore EB is equal to EC (Ax. 1). 
Therefore the three straight lines EA, EB, EC are all 
equal; 
And therefore E is the centre of the circle (III. 9). 
Hence, if from the centre E, at the distance of any of the 
three lines EA, EB, EC, a circle be described, it will pass 
through the other two points, and be the circle required. 
In the first case, it is evident that, because the centre D 
is in AC, the segment A BC is a semicircle. 
In the second case, if the angle ABD be greater than 
BAD, the centre E falls without the segment A BC, which 1s 
therefore less than a semicircle; 


But if the angle ABD be less than the angle BAD, the 
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centre E falls within the segment ABC, which is therefore 
greater than a semicircle. 
Therefore, a segment of a circle being given, the circle has 


been described of which it is a segment. O. Z. V. 


Proposition 26.—Theorem. 


In equal circles, equal angles stand upon equal arcs, whether 
they be at the centres or at the circumferences. ` 


Let ABO, DEF be equal circles, having the equal angles 
BGC, EHF at their centres, and BAC, EDF at their cir- 
cumferences, 
The arc BKC shall be equal to the arc ELF. 
CONSTRUCTION. — Join BC, EF. 
Pnoor.— Because the circles A BC, DEF a are equal (Hyp.), 
the straight lines from their centres are equal (III. def. 1); 
Therefore the two sides BG, GC are equal to the two sides Triangles 


EH, HF, each to each; EE 
And the angle at G is equal to the angle at H (Hyp.); equal in 
Therefore the base BC is equal to the base EF (I. 4). T 


And because the angle at A is equal to the ee at D 
(Hyp.), 
D 


The segment BAC is -similar to the segment EDF (III. ... seg- 


def. 11), ments BAC 
an 
And they are on equal straight lines BC, EF. aresimilar 
But similar segments of circles on equal straight lines are vetu 
- equal to one another (III. 24); dí 


Therefore the segment BAC is equal to the segment EDF. .. are 
But the whole circle ABC is equal to the whole circle equal. 
DEF (Hyp.); 
Therefore the remaining segment BKC is equal to the 
remaining segment ELF (Ax. 3). | 


.. Arc 
BKC = 
are ELF. 


If one Z is 
greater 
than the 
other, the 
corre- 
sponding 
are is 
greater. 
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Therefore the arc BKC is equal to the are ELF. 
Therefore, in equal circles, &c. . Z. D. 


Proposition 27.—Theorem. 


In equal circles, the angles which stand wpon'equal arcs are 
equal to one another, whether they be at the centres or at the 
circumferences. 


Let ABC, DEF be equal circles, and let the angles BGC, 
EHF, at their centres, and the angles BAC, EDF, at their 


circumferences, stand on equal arcs BC, EF. 


The angle BGC shall be equal to the angle EHF, and the 
angle BAC equal to the angle EDF. 


CoxsTRUCTION.—]f the angle BGC be equal to the angle 
EHF, it is manifest that the angle BAC is also equal to the 
angle EDF (IIL. 20, ax. 7). 

But, if not, one of them must be the greater. Let BGC 
be the greater, and at the point G, in the straight line 
BG, make the angle BGK equal to the angle EHF 

I. 23). 

| E MR RR the angle BGK is equal to the angle 
EHF, and that in equal circles equal angles stand on equal 
arcs, when they are.at the centres (III. 26); 

Therefore the arc BK is equal to the arc EF. 

But the arc EF is equal to the: arc BC (Hyp.); 

Therefore the arc BK is equal to the arc BC (Ax. 1); the 
less to the greater, which 1s impossible. 

Therefore the angle BGC is not unequal to the angle 


EHF; that is, it is equal to it. 


And the angle at A is half of the angle BGC, and the 


angle at D is half of the angle EHF (III. 20); 
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Therefore the angle at A is equal to the angle at D 
(Ax. T). 
Therefore, in equal circles, dee O. Z. D. 


Proposition 28.— Theorem. 


In equal circles, equal chords cut off equal ares, the greater 
equal to the greater, and the less equal to the less. 


Let ABC, DEF be equal circles, and BC, EF equal chords 
in them, which cut off the two greater ares BAC, EDF, and 
the two less ares BGC, EHF. 

The greater arc BAC ‘shall be equal to the greater 
arc EDF, and the less arc BGC equal to the less arc 
EHF. 

CoNsTRUCTION.— Take K, L, the centres of the circles 
(III. 1), and join BK, KC, EL, LF. 


Proor.—Because the circles ABC, DEF are equal, their 
radii are equal (III. def. 1). 

Therefore the two sides BK, KC are equal to the two 
sides EL, LF, each to each; 

And the base BO is equal to the base EF (Hyp.); 

Therefore the angle BKC is equal to the angle 
ELF (I. 8). 

But in equal circles equal angles stand on equal arcs, 
when they are at the centres (111. 26); | 

Therefore the arc BGC is equal to the are EHF. 

Dut the whole circle ABC is equal to the whole circle 
DEF (Hyp); 

Therefore the remaining arc BAC is equal to the remain- 
ing are EDF (Ax. 3). 

"Therefore, in equal circles, dc. C. L. D. 


Take K 
and L the 
ss 


Triangles 
BKC and 
ELF are 
898 in 
ery re- 
eect: 
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Proposition 29.—Theorem. 


In equal circles equal arcs are subtended by equal chords. 

Let ABC, DEF be equal circles, and let BGC, EHF be 
equal ares 1n them, and join BC, EF. 

The chord BC shall be equal to the chord EF. 


Take K CoxsTrRUCTION.— Take K, L, the centres of the circles 
and Lethe (III. 1), and join BK, KC, EL, LF. 
centres, 

D 

ñ 
Then Proor.—Because the arc BGC is equal to the arc 
^ ELE, = po» the angle BKC is equal to the angle ELF 
| (III. 27). ' 


And because the circles ABC, DEF are equal (Hyp.), 
their radii are equal (III. def. 1). 
Therefore the two sides BK, KC are equal to the two 
sides EL, LF, each to each; and they contain equal angles; 
and so base Therefore the base BC is equal to the base EF (I. 4). 
SR base Therefore, in equal circles, &. O. Z. D. 


Proposition 30.—Problem. 


To bisect a given arc, that is, to divide it into two equal 
parts. 
Let ADB be the given arc. 
It is required to bisect it. 
CoNSTRUCTION.—J oin AB, and bisect it in C (I. 10). 
From the point C draw CD at right angles to AB (I. 11), 
and join AD and DB. 
Then the arc ABD shall be bisected in the 
D point D. 
-— Zw Pnoor.— Because AC is equal to CB 
anglesaDC E 0 d (Const.), and CD is common to the two tri- 
, BuU DES angles ACD, BCD; 
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The two sides AC, CD are equal to the two sides BC, CD, 
each to each ; 

And tbe angle ACD is equal to the angle DCD, because 
each of them 1s a right angle (Const.); 

Therefore the base AD is equal to the base BD (I. 4). 

But equal chords cut off equal ares, the greater equal to 
the greater, and the less equal to the less (III. 28); 

And each of the ares AD, DB is less than a semicircle, 
because DC, if produced, is a diameter (III. 1, cor.); 

Therefore the arc AD is equal to the arc DB. 

Therefore, the given arc is bisected in D. . Z. F. 


Proposition 31.—Theorem. 


In a circle, the angle in a semicircle is a right angle; but 
the angle in a segment greater than a semicircle rs less than a 
right angle; and the angle in a segment less than a semicircle 
is greater than a right angle. 

Let ABC be a circle, of which BC is a diameter, and E 
the centre; and draw CA, dividing the circle into the seg- 
ments ABC, A.DC, and join BA, AD, DC. 


The angle in the semicircle BAC shall be a right angle; 


The angle in the segment ABC, which is greater than a: 


semicircle, shall be less than a right angle; 
The angle in the segment ADC, which is less than a semi- 
circle, shall be greater than a right angle. 
CONSTRUCTION. Join AE, and produce BA to F. 
Pnoor.— Because EA is equal to-EB (L Def. 15), 
The angle EAB is equal to the angle 
EBA (I. 5); p 
And, because EA is equal to EC, 
The angle EAC is equal to the angle 
ECA ; 

Therefore the whole angle BAC is equal 
to the two angles ABC, ACB (Ax. 2). B 
But FAC, the exterior angle of the tri- 
angle ABC, is equal to the two angles 

ABC, ACB (L 32). 


base AD= 
base BD. 


and 
Therefore the angle BAC is equal to the angle FAC right angle. 


(Ax. 1), 


". ABC 
< à right 
angle. 


Hence 

¿Z ADC > 
a right 
angle, by 
Prop. 32. 
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And therefore each of them is a right angle ( Def. 10); 

Therefore the angle in a semicircle BAC is a right angle. 

And because the two angles ABC, BAC, of the triangle 
ABC, are together less than two right angles (I. 17), and 
that BAC has been shown to be a right angle; 

Therefore the angle ABC is less than a right angle. 

Therefore the angle in a segment ABC, greater than a 
semicircle, is less than a right angle, 

And, because ABCD is a quadrilateral figure in a circle, 
any two of its opposite angles are together equal to two right 
angles (TIT. 22); 

Therefore the angles ABC, ADC are together equal to two 
right angles. 

“But the angle ABC has been shown to be less than a right 
angle ; 

Therefore the angle ADC 1s greater than a right RSR 

Therefore the angle in a segment A DC, less than a semi- 
circle, is greater than a right angle. 


Therefore, the angle, dc. Q.E.D. 


CoroLLARY.—From this demonstration it is manifest that, 
if one angle of a triangle be equal to the other two, it is a 
right angle. 

For the angle adjacent to it is equal to the same two 
angles (I. 32). 

A nd, when the adjacent angles are equal, they are right 
angles (J. def. 10). 


Proposition 32.— Theorem. 


The angles contained by a tangent to a circle and a chord 
drawn from the point of contact are equal to the angles in the 
alternate segments of the circle, 


Let EF be a tangent to the circle ABCD, and BD a chord 
drawn from the point of contact B, cutting the circle. 

The angles which BD makes with the tangent EF shall 
be equal to the angles 1n the alternate segments of the circle; 

That is, the angle DBF shall be equal to the angle in the 


segment BAD, and the angle ae shall be equal to the 


angle i in the seoment BCD. 


GU 
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CONSTRUCTION. — From the point B draw BA at right 
angles to EF (I. 11). 

Take any point C in the circumference - A 
BD, and join AD, DC, CB. 

Pnoor.— Because the straight line EF 
touches the circle ABCD at the point B 
(Hyp.), and BA is drawn at right angles 
to the tangent from the point of contact 
B (Const. K 

The centre of the circle is in BA (III. K 5 F 
19). 


Therefore the angle ADB, being in a semicircle, is a right . 


angle (III. 31). 
"Therefore the other two angles BAD, ABD are equal to a 
right angle (I. 52). 
"But ABF is also a right angle (Const.) ; 
Therefore the angle ABF is equal to the angles BA D, ABD. 
From each of these equalstake away the common angle ABD ; 
Therefore the remaining angle DBF is equal to the re- 


maining angle DAD, lub: is in the alternate segment of ~ 


the circle (Ax. 3). | | 

And because ABCD is a quadrilateral figure in a circle, 
the opposite angles BAD, BCD are together equal to two 
right angles (III. 22). 

But the angles DBF, DBE are together equal to two 
right angles (J. 13); 

"Therefore the angles DBF, DBE are together equal to 
the angles BA D, BOD. 

And the angle DBF has been PT equal to the angle 
BAD; 

Therefore the remaining angle DBE is equal to the angle 
BCD, which is in the alternate segment of the circle (Ax. 3). 

Therefore, the angles, e. O. Z. D. 


Proposition 33.— Problem. 


Upon a given straight line to describe a segment of a circle, 
containing an angle equal to a given, vectilineal angte. 

Let AB be the given straight line, and C the given recti- 
lineal angle. 


The centre 
is in BA. 


'. ADB is 
a right 
angle, 
and 
BAD 


Also, 

Z BCD + 
Z BAD = 
2 right 
angles 


= Z DEF 
+ z DBE. 


.*. 4 DBE 
= Z BCD. 
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It is required to describe, on the given straight line AB, a 
segment of a circle, containing an angle equal to the an gleC. 
CASE I.—Let the angle C be a right 


angle. 
Cowsrrucrion.—Bisect AB in F 
< 
B From the centre F, at the distance 
FB, describe the semicircle AHB. 
Then AHB shall be the segment required. 
Angle ina PRoor.— Because AHB is a semicircle, the angle AHB 
en in it is a right angle, and therefore equal to the angle C 
angle. (III. 31). 
CASE II. Let C be not a right angle. 
At point CONSTRUCTION. 


E o, make the angle BAD equal to the angle C (I. 23). 


u From the point A draw AE at right angles to AD (I. 11). 


5 Bisect AB in F (I. 10). | 
From F, From the point F draw FG at right angles to AB (I. 11), 


middle of and join GB. 


AB, draw ; 
perpendi- Because AF is equal to BF (Const.), and FG is common 
m to the two triangles AFG, BFG; 

SE The two sides AF, FG are equal to the two sides BF, FG, 


each to each; 
And the angle AFG is equal to the angle BFG (Const. E 
Therefore the base AG 1s equal to the base BG (L 4). 
Then And the circle described from the centre G, at the dis- 
Gisthe tance GA, will therefore pass through the point B. 


circle pass- Let this circle be described; and let it be AH BD. 


TA A The segment AHB shall contain an angle equal to the given 


aud B,  rectilineal angle C. 


PROPOSITIONS. 287 


Proor.—Because from the point A, the extremity of the And AD 
liameter AE, AD is drawn at right angles to AE (Const.); I. 
Therefore AD touches the circle (III. 16, cor.) 
Because AB is drawn from the point of contact A, the 
angle DAB is equal to the angle in the alternate segment 
AHB (ILI. 32). 
But the angle DAB is equal to the angle C (Const.) ; and . Z 
Therefore the angle in the segment AHB is equal to the "AHB = 
angle C (Ax. 1). C. 
Therefore, on the given straight line AD, the segment 
AHB of a circle has been described, containing an angle 


equal to the given angle C. G. Z. F. 


Proposition 34.— Problem. 


From a given circle to cut off a segment which shall contain 
an angle equal to a given rectilineal angle. 
Let ABC be the given circle, and D the given rectilineal 
angle. 
It is required to cut off from the circle ABC a segment 
that shall contain an angle equal to the angle D. 
CoxsTRUCTION.— Draw the straight line EF touching the Draw tan- 


circle ABC in the point B (III. gent EBF, 


17); 

And at the point B, in the - 
straight line BF, make the angle | O mano 
FBC equal to the angle D (I. 23). 5 

given Z. 


Then the segment BAC shall 
contain an angle equal to the 
given angle D. 

Proor.—Because the straight line EF touches the circle 
ABC, and BC is drawn from the point of contact B (Const. ); 

Therefore the angle FBC is equal to the angle in the alter- 
nate segment DAC of the circle (III. 32). 

But the angle FBC is equal to the angle D (Const.); 


E B F 


. Therefore the angle in the segment BAC is equal to the . ¿ BAC 
angle D (Ax. 1). ä 


Therefore, from the given circle ABC, the segment BAC 
has been cut off, containing an angle equal to the given 


angle D. C. Z. F. 


AE — EC. 
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Proposition 35.— Theorem. 


If two straight lines within a circle cut one another, the 
rectangle contained by the segments of one of them shall be 
equal to the rectangle contained by the seyments of the other. 


Let the two straight lines AC, BD cut one another in the 
point E, within the circle ABCD. 

The rectangle contained by AE and EC shall be equal to 

the rectangle contained by BE and ED. 

Ao Sy Case I. Let AC, BD pass each of them 
N X through the centre. 

Proor.—Because E is the centre, EA, ED, 
EC, ED are all equal (I. def. 15); 

2 Therefore the rectangle AE, EC is equal 
— to the rectangle BE, ED. 

CASE II.—Let one of them, BD, pass through the centre, 
and cut the other, AC, which does not pass through the 
centre, at right angles, in the point E. 

CONSTRUCTION. — Bisect BD in F, then 
F is the centre of the circle; join AF. 

Proor.—Because BD, which passes 
through the centre, cuts AC, which does 
not pass through the centre, at right angles 
in E (Hyp.); 

Therefore AE is equal to EC (III. 3). 
eg And because BD is cut into two equal 
parts in the point F, and into two un: 
equal parts 1n the point E, 

The rectangle BE, ED, together with the square on EF, 
is equal to the square on FB (II. 5); that is, the square on 
AF. 

But the square on AF is equal to the squares on AE, EF 

L. 47); 
8 the rectangle BE, ED, together with the square 
on EF, is equal to the squares on AE, EF (Ax. I). 

Take away the common square on EF; 

Then the remaining rectangle DE, ED is equal to the 
remaining square on AE; that is, to the rectangle A E, EC, 
since AE is equal to EC. 
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CASE 111.—Let BD, which passes through the centre, cut 
the other AC, which does not pass through 
the centre, in the point E, but not at 

CoNsTRUCTION.—Bisect BD in F, then 
F is the centre of the circle. 

Join AF, and from F draw FG perpen- A 
dicular to AC (I. 12). 8 

PROOF.— Then AG is equal to GC 
(III. 3). 
on EG, is equal to the square on AG (IL 5). 

To each of these equals add the square on GF; 

Then the rectangle A E, EC, together with the squares on 
EG, GF, is equal to the squares on AG, GF (Ax. 2). 
But the squares on EG, GF are equal to the square on EF; 
And the squares on AG, GF are equal to the square on 


right angles. 
Therefore the rectangle AE, EC, together with the square 
AF (L 47). 


Therefore the rectangle A E, EC, together with the square. 


on EF, is equal to the square on AF; that is, the square on FB. 

But the square on FB is equal to the rectangle BE, ED, 
together with the square on EF (II. 5); 

Therefore the rectangle AE, EC, together with the square 
on EF, is equal to the rectangle BE, ED, together with the 
square on EF. 

lake away the common square on EF; 


And the remaining rectangle AE, EC is equal to the. 


remaining rectangle BE, ED (Ax. 3). 

CASE IV. — E BS of the straight 
lines AC, BD pass through the centre, 

CoNsTRUCTION.— lake the centre F 
(LII. 1), and through E, the intersection 
of the lines AC, BD, draw the diameter A 
GEFH. 

Pnoor.— Because the rectangle GE, 
EH is equal, as has been shown, to the 
rectangle AE, EC, and also to the rectangle BE, ED; 


B 


Therefore the rectangle AE, EC is equal to the rectangle . 


BE, ED (Ax. 1). 
Therefore, if two straight lines, 
0—1. T 


&c. Q.E.D. 


Bisect BD 
in F the 
centre. 
Draw FG 
at right 
angles to 
A 


AE EC and 
= BE:ED, 
as just, 
shown. 


. AE EC 
= BE ED. 
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Proposition 36.—Theorem, 


If from a point without a circle two straight lines be drawn, 
one of which cuts the circle, and the other touches it; the rect- 
angle contained by the whole line which cuts the circle, and the 
part of it without the circle, shall be equal to the square on the 
line which touches «t. 


Let D beany point without the circle A BC, and let DCA, 
DB be two straight lines drawn from it, of which DCA cuts 
the circle, and DB touches it. 

The rectangle A.D, DC shall be equal to the square on DB. 

Case I.—Let DCA pass through the 
centre E, and join EB. 

Proor.—Then EBD is a right angle 
(III. 18). 

And because the straight line AC is 
bisected in E, and produced to D, the rect- 


D 


AD-DC + angle AD, DC, together with the square on 
E EC, is equal to the square on ED (II. 6). 


But EC is equal to EB; 
Therefore the rectangle AD, DC, together 
with the square on ED, is equal to the square 
de on ED. 
But the square on ED is equal ba the squares on EB, BD, 
because EBD is a right angle (I. 47); 
Ab. Do Therefore the rectangle AD, DC, together 
M dde 7 with the square on EB, is equal to the 
squares on EB, BD. 


Take away the common square on EB; 


AD DE Then the remaining rectangle AD, DC 
Da is equal to the square on DB (Ax. 3). 
R Case II.— Let DCA not pass through 
the centre of the circle ABC. 
CoNsTRUCTION.—Take the centre E 
Draw EF (ILI. 1), and draw EF perpendicular to 
eT AC (I. 12), and join EB, EC, ED. 


Pnoor.—Because the straight line EF, 
which passes through the centre, cuts the straight line AC, 
which does not pass through the centre, at right angles, it 
also bisects it (III. 3); 
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Therefore AF is equal to FC. AF = 
And because the straight line AC is bisected in F and 
produced to D, the rectangle AD, DC, together with the: TAD IE 
square on FC, is equal to the square on FD (II. 6). FD?. 
To each of these equals add the square on FE ; 
Therefore the rectangle AD, DC, together with the squares 
on CF, FE, is equal to “the squares on "DF, FE (Ax. 2). 
But the squares on ‘CF, FE are equal to the square on CE, 
because CFE is a right angle (I. 47); 
And the squares on DF, FE are equal to the square on 
DE; 
Therefore the rectangle AD, DC, together with the square , AP;PC 
on CE, is equal to the square on DR. DEZ, 
But CE is equal to BE; 
Therefore the rectangle AD, DO, together with the square 
on BE, is equal to the square on DE. 
But the square on DE is equal to the squares on DB, BE, 
because EBD is a right angle (I. 47); 
Therefore the rectangle AD, DC, together with the square . Ap. DO 
on BE, is equal to the squares on. DB, BE. SE 
Take away the common square on BE; 
Then the remaining rectangle AD, DC is equal to the .. A, DC 
square on DB (Ax. 3). — 
Therefore, if from any point, dee, O. Z. D. 


COROLLARV.— If from any point without 
a circle there be drawn two straight lines 
cutting 1t, as AB, AC, the rectangles con- 
tained by the whole lines and the parts of D 
them without the circle, are equal to one 
another; namely, the rectangle DA, AE 
is equal to the rectangle CA, AF; for each 
of them is equal to the square on the 
straight line AD, which touches the circle. 


A 


B 


Proposition 377. — Theorem. 


If from a point without a circle there be drawn two straight 
lines, one of which cuts the circle, and the other meets tt, and if 
the rectangle contained by the whole line which cuts the circle, 
and the part of it without the circle, be equal to the square on 


Draw DE 
touching 
the circle. 


Then 
DE — DB 


And tri- 
angles 
DBF and 
DEF are 
equal in 
every re- 
spect. 


.. DBF is 
aright 
angle ; 


and there- 


fore DB 
touches 
the cir le, 
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the line which meets the circle, the line which meets the circle 
shall touch at. 

Let any point D be taken without the circle ABC, and 
from it let two straight lines, DCA, DB, be drawn, of which 
DCA. cuts the circle, and DB meets it; and let the rectangle 
AD, DC be equal to the square on DB. 

Then DB shall touch the circle. 

CONSTRUCTION. —Draw the straight line DE, touching the 
circle ABC (IIT. 17); 

Find F the centre (III. 1* and join FB, 
FD, FE. 

Proor.—Then FED is a right angle 
(III. 18). 

And because DE touches the circle A BC, 
P and DCA cuts it, the reetangle AD, DC 

is equal to the square on DE (III. 36). 
But the rectangle AD, DC is equal to 
the square on DB (Hyp. ); : 
Therefore the square on DE is equal to 

E the square on DB (Ax. 1); 

Therefore the straight line DE is equal to the straight line 
B 


D 


And EF is equal to BF (I. Def. 15); 

Therefore the two sides DE, EF are equal to the two 
sides DD, BF, each to each; 

And the base DF is common to the two triangles DEF, 
DBF; 

Therefore the angle DEF is equal to the angle DBF (I. 8). 

But DEF is a right angle (Const.) ; 

Therefore also DBF is a right angle (Ax. 1). 

And BF, if produced, is a diameter; and the straight line 
which is drawn at right angles to a diameter, from the ex- 
tremity of it, touches the circle (III. 16, Cor.); 

Therefore DB touches the circle ABC. 

Therefore, if from a point, &c. Q.E.D. 
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EXERCISES ON BOOK IIl. 


Prop. 1—15. 


1. Two straight lines intersect. Describe a circle passing through 
the point of intersection and two other points, one in each straight 
line. 

2. If two circles, cut each other, any two parallel straight lines 
drawn through the points of section to cut the circumferences are 
equal. . 

E Show that the centre of a eircle may be found by drawing per- 
pendiculars from the middle points of any two chords. 

4. Through a given point, which is not the centre, draw the least 
line to meet the circümference of a given circle, whether the given 
point be within or without the circle. 

5. The sum of the squares of any two chords in a circle, together 
with four times the sum of the squares of the perpendiculars on them 
from the centre, is equal to twice the square of the diameter. 

6. With a given radius, describe a circle passing through the 
centre of a given circle and a point in its circumference. 

7. If two chords of a circle are given in magnitude and position, 
describe the circle. 

8. Describe a circle which shall touch a given circle in a given 
point, and shall also touch another given circle. 

9. If, from any point in the diameter of a circle, straight lines be 
drawn to the extremities of a parallel chord, the squares of these 
lines are together equal to the squares of the segments into which 
the diameter is divided. 

10. If two circles touch each other externally, and parallel dia- 
meters be drawn, the straight line joining extremities of these dia- 
meters will pass through the point of contact. 

11. Draw three circles of given radii touching each other. 

12. If a circle of constant radius touch a given circle, it will 
always touch the same concentric circle. 

. 13. If à chord of constant length be inscribed in a circle, it will 
always touch the same concentric circle. . 

14. The locus of the middle points of chords parallel to a given 
straight line is a line drawn through the centre perpendicular to the 
parallel chords. 


Pror. 16—30. 


15. Show that the two tangents from an external point are equal 
in length. 

16. Draw a tangent to a given circle, making a given angle with a 
given straight line. 

17. If a polygon having an even numper of sides be inscribed in a 
circle, the sums of the alternate angles are equal. 
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18. If such a polygon be described about a circle, the sums of the 
alternate sides are each equal to half the perimeter of the polygon. 

19. If a polygon be inscribed in a circle, the sum of the angles in 
the segments exterior to the polygon, together with two right 
angles, is equal to twice as many right angles as the polygon has 
sides, 

20. Draw the common tangents to two given circles. 

21. From a given point draw a straight line cutting a given circle, 
so that the intercepted segment of the line may have a given length. 

22. The straight line which joins the extremities of equal arcs 
towards the same parts are parallel. 

23. Any parallelogram described about a circle is equilateral, and 
any parallelogram inscribed in a circle 1s rectangular. 

24. Two opposite sides of a quadrilateral circumscribing a circle 
touch the circle at extremities of a diameter. Show that the area of 
the quadrilateral is equal to one-half the rectangle contained by the 
diameter, and the sum of the other sides. 


Prop. 31—37. 


25. A tangent is drawn to a circle of 21 inches diameter from a 
point 17:5 inches from the centre. Find the length of the tangent. 

26. Show that a man 6 feet high, standing at the sea level, has a 
view of 3 miles (approximately) in every direction, along a horizontal 
plane passing through his eye. 

27. The angle between a tangent to a circle and the chord through 
the point of contact is equal to half the angle which the chord sub- 
tends at the centre. 

28. From a given point P, within or without a circle, draw a 
straight line cutting the circle in A and D such that PA shall be 
three-fourths of PB. 

Ex. Let the circle be of 1:5 inches radius, and point P 3:5 inches 
from its centre. Prove your construction by scale. 

29. The greatest rectangle which can be inscribed in a circle is a 
square whose area is equal to half that of the square described upon 
the diameter as side. 

30. If the base and vertical angle of a triangle remain constant in 
magnitude while the sides vary, show that the locus of the middle 
point of the base 1s a circle. 

31. Given the vertical angle, the difference of the two sides con- 
taining it, and the difference of the segments of the base made by a 
perpendicular from the vertex, to construct the triangle. 

32. Show that the locus of the middle point of a straight line, 
which moves with its extremities upon two straight lines at right 
angles to each other, is a circle. 

33. Show how to produce a straight line, that the rectangle con- 
tained by the given line, and the whole line thus produced, may be 
equal to the square of the part produced. 

Ex. If the length of the given line be 2 inches, show geometrically 
that the length of the part produced is (4/5 + 1) inches. 
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34. Given the height and chord of a segment of a circle to find the 
radius of the circle. 

* Ex. If the chord be 24 inches, and the height of the segment be 4 
inches, show that the radius of the circle is 20 inches. 

35. Show that the locus of the middle points of chords which pass 
through a fixed point is the circle described as diameter upon the 
line joining the fixed point and the centre of the given circle. 

36. Let ACDB be a semicircle whose diameter is AB, and AD, BC 
any two chords intersecting in P; prove that 


"AB? = PDA- AP + CB:BP, 
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SECTION II. 


ALGEBRA. 


CHAPTER I. 
QUADRATIC EQUATIONS. 


]. Equations of this class, when reduced to a rational in- 
tegral form, contain the square of the unknown quantity, but 
no higher powers. 

When the equation contains the square only of the unknown 
quantity, and not the first power, it is called a pure quadratic. 

Thus, x? — 25 = 0, 4% + 10 = 19, 5% = 180, are pure 
quadratics. When the equation contains the square of the 
unknown quantity, as well as the first. power, it is called an 
adfected quadratic. | 

Thus, 2 — 5a = 6,2 - æ — 30 = 0, 2x? ＋ x+ 3 = 6, 
are adfected quadratics. 


Pure Quadratics. 


2. To solve these, we treat them exactly as we do simple 
equations, until we obtain the value of the square of the un- 
known quantity; then, taking the square root of each side, 
we obtain the value of the unknown quantity. It will be 
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seen (Stage I., Alg. ; Art, 35) that the unknown quantity in a 
pure quadratic has always two values, equal in magnitude, 
but of opposite sign. 


Ex. 1. Given 3% + 12 = 687, find a. 
We have 3% = 687 — 12 = 675 
M mz £15. 
Za + 7 2x — 7 56 
2 — Tæ 2% Tm ~ ba? — 99 
Bringing the fractions on the first side to a common de- 
nominator, we have— 


find . 


Ex. 2. Given 


J 


(2% + 7)? — (2 — TY 56 
* (tæ —49) ~ 6a? — 99’ 
56 x | b 
* (4a) — 49) ~ — 99' 
1 1 
MARIA = 6 — 99 T of fractions; 
then, 6% — 99 = 4 — 49, from which 
W = 25 
pom 


Adfected Quadratics. 


9. Solution by completing the square. ; 

Suppose we have given the equation a? + 2ax = 34, to 
find z. 

It will be remembered that (x? + 2 ax + o?) is a perfect 
square, viz., the square of (x + a). It is evident, then, that the 
first side of Ne equation will become a perfect square by the 
addition of a? as a third term. 

Adding, then, a” to each side of the given equation, we 
have— 

L + 2ae+a = 4a’, or 
(e + a) = 4a. 
Taking now the square root of each side, we have— 
@ +a= ta. 
. % = ＋ 20 — . 


il 


aor — 3a. 
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We may remark that the quantity a”, added to the expres- 
sion x? + 2ax in order to make it a perfect square, is the 
square of half the coefficient of x. The operation itself is 
called completing the square. 

An adfected quadratic may therefore be solved as 
follows :— 

l. Reduce and arrange it until all the terms involving x 
are on the first side, and the coefficient of x? is unity. 

2, COMPLETE THE SQUARE by adding to each side the 
SQUARE OF HALF the coefficient of x. 

3. Take the square root of each side, put a double sign to 
the second side, and transpose the term of the first side not 
involving x. 

Ex. 1. Solve the equation 3 x? + 18 + 4 = 52. 

We have 3922 + 18% = 52 — 4 = 48; or, dividing each 
side by 3, * ＋ 6 π = 16. 

Here, the coefficient of x is 6, the half of which is 3. 
Adding then the square of 3 to each side, to complete the 
square, we have— 

e+ 6x+3= 16 + 9 = 25. 

Taking the square root of each side, we have— 

oi 3 = 10. 


Ex 2 Given 2 + 3 e+l 4æ+9 124 + 17 


rt" +27 2% 7 — 6x + 16 
find x. 
1 l 9 
We have (1 -——)-(1- — 2) = (2 - 25 ) 
- (2 — ERI 
1 1 15 5 


E hf ooo 
i. yg; + 2 * 4  6x + 16 2x+ 7 


(a + 4) — We 2) _15(Qx+7)- 5 (6x + 16), 

(x + 2) (K ＋ 4) (6x + 16) (2x + 7) ? 
2 25 

2 ＋ 6x48 12% + The + 112” 


Or, 


or, simplifying, — 
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or, clearing of fractions— 
242? + 148% + 224 = 25% + 150« + 200; 
or, transposing and reducing, — a? — 2% = — 24; 
or, changing the sign of each side, then— 
* ＋ 2 = 24; 
or, completing the square, à? + 2% + 1° = 24 + 1 = 25. 
Taking the square root of each side, we have 
m +] = £5 
„ 4 5 — 1 40r - 6. 
Ex. 3. Solve the equation a + 6 x 25 = Q. 
We have x? + 6x = - 25; 
or, completing the square— : 
% ＋ 6@e + 32 = — 25 + 9 = - 16; 
or, extracting the square root of each side— 
v4-23-t4-—16 ` 
„ = an J/ — 16. 


As the quantity y — 16 has no exact or approximate 
value, the given equation has no real roots. The roots are 


therefore said to be imaginary. 


4. Solution by breaking into factors. 

We have seen (Stage L, Alg. Art. 30) that it is often 
easy to find by inspection the factors of quadratic expres- 
sions. We may make use of this knowledge to solve quad- 
ratic equations. 

Ex. 1. Solve the equation x? + 5» = 66. 

Transposing all to the first side, we have— 

L ＋ 5 — 66 = zx. 

And, resolving the first side into its elementary factors, we 

get 
( — 6) (x + 11) = 0 

Now, if either of these factors is put equal to 0, the 
equation is satisfied. 

Hence, we have, x — 6 = O, anda + 11 = 0; 
or, = 6,andz = — 11. 
„ 6 and — 11 are the roots required, 
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Ex. 2. Given 22 -- (a + b)z + ab = O, find x. 
We have (z — a) (z — b) = 0. 
Now this equation is satisfied by making either of the 
factors = 0. 
Hence, x — a = O, org =a; 
and,x -b = O, or z B 


-. G, b are the roots required. 


Ex. L 
Ll 1 29. 2. 5% + 6 = 86. 
i= 4. 4% + š = 6. 
9 
5. oa si 6. 2(@ + D) — 22= (a — by. 


7. * NJ + 22 = 4 + 2 


8. * va — d =r] — J? + a, 


10. SS) A, A AAA U s 
ax — Nata? — 1 ax + Xam — 1 e 
BEA acus 
11. . 
Ja +e Ja — a 
* ＋ vda — 1 
ö»³% 8 : | t 
Va s ors a 13. * —~5xe2+6 = 0. 
14. * — x = 72. 15. 3% — « = 2, 
16. 4x? — 9m = 28. 17. 6 + x — 35 = 0. 
18. * + 63x +8 = 0. 19. ax” + bx + c =Q. 
2 
20. 3 F 
EE £ 
26 
2 x+ 1 Do 1d 


* See Remark, page 304. 


25. 


5 
4 Hat 9 
T 
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VC 


. (a — b) ( — be) = (a + b) (Y — by. 
(a + b) (x — a) (a — b) = abg. 
a v b x a — b 
x Ó a ab ` 
T 

2 Aa = be LL 
ax (c+ da 5 
F + (a? + ab + b + 0% 

23 2 
a+ 2 che: 
2a+ 3 13 4a—bd 
EK 2 BECH 

x 2m49, ° 


6 49 te-1_ * + i 
Da Y o — 2 * — 33 
2% + 1 * 22 TFua+ 8 
+2 4% 4 4% 13 
3 2% 1 9 Ba++ 94 


La 7] —— UU — = 


"uve D e+ 2 Za E 


3 π 9 2 7% — c 7 % 3 


6% — 4% 411 2% 14 = Y 


3 * + 10 c 2% + 9 2 2> + 10 
o | z + 2 * ＋ 1 | 


* B x + 6 + Je + 10 = 4.. 
. J3a — £ - än 4 = a. 
Mitte 


e 


* See Remark, page 304. 
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49. * Y Em + Via — z = 2 J — G. 
43. * Jax + b + Yb io sin — bm + a+ b + 2 Jab, 


14 * b 
44. dates fa += NE JE) Va x 


(l XL — 
45. (2 - 1). —— c (È, A EE 
o 


Lë 


46. FP 
bx + c — a) + elx + @& — b = 0). 


E : 1 ; 
47. Show that, if x be real, the value of z + — cannot lie 
| 2 


between 2 and — 2 


S 
to 


| 


48. If, in the equation x — = a, the quantity æ be real, 


1 


O 
show that « cannot be greater than 5. 


Equations which may be Solved like Quadraties. 


9. Certain equations of a degree higher than the second 
may be solved like quadraties. It will be seen that, although 
it is impossible to lay down definite rules for the treatment 
of every such equation, the object to be attained 1s either 
(1.) To throw the equation into the form— 


A^ + pX = g, 


when .Y is an expression containing the unknown quantity, 
and solving when possible this equation for .Y; or (2.), To 
strike out from each side a factor containing the unknown 
quantity, thus reducing the dimensions of the equation, 
and obtaining à value or values of the unknown quantity 
by equating this factor to zero. 


Ex. I. Solve the equation x* + 144 = 25 °. 


— 144; 
— 144; 


We have, transposing, xt — 25 2 
or, (a^)? — 25 (a7) 


H Od 


* See Remark, page 304. 
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or, completing the square— 


(a? — 95 (ac?) as 25)! — 6.25 — 144 = 49 
2 EY 
ac — > E T = 16 Or 0. 
Hence, x = ＋ 4 Or + 3. 


The given equation has therefore four roots, being as many 
roots as the degree of the equation. 
Ex. 2. Solve xf + 3% = 88. 
We have, (DÉI + 3 (as) = 88; or, transposing, 
(33) + 3 (æ) — 88 l 
or, ( — 8) (æ+ 11) = O. 
Hence, the given equation is satisfied by— 
x? — 8 O, and also by a + 11 = 0. 
We have then à? — 2% = 0, and a? + (711) = 0; 
or, breaking into factors, we have— 
(æ — 2) (x? + x2 + 2) 0, and 


@ + Jie . IL (YM = 


From the first of these equations, we get— 
| * — 2 = 0or z = 2, 
and x? + 2% + 4 = 0, from which two other roots may be 
found. | 
And from the second equation, we get— 


e+ 3Y1l=0,0rx= — ll, 

and à? — II + 4/121 = 0, which gives two other roots. 

We have therefore shown how to obtain the six roots of 
the given equation. 

Ex. 3. Solve - 

230 — 75x — 6 e — Ix + 9 + 40 = 0. 
Changing the sign of each side, and transposing, we have— 
6x Vta — 9x + 9 = 23a? — 75% + 40; 

adding to each side 13 — 9» + 9, then 
13 - 9x +9 + 6x Aa? — 9z 9 = 36a? — 84x + 49; 


or, (4 % — 9x + 9) + 2 (3% J 4a? — 9x + 9 + (ai 
=(6x) - 2(65)*T + í. 


l H I 


| 


| 
z 
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or, (Via? — 9z + 9 + 30)? = (6a — 7), 
He — g + 9 + 8a = + (6 7) . (1.); 
or, taking the upper sign— 
Vd — 9e + 9 = (6x — 7) - 3% = 3 — T. 
Hence, squaring each side— 
4% — 9@ +9 = 9a? — 42% + 49; 
or, Da — 33x + 40 = 0; 
or, ( — 5) (52 - 8) = 0. 


5o o0 Or, 
Again, taking the lower sign of (1), we have— 
VA N N =- (6 7) 3% — 9z 7 . En 
or, Squaring— 
4 — 9x +9 = 8la’ - 126 x + 49; 
from which 7722 — 117 x + 40 = 0; 
or, (x — 1) (77 * — n se: D. 
= L or $9. 
Hence, the roots of the given ` are 5, 2, 1, 49. 


REMARK.—If we proceed to verify these values of x, we 
shall find that the last two values—viz, 1 and $9— will not 
satisfy the given equation unless we obtain the value of 
IA — 9 + 9 by means of the equation from which these 
last roots were found. 

Thus from (2) we find, on putting 1 and 42 successively 
for a— 

Jia 959492 -9(1) + 7 = = $, 
and Vta? — 9z + 9 = — 96290 + 7 = 225; 
and on substituting either of these values of vi — 9a + 9 


along with the corresponding value of x, the given equation 
is satisfied. 


Ex. 4. Solve— 
(x + b + c)(y + b - ) ( + c — oi 
= (a + b + c)(@ + 6 — c) (Ó + c — a). 
Dy inspection we see that a is one of the roots. We shall 
therefore so arrange the equation as to be able to strike out 
x — a as a factor of each side (Art. 5). 
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We have— 
(x +b +o) (* + b — 6) _ b + c — 
(a -b-c)(a-b—-e bre- 


R 88 


F 
"(a+ 6)? -G bte- 


or, taking the diffgrence of numerator and denominator— 


( +b? — la+ bF x-a | 

| (a+ 5) -ëe 5. c 
Or. & — ) ( + 20 % v-a | 
| (% + b) — c b + c — x 


Dividing each side by x — a, we have 


* ＋ 25 4 


(a + bj — M Roy gg RH HERE Aert 
Hence also (x + 26 ) (b + c — x) = (a + by — c; an 
ordinary quadratie from which two other roots may be 
determined. 


Ex. 5. * Solve the — 
a4 i 
E - ta bx? = (a = bx. 
E 
Dividing each side by x?, we have— 
E PERE e 
aba ?2 — 4 a3b3x?"? = (a — by; 
p — qN2 2 — 9 
9 
or, (atas — 4 ab? (aber 55 "mg ) = (a — by; 


or, completing the square— ' 


‘(abe 9m) - 4 azb? (abe a 2pq DE (2 23 
= (a = d + 4ab = (a 4 by. 


* We shall assume in this example that the laws of multiplication 
and division proved in Algebra, Stage I., Arts. 25, 27, hold for frac- 
tional indices. 

5—L U 
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Hence, extracting the square root— 
pq 2d 
abx??r — 2 4 = + (a + b). 


Es 1 1 1 1 1 
abe??? = + (a + b) + 25 = (a? +b?) or- (a? 05); 


p —q n + 2) (E — >] 

DI ° 

Or, 7°?! = [` or — ——— T3 
? 252 aibi 


1 IN É 1 N° 
— + + Tz) Y- ( r — E 
L a) bz 3) 


Then, raising each side to the (2 pg)th power, we have— 


ve (C 11422 
S = (x * 2) P 7s) 


Hence, taking the (p — q)th root, we get— 


1 — 114% 1 1 Ni 
aS "Ee — D Or Il — — e-a 
T es M g 


1 1\ 42@ 
— Eed Zerf CA) 
52 q? 


1 
We have also, since the factor x? has been struck out. 
1 


x? = O, and .. x = O as another solution. 


Ex. II. 


* + bai = 251, 
(2 + 3% + 3)? + 222 = 189 — 6a. 
3 = — 17 = 1450. 

SE 1 5. 

Je + 12 + yx + 12 = 6. 

I + 9 + 20 = a + 9, 

12 ON os 


SE "eg: D 
* Kë 


6 + 5 &. 


E ils DM DM s 
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10. (3 * + 4) + JJ + 4 - 12 = 0. 


Ida Ree EE? 

o + 4 
"ORBE ET a 
' x a a 


1 | | 
13. 9a + 24 Ja = — (2 + 9) = 0 
ac 
14. V 


€ 


RE EE 
— — a) PE 4 E. = Af ` a 7 


( ne 
e 


+ Y, E 
17. ar. G TER 


a + a a? 
18. 9 5 9 "a — 1. 
x a + & 


19, (a + 1) (* — 1y = 2 (x + 1). 
S 975 * — 9 7 


ZE L - m 
ud rcd dac mid iube 
. 12 ES gs 2) 4 
. 2 oss. 
21. e a * 


22. 6 5% — 8 78 + 5 — 4 12. 

93. 2% + Dæ — 2020? — Tæ + 1 = 35. 

24. 20% — 9 % — 8 b 22 — 3 am + 2a? Do 
25. la — 2) + 6 a (v — 2) = 24x + 36 — 5 22. 
26. 2% + 20% — J 8a — z 4 5 = 105. 

27. 4a? + 12% — 2 Vta — 2 + 19 = 30, 
28. 4 + x? + 1 = a(x? + z + 1) 

29. aà$- 1 = 0. 
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30. (a? — ay + (a — by? + (a? — cy? 7 

= 3 (x? — a) (a? — b) (a — e) + Y. — ala + b + cy. 
b) (à? — c) = (a — b) (a? — c). 

a) (z — b) (x — c) = (m — a) (m — b) (m - c). 
33. (x — a) (x — b) (z — e) = (a + b) (a + c) (b + c). 
34. (n — l)e (a? + ax + d = a° — æ. 

35. (ax — b)? + (cæ = d? = (a + cx? — (b + dy 


36. a" cu" ＋ 1 % + 2 + 1). 


Q3 
— 
— 
8 
| 


Ne) 
ee 
— 
8 
| 


Simultaneous Quadratic Equations. 


6. The following worked examples are given as speci- 
mens of the methods to be employed, but 1t must be under- 
stood that practice alone will give the student complete 
mastery over equations of this class. 


Ex. L Solver 320 aE (1.) 
CCC (2.) 


As we have given the sum of the unknown quantities, we 
shall work for the difference. 


From (2), multiplying each side by 2, we have— 


2 a + 27 y = 40 
and from (1), squaring, a+ tay + y e. 36 
Then, subtracting, alayr y = 4; 


and, taking the square root, we have 2 — y = + 2........(3). 
(2) + (3), then 2% = 8 or 4, and ~. æ = 4 or 2. 
(2) — (3), then 2% = 4 or 8, and... y = 2 or 4. 
NorE.—Having found that ee 4, y = 2, we might have told by 


inspection that the values x = 2, y = 4, would also satisfy the given 
equations, for z and y are nd iy involved in both equations. 


Ex. 2. 0lyB. des dI ida eil 
LY = 6 cono ooosnraronr cana sanscs aoe (2.) 


As we have given here the difference of the squares of the 
unknown quantities, it will be convenient to work for the 
sum of the squares. : 
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From (1.), squaring, x — 2. + y = 25, 
and from (2.), squaring, &c., 4 arp = 144 
Then, adding, . + d + y* = 169 
and taking the square root, x? + y? = + = 13. (3). 


(3.) + (1.), then, 2 x? = 18or — 8, or à? = 9 or - 4, 
and . . 4 = t3ort2JX - l. 
(3.) — (1.), then, 2 y? = 8 or — 18507 = 4 or — 9, 
and . y = + 2or + 34 — 1. 
Norz.— The student will see that the pairs of values which satisfy 


the given equations are, x = 3, 1 — 3.7% = -2;z = 2 % - 1, 
=3V 15 = - 2 1, = - 3 - L 


Ex. 3. Solve a? + y = : x 
y ＋ = 117 2% ͤ ³Ä A — (2.) 


Subtracting, then, à? — y^ — x + y = llc - 1ly; 
or, 22 — y = 12 (z — y). 
Now (w — y) is a factor of each side, and hence, striking it 
out, we have— 


E ON E (3.), 


Equations (3.) and (4.) may not be used as simultaneous 
equations, but each of them may be used 1n turn with either 
of the given equations. 


Thus, taking equations (3.) and (1.), we have— 
(I.) - (3), à? - z = 11% - 18, 
from which x = 6 + 246; 
and hence from (3.), by substitution, we easily get- 
y = 6 z 2/0. 
Again, taking equations (4.) and (1.)— 
we have, from (4.) « = y, 
and .. from (I.), à? + « = 11 z or 2° = 10x, 
from which x = 100r O; 
and so, from (4.), y = 10 or 0. 
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Hence, the pairs of values satisfying the given equations 
are— 
y c 10,9 107-5 0,9 0: 
x£ 6 246 y = 6-24; 
2=6-2/6,y=6+ 2 J. 
NoTE.—It is worth while remarking that when each of the terms 


of the given equations contain at least one of the unknown EES 
the values z = 0, y = 0 will always satisfy. 


Ex. 4. Solve 3% — 2ay 
* — 5 + 877 


| 


l |! 
Ou 
A 
— 
Bee 
EE 
— — 


Multiplying the equations together crosswise, we get 
55% — 275 %% + 440% = 21 — 14 /; 
or, transposing, 34% — 261 ay + 440% = 0 
or, (2 — 5 y) (17 z — 88 y) = O, 
from which 2 = 5 y, and 17 z = 88 y. 
Each of these equations taken in turn with either (1.) or 
( 2) will easily give the required values of x and y. 
Ex. 5. a* + f 
e ＋ 47 
From (2), raising each side to the fourth power, we have 


IBI 
0 
UU 
~] 
~ 
pl 
MT 


* + 4a®y + Cary + day + yt = 2401 ;......... (3.) 
(3) - (1), then 4% + Dauf + 4xy? = 2064; 
or, 2a?y + Say + zr = 1032; 
or, arranging, 2 9 (πʃ + y) — «^ = 1032; 
but from (2), (æ + y» — 49, 
and hence, 2 2 xy(49) — ay? = 1032; 
or, vf — 98xy + 1032 = O, 


from which xy = 12 or 86, . . . . . 4.) 


From (2) and (4), x — y may now be easily obtained, and 
hence also the required values of x and y. 


Ex. UL 
l. x + y = 5, xy = 6. 
D. E E qug =D. 
9. W + / = 25, vy = 12. 
4. * + / = 20, € + y = 6. 
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D. „ ss 20 ciem. 
6. W — % = 13, ( — yy = 1. 
7. 28 — y = 27, y = 18. 


8. a = / = 12, 4 y = 6. 

9. 22 + y = 53,a? — y= — 45. 

10. * + xy = 28, y? + xy = 21. 

1l. ** + xy + y? = 19, xy - @ = —- 3. 


12. x + y = 13, Jæ + yy = 5. 
13. à? + xy + y? = 84,0 + Vey + y = 14. 
14. 2? + y = 35, y + xy? = 30. 
Mister ET 
16. z + y = alx — y) c? + y! = 0, 
17. a — y = a, o? = y = b. 
18. x + y = 5, W + y = 35. 
19. z + y = 5, a5 + 4 = 275. 
20. * + y^ = 1 (H + y), ey = 6. 
21. z — y = 2, à? — y? = 98. 
22. xylx + y) = a, bod + Y) = b. 
23. % (w]. y) = 30, yla? + y”) = 9900. 
24. 4% — 3ay = 18, 5 7 — 2xy = 8. 
3 3 ox 1 1 30 
25. * + y? = 35, . y? 1 
ery? 
96. a3 + ys = 3a, wt + y$ = . 
| 77 
* + Y 


27. NVV²?! m 
ey 


28. (z % „ 2 (% — . = Š (@ + g) æ- y) m + y” = 10. 
29. * + 10 xy + y? = Y (a? — 4), * + 5% = m + 15. 

30. at — 2x? + y = 1 + 4 % «(x + 1) + yy + 1) 
= gy. 

_ 9 = 92 —- ites 117 8æ— % + 1 


31. du+y ‘sk XY 


35. — — 


36. 
xy (bx + ay) 


37. 


X + 


ALGEBRA. 


9 


P 


y — 2 
Ja — y + ( y) | 
A -y 
y - 2 Nba + z + 3 


BuU ED 


2 LY 
o 


* — 4 


Si | = 


I 


— =3=-2, w 3 % + g = T. 
(e + y) æy = c (bæ + ay), 
ay? + abc (x + y — e) 


yt = ay — bx), x = ax — by. 


— 
— 


38. I 


39. 


40. 
41. 
42. 


43. 
44. 


o + y 


xyz = OI + y) = 


4 5 e 


_ Na+ 9 + 


Na 


F 


3 


C+ Y 


wly + 1} = 


€ 


96 (2 + 


Lë 
9 /^ 


EE z= 6, xy + wz + %% = 11, xyz = 6. 
22 9% = l, y — xz = 0,2 — xy = 0. 
bly + 2) = Aa + 2). 


LY + XZ + HU + Yz + yu + zu = 6a? + 12ab «460, 
vyz + ayu + gen + yz zu = 4a? + 124% + 12a0? ＋ 405, 
y a + or ig ER 


45. ay? + aus A 
YE + LYZ + 


Ue + ye + 


46. (æ + y + 2 


* + ç + 2 


LY 
47. If q = by’ 


ar + by + ce 


— 


C25, and ` - + 


HUNE 


1 
y 
+) 


9 
2 


— «4 dä 


show that 
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48. Given R= 1 +7, P = Eu — R”), Jf = PR", 


— 


1 
show that R = 405 = J TI 


CHAPTER II. 
Problems Producing Quadratie Equations. 


4. We shall now discuss one or two problems whose solu- 
tions depend upon quadratic equations. 

Ex. l. A person raised his goods a certain rate per cent., 
and found that to bring them back to the original price he 
must lower them 51 less per cent. than he had raised them. 
Find the original rise per eent. 

Let z = the original rise per cent., 


then 100 100 m the fall per cent. to bring them to 


the original price. 
Hence, by problem 
s 100 x 
~ ~ 100 + & 
æ = 20 or — 162. 


The value z = 20 is alone applicable to the problem. Re- 
membering, however, the algebraical meaning of the negative 
sign, it is easy to see that the second value, z = — 162, 
gives us the solution of the following problem :— 

A. person lowered his goods a certain rate per cent., and 
found that to bring them back to the original price he must 
raise them 31 more per cent. than he had lowered them. 
Find the original fall per cent. E 

The above solution tells us that the fall required is 162 


= 31, which solved, gives 


per cent. | 
Had we worked the latter problem first, we should have 
obtained z = 162. or — 20, the valuex = - 20 indicating 


the solution of the former problem. 
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Ex. 2. Find à number such that when multiplied by its 
deficiency from 100 the product is 196. 
Let x = the number, 
then 100 — x = its deficiency from 100. 
Hence, by problem— 
x (100 - z) = 196, or x — 100% + 196 = 0; 


from which, « = 2 or 98. 

Both these values will be found to be consistent with the 
conditions of the problem. 

Ex. 3. The number of men required to build a house 1s such 
that, when four times the number is subtracted from three 
times the square of the number, the result is 160. Find the 
number of men. 

Let x = the number of men, 
then, by problem— 

3a — 4% = 160, from which 
x= 8 or — 62. 
The value z = 8 is alone applicable to the problem as it 
stands. If, however, we may conceive of a fractional number 
of men—and this we may easily do here by supposing a boy's 
work to be equal to 2 of a man's—we find that the second 
result gives us the solution of the following problem :— 

The number of men required to build à house is such that 
when four times the number is added to three times the 
square of the number, the result is 160. Find the number. 

The answer, as above indicated, is 6 men and 1 boy, 
where a boy is worth 2 of a man. 

The student will find, however, that in some cases there is 
no obvious interpretation to the second result, owing occasion- 
ally to the fact that certain terms are used in the problem 
to which the results will not apply, and indeed that the 
algebraical expression of the conditions of the problem is 
more general than the language of the problem itself. 


Ex. IV. 


1. Find a number whose square is equal to the product of 
two other numbers, one of which is less by 6 than the required 
number, and the other greater by 9 than twice that number. 


PROBLEMS PRODUCING QUADRATIC EQUATIONS. 315 


2. When the numerator and denominator of a certain 
fraction are each increased by unity the fraction is increased 
by 445, and when they are each diminished by unity the 
fraction is diminished by 5. Find the fraction. 

9. The mean proportional between the excess of a certain 
number above 21, and its defect from 37, is 28. Find the 
number. 

4. A number of articles, which were bought for £4, cost 
each 3 shillings more than half as many shillings as there 
were articles. Find the number of articles. 

5. There is a square court-yard, such that if its length be 
increased by 10 feet, and its breadth diminished by 20 feet, 
its area would be 5,104 feet. Required the side of the square. 

6. If the number of shillings given for an article be added 
to the number of articles which can be bought at the same 
price for 18 shillings, the result is 11. Find the price.. 

7. Two travellers set out to meet each other from two 
places 180 miles distant; the first goes 3 miles an hour, and 
the second goes 1 mile more per hour than one-fourth of the 
number of hours before they meet. When will they meet? 

8. A farmer bought a number of calves, sheep, and pigs, 
the number of calves being equal to that of the sheep and 
pigs together. For the calves he gave 64s. a head, and for 
the sheep twice as many shillings as there were sheep. He 
paid £153. 12s. for the calves and sheep together, and £36. 
12s. for the pigs—-a. pig costing as much as a sheep and calf 
together. Find the cost of the sheep per head. 

9. There are two squares, and an oblong whose sides are 
equal to those of the squares, and it is noted that three times 
the area of the first square exceeds four times the area of the 
oblong by 3 square feet, while twice the area of the square, 
together with three times the area of the rectangle, is 36 
square feet. Required the sides of the squares. 

10. The sum of two quantities is equal to 6 times the 
square of their product, and the sum of their cubes is equal to 36 
times the product of their fifth powers. Find the quantities. 

11. The solid content of à rectangular parallelopiped 1s 60 
cubic feet, and the total area of the side is 98 square feet, 
while the sum of the edges is 48 feet. Required the 


dimensions. 
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12. The products of the number of units of length in the 
sides of a polygon of n sides, when taken n — 1, together are 
respectively di, G, dz, &c., Ge Required the lengths of the 
sides. 

13. A, D, and C can together do a piece of work in a day, 
and C’s rates of work is the product of the rates of A and B. 
Moreover, C is one-fifth as good a workman as A and B 
together. Find the respective times required for A, D, C to 
do a piece of work. 

14. The compound interest of a certain sum of money for 
9 years 1s a, and the third year's interest is 6. Find the 
principal and the rate per cent. 

15. A owes Ë £a-due m months hence, and also £b due 
n months hence. Find the equated time, reckoning interest 
at 5 per cent. per annum. 

16: Find three quantities such that the sum of any two is 
equal to the reciprocal of the third. 

17. Find three magnitudes, when the quotients arising from 
dividing the products of every two by the other are respec- 
tively a,.b, c. 

18. The sum of three quantities is 9, the sum of their pro: 
ducts, taken two and two together, is 23, and their continued 
product is 15. Show that the three quantities are the roots 
of the equation à? — 9 à? + 23a — 15 = 0, 


CHAPTER IIL 
ÍNDICES. 


8. We shall reserve the discussion of the complete theory 
of Indices for Vol. II., confining ourselves here to a few simple 
cases, and giving a few examples involving fractional and 
negative exponents. 

9. Fractional exponents. 

Drr.—The numerator of a fractional exponent indicates 
the power to whicb the quantity must be raised, and the 
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denominator the root which must be taken of the power so 
obtained. 


3 2 | 6 
Thus, ai = Ja, a = Ja, as = Ja =a’; 
M ~ | 
„ N 
and generally a” = Va”. 


The above definition is that which follows at once if we 
assume the law proved in Art. 24, page 159, viz., a” x a” 
= q^ t" to be true, whatever be the value of m and n. 

Thus we have— 


m 9b mM 1 "V 
(ar) L EE As to n factors 


= a T + to n terms = 2e = g^. 


Hence, taking the nth root, 


Lr 


10. To show that (as ): = as. 
Let z = Let = J Ee , by Def., Art. 9. 


* = (zy E (Ya), 
or, raising each side to the gth power, we have— 
„5 e e E 
| e 
Hence, taking the (qs)th root, we have z = as. 


11. To show that an x b» = (ab). 

Now, an x b» = Lian xA = Nani" = Nf (ab)” 
| = (abys, by Def, Art. 9. 

And so, az + b ys = (5 ys. 

Ex. I. Multiply together dt by aspect, 


Adding together the indices of like letters, we have—- 


1 = Š 1 ] un dH. dede dcos T 
Y ＋ 3 = ës T $ 15, 4 T q GER 


š š 57 8 11 
Hence, the required product is ss. 
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Ex. 2, Multiply « + x?y? + y by z — ay? + y. 


1 


j= 


L + why? + Y 
1 
* — Ty? + Y 
9 3 1 
* + XEYE + LY 
3 1 1 3 
m 2277 = LY — wry? 
1 3 
LY + ay? + y 
a + xy + y 


Ex. 3. Divide æ — y by a — 2⁄3. 


1 1 2 1 1 2 
Sale — yla + ay? y 
1 


2 
nt. — LIYE 
2 1 
2 1 1 2 
203 4/3 — XY 
1 2 
393 == Y 
1 2 
V 348 — Y 
Ex. V. 


Find the value of— 

I. (af, at, (a2) — 4, (a3)5, 

2. (a + 4) (4 + 2 ax + 22% (ar — ) (d + oxi) 
Multiply together 

3. a2 — ates + we and a? + ated + añ, 

4. ot — / and g? + y . 

5 æ + 6 2% + / and x — z Iy? + y 
Divide— 

6. aœ 5 by a — b?, at — 57 by as — 55. 

7. z: — wy? + m? — y? by wt + ay 

8. a + b + e — 3 añbic3 by aš + Dš + ci 

9. a$ — a?b-5 — a3b + b? by 4353 — b- > 
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Show that— 


2 ES b? 
4 — 52 = 40D 4.9 
= 5 TB 1455 — 22 d x EE 
SE 2 
12. (x^ — am) +, (Gë — a”) 
mom m m m — = 
M + a?) (at + a) (e Í E Gë" + a2”). 


Find the square roots of— 

13. a + b + c 2 (ab + atc? + Dict). 

14. 425 — 19a3y + 17 % — 19 aby? + 42. 

15. 4 1 — 4ab-* — 8a—1b? + 4% 20 + 8. 

Find the cube roots of— 

16. * + 903 + Gas — 99 % — 42 * + 441% — 343. 
17. y! + 3 %% + 3 % 3 + 1. 

18. ab géi + 3% 35 + 3 35 + 4 Y) (ab — 3 ab —š | 
+ 3a3b-3 + J). 


CHAPTER IV. 
SURDS. 


19. A surd quantity is one in which the root indicated 
cannot be denoted without the use of a fractional index. 
Thus, the following quantities are surds :— 


47522 . 2 „ E A qo. + 5 
Ja, Ja + a, E c, Pit ET 
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Since, from what has been explained in the last chapter, 
these quantities may be written thus— 
* + 22) (a + x) 

S (x + yy 
it follows that surds may be dealt with exactly as we deal 
with their equivalent expressions with fractional indices. ` 

It is evident that rational quantities may be put in the 
Jorm of surds, and conversely, expressions which have the 
Jorm of surds may sometimes be rational quantities. 

Thus, a? = J (a) = Ja’; 
and NIS + 3@60 + 3ab? + B= Ja + b)° = a + b. 

13. A mixed quantity may be alo as a surd. 

Thus, 3 J5 = V3. JO = M3? x 5 = «135, 


and so, æ Yy = Ya”. My = Jay. 
14, Conversely, a surd may be expressed as a mixed 
quantity, when the root of any factor can be obtained. 


Thus, y 18 45 = /9 eb? x 2a 
= A/9 el. J2a = 3 ab ER) 
And Ki (a? + D2)6245 = „ (a? + D x wy? 
Na + DP. day = (a + bay Jay. 
15, Fractional surd expressions may be so expressed that 


the surd portion may be integral. 
The process is called rationalizing the denominator, and is 


worth special notice. 
Ex 1 / Ë x7 Nel 2l. 
7 N P 7 VP 7 
It is much easier to find approximately the value of 4/21, 
and divide the result by 7, than to find the values of ,/3 
and ,/7, and divide the former by the latter. 
Ex. 2. Reduce to its simplest form J ; En " 
LY _ fv — c)  wuwy(b- c) 


bo AN (b—-c? ~ b-c 


1 
, (4 + af, (a? + B+ c, 
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4 
. 9. Find the arithmetical val F 
EX. 3. Fin e arithmetical value o 2— Jà 


The denominator is the difference of two. quantities, one of 

hich is à quadratic surd. 

Now, we know that (2 — J/3) (2 + J3) = 2 — (753) 
= 4 — 3 = l, and hence we see that by multiplying 
numerator and denominator by the sum of the quantities 
in the denominator we can obtain the denominator in a 


rational form. 


Thus A. 4 + v3) ARE J3) 
^:- BTE SJE» JS 9 - (s 
4(2 + A9) _ 40 TRIO) = T, 
= 4(2 + 173205) = ¿ (3-73905.) 
= 14:92820. 
P 4 _ 4 (4 /2 — 34/3) 


— (4/2 + 3/8) (4 J3 — 3 J3) 
4 (4/2 — 3 J3) (4 J9 — 3/3) 6% - 343, 


_ £(4N2 - 9423). 44 42 — 3 J) _, 


(4 42) — (3 43) 39 — 97 


We shall now give an example when the surds are not 
quadratic. | 


Ex 4. Rationalize the denominator of — it 
l Xi — y 

Since (xt)? — (94) is (Art. 29, page 175) divisible by 
at — 43, it follows that the rationalizing factor is their 
quotient, which is easily found. 

16. Surds may be reduced to a common index. 

Ex. I. Express “Ya and / as surds having a common 
index, 

1 1 

Since J = am, and / = bn, it follows that, by 
reducing the fractional indices to à common denominator, the 


given surds become respectively gina, bos, or "a^, ™ mpm. 
5—1. | X 
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Ex. 2. Reduce Jah and Vay? to a common index. 


The least common denominator of the fractional indices of 
the given surds is 4 x 3 or 12. Hence we proceed as 
follows :— 


Jab = (ab) (ab) : = (ab)? = Na, 
Vat = QU)» = quy = Vay = Nay? 
When the student has had a, little practice, the first two 


steps of each of the operations may be omitted. 

17. Addition and subtraction of similar surds. 

Der. Similar surds are those which have the same irra- 
tional factors. 

Ex. I. Find the sum of 412, 5 OF. cs, Dal TD. 
We have— 


C00 

J33 x 3 + 543? x 3 — 240? x 3 
JJ 2 RDNS 
24/9 p IDAS = IOw3 

= (2 + 15 — 1043 = T43. 


Ex. 2. Simplify— 
a? — 2ab + b° a + 2ab + 52 
The given expression— 
(a + 5050 (a — byb 


(a — AN (a + dy 
_ G +b b „7 a+b a- Db) „„ 
„ Lu 


a + b 
(3 + bP- (d — by „ 4 ab 
(a — b) (a + b) Sa a? — jp VË. 
18. Multiplication and division of surds. 


The following examples will best illustrate these opera- 
tions :— 
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Ex. 1. Multiply a daas by b Vq, 
We have, a V x b Jay uw = ab H, x ayu 
= ab ta yuz = abz xus. 


Ex. 2. Multiply a Vb + c /d by a — wbd 
Arranging as in the case of rational quantities, we have— 


a Nb + edd 


a — bd 
d J + acd 
.— ab Jd — ed yb 


( — ed) Jb + alce — 5) Jd 
Ex. 3. Divide a/b by b Ja. | 
We have, aub avb.Ja _ a Mab =F : d 
ba b J. Je b.a 
When the divisor is a compound quantity it will generally 
be the best to express the surds às quantities with fractional 
indices, and proceed as in ordinary division. 


19.The square root of a rational quantity cannot be partly 
rational and partly irrational. 


If possible, let /a = m + Jb; 

then, squaring, å = Mm + 2m Jb + b; 
or, 2m Jb = a — (m? + b); 

or, /b = a — (mé + D). 


2m I 


| 


that is, an irrational quantity is equal to a rational quantity, 
which is absurd. 

20. To find the square root ga a binomial, one of whose 
terms 4s a quadratic surd. 


Let a + Vb be the binomial. 


Assume Ja + Jb = m + ) (1); 
then, squaring, a+ NO = z + y + AN aye). 


een, d the rational and irrational qu (Art. 19), we 
have— | 
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e e EE (3.), 
and 2 ay =wy dor tay = b.. tE) 


From (3) and (£) we easily finda = 1 (a + . R. — D), 
and y = } (a — A a? — O). 
Hence, from (1), the square root required is— 
(a = 0) + A/y(a - Va = D. 


Norr.—It is evident that, unless (a? — 6) is a perfect square, our 
result is more complicated than the original expression, and therefore 
the above method fails in that case. 


Ex. 1. Find the square root of 14 + 65. 

Le 14 5 0D e Aat F / ides TU 
Squaring, then, 14 + 6/5 = z + y + 9X xy. 

Hence, equating the rational and irrational parts— 


9Xay = 65 or 4% = 180................ (3). 
From (2) and (3) we easily find z = 9, y = 5. 
Hence the square root required is V9 + (5 or 3 + V5, 
Ex. 2. Find the square root of 39 + 4/1496. 


Let 4/39 + 1496 = Vz + y. 
Squaring, &c., we have, + y = 39; 
and 4xy = 1496. 
From these equations we easily find z = 22, y = IT. 
Hence, the square root required is /22 + V17. 


21, The square roots of quantities of this kind may often 
be found by inspection. 

Ex. 1. Find the square root of 19 + 8 V3. 

We shall throw this expression into the form a? + 2ab 
+ b°, which we know is a perfect square. 

Dividing the irrational term by 2, we have 4 /3. Now 
all we have to do is to break this up into two such factors 
that the sum of their squares shall be 19. The factors are 


evidently 4 and VS. 
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Thus, we have 19 + 8/3. 


l| ! 


(4) + z 900 V3 + (V3) 
(4 + 4/3). 
The square root is therefore 4 + V3. E 
Ex. 2. Find the square root of 29 + 1245. 
We have 29 + 12/5 = (3)? + 2(3)2 J5 + (2/5) 
= (3 + 945). 
The square root is therefore 3 + 2/5, 


- Ex. VL 

Express with fractional indices— 

Jas, Jabbs, VEY, Va, 

EZA Jed Ma" 

Jab’ Jay map 
— to entire surds—  . 

. 3 43, 4 A/2, 3 v15, 3 YF 
4. 4.93, 9. 373, 4.9 $ 3 (8) . 


ME iE ume" 
TM EI 
3 Jab, a |= (a + 2) EA 


Reduce to a common index— 


6. A9. NO. jo AE. RS. 
8. 2/2, 3 J/5. 9. Wa, «b. 
\k % — pa) 10 
10. (a + a)» Ya — a. 11. ar 2, be 2. 
Simplify— 


12. 12, 4/48, 3 4/28, 4 4/0648. 


SE 
13. io + Lal, Jar + DS, RES 
64 a 


1 2a "Ja 3a 
M +1 z+ 1 Je + ay @ = a) 
WO C 3«'N (x — af (z + a) 


E 


C 
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Find the value of — 
aps t JS - 9 43, J56 + 4189. 


17 aa = — Saba ` ac 
| Ü 
18. /27 a^ ** — Zäit? 4 3 23/64 av. 
Multiply— 


19. a + Jab + b by Ja Hb, as + di by va- Ab. 
20. (x % by (z + y)$, a + bd by à? — ab d + Pd, 


1 3 
TN 4 JL by S Va (a + Ü b) JB. 


22. at + DÈ + ct + dé by at — b + ct ds. 
Divide— 

93. a? + ay + y by + why + y. 

24. a8 — Y by a? + ,. 


Rationalize the denominators of— 
x 3 
95. J PC AE E 
3˙ JT NS 
3 


2 


4 1 
6. 2 J3 33-203 55 — Jà 

3 ? Bx y2 
Up i+ V8 JU e NE JB 8 — Ma 

2 1 D 

xt — yt 324 JP a ak xy 
Find the square roots of— 
29. 11 + 4%, 8 + 2 415, 30 — 10 V5. 


30. 8 + 2 112,9 - 6 V2, 20 — 10 X3. 


Z8. 
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CHAPTER V. 
RATIO AND PROPORTION. 


Ratio. 


22. The student is referred to Chapter II. of the Arith- 
metic Section of this work for definitions and. observations 
which need not be repeated here. 

29. A ratio of greater inequality is diminished, and a ratio 
of less inequality is increased, by increasing the terms of the 
ratio by the same quantity. 

Let a:b or “ be the ratio, and let each of its terms be 


b 


increased by m. It will then become — 
b + m 
Now v, 2 — — Se 28 ( m) b = (b + m)a, 


or, as ab + m m = ab + am; or, as bm = am, or as b Za 


2 D gun E, a 
Hence the ratio is increased when b = a, that is, when 


b 
it is a ratio of less inequality; and is diminished when 
b S a, that is, when it is a ratio of greater inequality. 

Cor. It may be shown in the same way that — 

A ratio of greater inequality is increased, and a ratio of less ' 
inequality is diminished, by nn. the terms of the ratio 
by the same quantity. 

24. When the difference vi the antecedent and con- 
sequent is small compared with either, the ratio of tlie higher 
powers of the terms is found by doubling, trebling, &c., their 
difference. 


a+ x 


Let r : d or be the ratio, where is small 


compared with a. 


a + ) “a+ 9 am + æ 2 m 
Then NE = — — = 1 + — nearly = 
a a a 
0 
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(a + a)” C+ 3.9» + Zon + c? 3 m 
5 = —— =] + — nearly = 
2 a 1 
a+ 3 
nearly; and so on. 


Ex. (1002)? : (1000)? = 1004 : 1000 nearly. 
(1002)? : (1000)? = 1006 : 1000 nearly. 


Proportion. 


25. Proportion, as has been already said, is the relation 
of equality expressed between ratios. 
Thus, the expression q: b = : d, 
or a:6:: c.: d, 

or 


is called a proportion. 
26. The following results are easily obtained :— 


À b c 6 a A 
(1.) Since Z = = > then 5 „ 
. : :: b: d (alternando). 
a c b d 
(2.) 1 x 5 = pu 77 Or p = e 
. b: :: C: (mvertendo). 


Also, by Art. 64, page 2 214, we have— 
(3.)a+6:b::¢ + du d (componendo). 
(4.) a — : U:: — d: d (dividendo). 
(5.) a — : α e — d: c (cenvertendo). 
(6) @ : % — b : c + d: c — d (componendo and 
dividendo). 
27. If a: U:: C: d and e: :: 9:4, we may compound 
the proportions. 
% € e 
Thus we have oque (1), p = T T (2). 
cg 
(1) x (2), then, + Eé 3» 
rae: bf :: cg: dh. 
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And in the same way we may show that, 1f the correspond- 
ing terms of any number of proportions be multiplied together, 
the products will be proportional. 

28. Jf three quantities are in continued proportion, the first 
has to the third the duplicate ratio of what 1t has to the 
second. 

Let a, b, c be the given quantities in continued propor- 
tion ; then— 


a 
f b 
€ 
a a b 
Hence, — or y x — 
C C 


b 
DLE ET ES 
And, similarly, if a, b, c, d are four quantities in continued 
proportion, a: d:: a: bš that is— 
The first has to the fourth the triplicate ratio of what it 
has to the second; and so on, for any number of quantities. 


29. We shall now give one or two examples of problems 
in Proportion. 


| a? + c a + c? 
Ex. I. If G: :: c: d, prove that B ld i (ru) 


Let ; T = it = bx, ande = da. 
5 p o (ba)? + (dep | a | 
H Ere = (bx)? + (de) = „ E [t Sa 
— (@ + c) (ba + da) (b + dy Ss 


Q + EX 
"Sid Mb + d/' 


| o + b Vas Ved 
Ex. 2. If : b : C: d, prove that a=b Jac — Vid 


= — = N . = bx, and c = da. 


b be rb mtl dëst Jod 
a — b bx — b xe-—l bd . a — Jid 
sa de dæ + Nbd Nac + wd 
vox d — Jod Jae = wid 
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Or, it may be worked thus— 


Since € = £, we have Rm pe 
b d b Nd 


TN J3” GE Ne 


Hence, d Art. 26— 


a+b _ Vac + bd 
a-b Jad — wbd 


Ex. 3. If c: U :: G: d:: e: f show "" 
Qo CM + nc” et 
b mb” + nd” + pf” 
a C e 
V e... 5333333333336 666 (1). 
a c ec T 
op pU 
Hence, a” = b, . ma” = mba" 


d = de, nc = ndx >, and .. by addition, 
e ESAE S pe E pf "a" 
ma” + nc + pe” = (mb + nd” + pf * 
ma + mc + pe S mu + nc + pe” 
3j ⁵ ee Lad 
mb” + nd” + pf” mb” + nd” + pf” 


. Equating (1) and (2), we have 
1 


a _ ma” + nc + peN" ED 
b (s + nd” + E) Ven 


Ex. VII. 


1. Compare the ratios a + b:a — b, and d + be: g — D. 
Which is the greater of the ratios a + 6: 2 a, and 
2 A a + 01 


3. What quantity must be subtracted from the consequent 
of the ratio q: b in order to make it equal to the ratio : 
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4. Compound the ratios 1 — : 1 + % x — xey:1l + 2°, 
and 1: — a. 

5. There are two numbers in the ratio of 6 : 7, but if 10 be 
added to each they are in the ratio of 8 : 9. Find the 
numbers. 


| "E 6 
6. In what cases is » + — >= or <5? 
| * : 


T. Ip ———— — — = — show that a + b + c O. 


8. Find the value of x when the ratio x + 2a:x+2 bis 
the duplicate ratio of 2% + a +c:2x +0 + c. 


9. Find z when the ratio x — Ó : x» + 2a — b is the 
triplicate ratio of z — aæa:x + a — b. 


+ + 
„5 NUUAM A Ç URS , show that each of the frac- 
a+b b+c cra 

y 


* + / + 2 o 2 
7 „and that — = > = — 
og 5 c 


10. If 


tions is equal to 


a + b +c 
11. It; es 5 = 4 then each is equivalent to 1 II - 2 
dm, show that— 
a 5 € 
22 + 2 2% ＋ 2% 2 2y+ 22-% 
* | 2 


when 2% Z N EES 
19. If c: 5 :: e: d, then 
d T 5: + d:: Aa? + ab + DU: véi cd + G. 
13. Find a fourth ws to the quantities— 
e+] #+gæg+ 1 1 
oU * — % 7 1 — 1 
14. Find c in terms of a and 6 when 
(1. ::: 0 — b:b — c. 
(2.)a:6::a—6:6- c. 
(3.) ::: — 06:6 — c. 


9913 - ALGEBRA, 


15. If a, 6, c are in continued proportion, show that 


a+b ' : ; 
55 b, bc are also in continued proportion. 


16. Ifa:b::c:d, then 
%%% „„ sole s dya. 
17. From a vessel containing a cubic inches of hydrogen 
gas, b cubie inches are withdrawn, the vessel being filled up 


with oxygen at the same pressure. Show that if this opera- 
tion be repeated n times successively, the quantity of hydro- 


n 


— . (a — ó) Su 
gen remaining in the vessel 1s „ cubic inches, when re- 
duced to the original pressure. 


18. If, in Ex. 34, page 225, (a, da, a3), (b, b, 53), and 
(ei, Ca, C3) are corresponding terms respectively, show that 
410203 (Co — C3) + Abadi (Cg ~ €1) + aab bo (0, — c) = 0. 


SECTION III. 


PLANE TRIGONOMETR Y. 


CHAPTER I. 


MODES OF MEASURING ANGLES BY DEGREES AND GRADES. 


1, We are able to determine geometrically a right angle, 
and it might therefore be taken as the unit of angular mea- 
surement.  Practically, however, it is too large, and so we 
take a determinate part of a right angle as a standard. 

In England we divide a right angle into 90 equal parts, 
called degrees, and we. further subdivide a degree into 60 
equal parts, called minutes, and again a minute into 60 equal 
parts, called seconds. This is the English or sexagesimal 
method. 

In France the right angle is divided into 100 equal parts, 
called grades, a grade into a hundred equal parts, called 
minutes, and a minute into 100 equal parts, called seconds. : 
This is the French or centesimal method, and its advantages 
are those of the metric system generally. 

The symbols °, „ ", are used to express English degrees, 
minutes, seconds respectively, and the symbols’, `, ", to express 
French grades, minutes, seconds respectively. 


Conversion of English and French Units. 


2, Let D — the number of degrees in an angle, 
and G = the number of grades in the same angle; 


then 7 expresses the angle in terms of a right angle; 


G 
and so also does 100 
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tone D 8 D G 
ence, 90 = 100 9*9 = 10 
B G DE. l 
d — 10 — 10 „ % $ % „ * «96 999 69999569 RER b A (J) 
1 
and G =D = D 9 F (2). 


Hence the following rules :— 


1. To convert grades into degrees. 
From the number of grades SUBTRACT yy; and the remain- 
der is the number of degrees. 


2. To convert degrees into grades. 
To the number of degrees ADD 1, and the sum is the num- 
ber of grades. 


Ex. I. Convert 139 18' 75" into English measure. 
No. of grades = 13:1875 
Subtract 44, of this =  1:31875 
No of degrees = 11:86875 
60 
5212500 
60 
7500 
Ans. 11? 52' 7/5, 


| 


Ex. 2. Convert 18? 7' 30" into French measure. 


No. of degrees = 18:125 
Add 3 of this = 20138 
„ No. of grades = 20:1388 


Ans. 20? 13' 88"-8. 
3. An angle may be conceived to be generated by the 
revolution of a line about a fixed point. Thus 
- Let OA be an initial line, and let a line, OP, starting 
from OA, revolve with O as centre, and take up succes- 
sively the positions OP, OP,, OP, OP. 
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Now the magnitude of an angle may be measured by 
the amount of turning required to generate it. When, there- 
fore, the revolving line reaches the position OB, we may con- 
ceive an angle to have been 
generated whose magnitude 
is two right angles. And, 
further, when the revolving 
line assumes the positions 
OP, OB, the angles AOP,,. 
AOP, (the letters being read 
in the direction “of revolu- 
tion) are angles whose mag- 
nitudes are each greater than two right angles. Indeed, 
when the revolving line again reaches the position OP, we 
may conceive an angle to have been generated whose magni- 
tude is four right angles. Lastly, if the revolution of the 
line OP be continued, we may conceive of angles being 
generated to whose magnitude there is no limit. 


Ex. I. 


I. Express 39° 22' 30" in French measure, and 13% 15' 
15" in English measure. 


2, One of the angles at the base of an isosceles triangle 1s 
50. Express the vertical angle in grades. 

3. Divide an angle of n degrees into two such parts that the ` 
number of degrees in one part ven be twice the number of 
grades in the other. 

4. Two angles of a triangle are respectively a”, 6’, express 
the other angle in degrees and grades. 

5. If 3 of a right angle be the unit of — sih ex- 
press an angle which contains 22:5 degrees. 

6. Show how to reduce English seconds to French seconds. 
T. If the unit of measurement be 8°, what is the value 

of 10%, 

8. If two of the angles of a triangle be expressed in grades, 
and the third in.degrees, they are respectively as the num- 
bers 5, 15, 18. Find the angles. 


9. What is the value in degrees and grades of an angle 
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which is the result of the revolution of a line 32 times 
round. 


10. In what quadrants are the following angles found :— 
145°, 969, 327°, 2729, 272°. 

11. If a° be taken as the unit of angular measurement, 
express an angle containing 0, 


12. What is the unit of measurement when a expresses 2 


of a right angle? 


CHAPTER II. 


THE GONIOMETRIC FUNCTIONS. 


4. It was formerly usual in works on Trigonometry to give the 
following definitions :— 

Let a circle be described from centre A, 
T with radius AB supposed to be unity, then— 

(1.) The sine of an are BC is the perpen- 
dicular from one extremity, C, of the arc 
upon the diameter passing through the other 
extremity D. 

Thus CS is the SINE of the arc BC. 

3  (2.) The cosine of an arc is the sine of the 
complement of the arc. 
| Thus, since DC is the complement of BC, 
\ 4 S' is the COSINE of the arc BC. 
(3.) The tangent of an arc BC is a line 

| drawn from one extremity, D, of the arc 
touching the circle, and terminated in the diameter which passes 
through the other extremity, C, of the arc. 

Thus, DT is the TANGENT of the arc BC, 

(4.) The cotangent of an arc is the tangent of the complement ot 
the arc. 

Thus, DT' is the COTANGENT of the arc BC, 

(5.) The secant of an arc BC is a line drawn from the centre through 
one extremity, C, of the arc, and terminated in the tangent at the 
other extremity. 

Thus, AT is the SECANT of the arc BC. 

(6.) The cosecant of an arc is the secant of the complement of the arc. 

Thus, AT' is the COSECANT of the arc BC, 
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(7.) The versed sine is that portion of the radius upon which the 
sine falls, which is included between the sine and the extremity of 
the arc. | 

Thus, SB ¿s the VERSED SINE of the arc BC. 

(8.) The coversed sine is the versed sine of the complement of the 
arc. 

Thus, S'D is the covgRSED'SINE Of the arc BC. 

(9.) The suversed sine is the versed sine of the supplement of the arc. 

Thus, B'S is the SUVERSED-SINE of the arc 50. 

Representing the are BC by A, it is usual to write the above func- 
tions thus :—Sin A, cos A, tan A, cot A, sec A, cosec A, vers A, 


covers A, suvers A. 
By mere inspection, the student will.see that the following rela- 


tions hold :— 


CS — CS _ AD 1 
1. => — — — eo” 
) — S ] AS AT cosec A 
AS AS AB 1 
9 = S/C = ŻY = 2n a - 
2 xis 1 AC AT sec A 


BT BT AD 1 

(3.). Tan A = BT = Ul = AB ~ DPT’ cot A” 

(4.) Sin? A + cos? A = CS? + S/C? = CS? + AS? = AC? = I. 

(5.) Sec? A. — AT? = AB? + BT? = 1 + tan? A. 

(6.) Cosec? A = AT? = AD? + DT”? = 1 + cot? A. 

BT CS CS | sm A 

(OAM DE AB. AS SO si 

(8.) Vers A = SB =. AB - AS'= AB - SC=1 - cos A. 

(9.), Covers A. — SD = AD - AS’ = AD - CS = 1 - sin A. 

(10.) Suvers-A = B'S = B'A + AS = 1 + cos A. 

It is more convenient, however, to: define: the sine, cosine, &c., as 
in the next article, aceording to which definitions they are commonly 
called TRIGONOMETRICAL RATIOS. The student will see that if the 
above definitions be so far modified that, instead of the lines them- 
selves, the goniometrie functions be taken as the ratios which the 


lines respectively bear to the radius, they are DLE in the defini- 
tions of the next article. 


Trigonometrieal Ratios. 


5. Let BAC be any angle, which we may denote by A, 
and P any point 1 in the line AC. Draw PM perpendicular 
to AB, 

I—L, i Y 
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Then (1.) Sin A = perpendicular _ PM 


— 
—— 
— 


AP 
perpendicular PM 


hyp. P 
C 
Ba 
A M B 
base AM 
2. = — =- 
EE hyp. AP 
perpendicular PM 
(3.) Tan A = „VV 
base AM 
* perpendicular PM 
ben AP 
(5.) Sec A = baso ER 
(6.) Cosec A = — ae 


(7.) The versed sine is the remainder after subtract- 


ing the cosine from unity, or— 


vers A = 1 — cos A. 


(8.) The coversed sine is the remainder after subtract- 


ing the sine from unity, or— 
covers A = 1 — sin A. 


(9.) The suversed sine is the sum of the cosine and 


unity, or— 
suvers A = 1 + cos A. 


The last three are not much used in practice. 


6. Comparing (1.) and (6.), (2.) and (5.), (3.) and (4.), of 
the last article, we see at once that the sine and cosecant, 
the cosine and secant, and the tangent and cotangent, are 


respectively each the reciprocal of the other. 
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We therefore have— 


(1.) Sin A = = JU A = x X 

(2.) Cos A = — sec À = a i 

(3.) Tan A = is cot À — EN 

Further— 

(4.) Sin? A + cos? A = ti D ed 


Hence also, transposing and taking the square root.— 
(5.) Sin A = dl — cos? A, 
(0. Cos A = yl - sin? A. 


And again— | 
2 2 2 
IEEE tt, 
AP? PM? + AM? AM? 
(8.) Cosec? À `= PM = p: = + “PM? 
= 1 + cot? A. 


PM PM | AM 


(9. Tan A = AM "AP "APO sin À + cos A 
| sin A 
| eos A | 
M P 
(10.) Cot A = = = at aoe = 008 A + sin A 
| cos A 
sin A 


The student must make HOSCE thoroughly master of the 
results in this article. 
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7. To: express the: trigonometrical ratios in terms of the 
sine. 


(I.), Cos A = NI — sin? A, by Art. 6 (6.) 


A 
(2j Tan A = EI "o by Art. 6 (9.), 
8 sin A 
Jl sin? A 
cos A 
j . Art. 6 (10.),. 
(3) Cot A = iA, by Art. 6 (10), 
_ Ni — gin? A 
sin A ` 
1 
: = , by Art. 6 (2.),. 
(4.) Sec A SCH y Ar (2.) 
A AA 
— A/l-— sin? A 
"T " 
(5.) Cosec A = p 
Ex. If sin A = 2, find the other trigonometrical ratios. 
We have, cos A = Jl —(3y = JI - 2% = 3 
sin A 
= —— P IE 
inna cos A Boedo 


8. To express the trigonometrical ratios in terms of the 
cotangent. 


1 1 
1.) Sin A = „ » 6 18: 
PEN eosec A EN: + cot? Av i e) 

1 1 
2. E À SS Ec o 8 b A t. 6 7. 
EE sec A J1 + tan? A de T) 

8 1 E cot A 
| I feo? A +1 
J Y cot? A | | 


| ] 
(3.) Tan A = COLS 
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| 1 cot À 
(1.):Sec A = —--—- a E „by (2.) ab 
Ss cog A eat? À + 1 + gr eae 
ú Jcot? A + 1 
B cot KA 


(9.) Cosec Á = Jl + cot? A,-by Art. 6 (8.) 


And in the same way the trigonometrical ratios may be 
expressed in terms:of ang one of them. 
: d 


f 


Ex. II. 

1. Given sin A = 32, find the other trigonometrical 
ratios. 

2, Given tan A = 24, find the remaining trigonometrical 
ratios. | 

3. If cot A = a, show that sin A = T 

| dl + a? 
4. If vers A = 6, then tan A = EES 


5. Construct by scale and — an angle (1.) whose 
cosine is 2; (2.) whose tangent is 4; (3.) whose secant is 2; 
(4.) whose cotangent is 2 + 4/3. 


Prove the following identities :— 


6. (Sin A + cos.A)? + (sin A — cos Ay = = 2, 

7. Sech A + cos? B. cosec? B = cosec? B + sin? A. sec? A. 
8. Sec? A. cosec? A = sec? A + cosec? A. 

9. Sec A..cosec A = tan A + cot A. 


10, Sin’ A — cos A = (sin? A — cos’ A) (sint A + cost A). 
11. Sec À tan A cosec B — cot B 

Cosec B + cot B sec A — tan A 

sinf A + sin? A cos? A + cost A 
y ] — sin A cos À | 


13. (cose + / sin ) (sino + ycos0) — (xcos0 — y sing). 
(x sin 8— y coso) = 2 xy. 


12 1 3 + sin A cos A = 
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14. (asing cose + rcosecos ꝙ) (b sin 0 sin $ + rsin 0 cos ꝙ) 
— (b sin o cos - r sin 0 sin ç) (a sine sin $ + v cos 0 sin ꝙ) 
= rsing(rcosé + o sin). 


15. If z = „ sin o cos ꝙ, y = sin o sin , z = v cos 0, show 


that a + / + 2 = 4, 


16. If a = b cos + cos B, b = o cos + c cos A, 
c = acos B + bcos A, show that a? + 0? — ess 2 ab cos C. 


l7. Given sin? A + 3sin À = 2, find sin A. 
18. Given cos" A — sin A = 2, find cos A. 


1 
19. Solve sin A — cos A = RE for sin A. 


20. Find tan A, when tan A + 1 = š. sec A. 

2]. Given a cos À = b sin À + a, find cot A. 

22. Given tan? A — 7tan A + 6 = O, find tan A. 

23. Show that VI + 2sin A cos A + yl — 2sin A cos Á 


= 2cos A or 2 sin A, according as A is between 0° and 45^, or 


between 45° and 90°. 


24. Given m sin? A + n sin? B = a cos? A, 
m cos? A + n cos? B = b sin? A, find sin A and sin B. 


CHAPTER III. 


CONTRARIETY OF SIGNS.— CHANGES OF MAGNITUDE AND SIGN OF 
THE TRIGONOMETRICAL RATIOS THROUGH THE FOUR QUADRANTS. 


9. We have explained at some length the meaning and 


use of the signs + and — in 
algebra. . They have a similar 
interpretation 1n trigonometry. 

1. L4nes.—Draw the horizontal 
line A'A, and draw BB' at right 
angles, meeting it in O. Then 
considering O as origin, 

(1.) All lines drawn to the right 
parallel to A A are called positive, 
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and all lines drawn to the (ert parallel to A A are called 
negative. 

(2.) All lines drawn upwards parallel to B B are called 
positive, and all lines drawn downwards parallel to B'B are 
called negative. 

(3.) Lines drawn in every other direction are considered 
positive, as is therefore the 
revolving line by which angles 
may be conceived to be gen- 
erated. 

2. Angles. — K similar con- 
vention is madeforangles. Let 
OA be an initial e and 
let à revolving line about the 
centre O take up the positions 
OP and OP”. Then— 

(1.) That direction of revolution is considered positive 
which is contrary to that of the hands of a watch, and the 
angle generated is a positive angle. 

(The positive direction is then upwards.) 

Thus, AOP is a positive angle. 

(2.) The negative direction of revolution is the same as that 
of the hands of a watch, and the angle thus generated is a 
negative angle. 

(The negative direction is then downwards.) 

Thus, AOP'is a ne- 
gative angle. 

Hence, if the angles 
AOP and AOP“ be 
of the same magni- 
tude, and 

We have— ' 


ZAOP = A, 
then ZAOP'= — A. 


10. We wil now 
examine the trigono- 
metrical ratios for 
angles greater than a | 
right angle, aud for negative angles. 


7 


A 
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Let OPI, OP,, OP,, OP, represent the position of the re- 
volving line at* any period of revolution in .the several 
quadr ants r espectively, 

And let P,N,, P;N,, P,N,, PN, be the respective per- 
pendiculars from the end of the revolving line upon the 
initial line, 

Then P,N,, P,N,, PN, P,N, are. respectively the per- 
pendiculars corresponding to the angles generated. 

Also, ON,, ON,, ON,, ON, are respectively the bases of 
the right-angled triangles with respect to the .angles in 
question. 

We have then in pue second. quadrant— 


Sin AOP, = È? 12 cos AOP, = OP 
P.N. x 
tan AOP,, = ON, -&c. 


Tt is therefore evident that the relations between the trigo- 
nometrical ratios, which were proved to exist in Art. e 
also hold for angles in the second quadrant—that is, angles 
between 90° and 180°. 

And in the same way we:may show that they hold for 
angles in the third, fourth, or any quadrant. 

And again, if we suppose the line to revolve in a negative 
direction, and take the position OP’, we.shall have PN“ the 
perpendicular corresponding to the negative angle AOP. and 
ON! the base. 

N 
Hence, sin AOP’ = See ~ cos AOP’ = Sat 
tan AOP = ee, de 

And the relations proved in Art. 7 may be.also similarly 
proved to exist here. 

Hence the relations proved in Art. / hold for any angles 
whatever. 


Changes of Magnitude and Sign of the Trigonometrical 
Ratios. 


11. Let OP,, OP,, OP,, OP, be positions of the revolving 
line in the several quadrants respectively; P N, P, N. 
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P,N, P,N, the respective perpendiculars; and ON,, ON,, 
ON, ON, the bases of the corresponding right-angled 
triangles. | 

Then— 

(1.) Ln the e pues 


PN. ON, 
Sin AOP, = “Op, E COS AOP, — Pi 
P 
tan AOP, = 65 l & 


At the e of the motion of the revolving line, 
the angle AOP, = 0°; 

Also, ‘the perpendicular PN = O, 

And the base ON = O 


1° 
Hence, we have— | 


0 
* Sin 0? = OP. ^ 0, cos 0? — zl es zb 
1 1 
0 
tan O° OP? 0 
1 


As the ö line moves from OA towards OD, P Ni 
increases and ON, “diminishes ; and when it arrives at OB, 
we have P,N, = OP pand ON, = 0. But the angle generated 
is LOW a right angle. Hence We have 


A Ol o 0 
Sin 90° = OP, = 1, cos 90 - OP, = l, 
tan 90° = - = 


Hence, as the angle increases from 0° to 90°— 

The sine changes in magnitude from 0 to l and is +. 
The cosine changes in magnitude from 1 to O and is +. 
The tangent changes in magnitude from 0 to o» and is +. 


(2.) In the second quadrant— 
Here the perpendicular P.N, is +. 
and the base ON, is —. 


* The student ought.properly to look upon the values 0, 1, 0 here 
obtained as the limiting values of the sine, cosine, and tangent respec- 
tively, when the angle is indefinitely: diminished, 
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Hence the sine during the second quadrant is +, the 
cosine is —, and the tangent is —. 

Again, as the revolving line moves from OB to OA', the 
perpendicular P,N, diminishes until it becomes zero. Also, 
the base ON, increases in magnitude, until it finally coincides 


with OA”, and -.. = — OP, But the angle now described 
is 180°. 
Hence we have— 
Sin 180° = — = 0, cos 180° = 8 1 
T P. P. 
" 0 
tan 180° = — OP, = 0, dec. 


Hence in the second quadrant— 
The sine changes in magnitude from 1 to 0, and is positive. 
The cosine changes in magnitude from 0 to 1, and is negative. 
The tangent changes in magnitude from oo to 0, and is negative. 
And in the same way may we trace the changes of magni- 
tude and sign in the third and fourth quadrants. 
Thus we shall find— 
(3.) In the third quadrant — | 
The sine changes in magnitude from 0 to 1, and is negative. 
The cosine changes in magnitude from 1 to 0, and 1s negative. 
The tangent changes in magnitude from 0 to œ, and is positive. 
(4.) In the fourth quadrant— 
The sine changes in magnitude from 1 to 0, and is negative. 
The cosine changes in magnitude from 0 to 1, and is positive. 
The tangent changes in magnitude from œ to 0,and is negative. 
Moreover, as the cosecant, secant, and cotangent are 
respectively the reciprocals of the sine, cosine, and tangent, it 
follows that their signs will follow respectively the latter, 
and that their magnitudes will be their reciprocals. 


CHAPTER IV. 


TRIGONOMETRICAL RATIOS CONTINUED. ARITHMETICAL VALUES 
OF THE TRIGONOMETRICAL RATIOS OF 30°, 45°, 60°, dc, 


12. To prove that sin A — cos (90 — A), and that 
cos A = sin (90° — A). 
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Using the same figure as in Art. 5, we have— 


M e 
Sin A = SCH = cos APM. 
But Z APM = 90° — A, ç 


Sin A = cos (90° — A), 


and similarly— T 
cos A = sin (90° — A), 
tan A = cot (90° — A), 
cot A = tan (90 — A), 
sec A = cosec (90° — A), a Bg 


cosec A = sec (90° — A). 


13. Ratios of 45°. 

In the last figure, suppose Z PAM = 45°, then also 
Laa = 90° — 45° = 45°. And bones PAM = Z APM, 
and.. PM = AM (Euc. I. KE 


Hence, also— 
AP or VAM + PM? = N2 AM? or /2 PM. 
- AP = AM V or PM V2. 


Hence we have— 


Sin 45° in PAM Ser Si cos 45°, b 
in = sin = AP “pM Ja JO , by 
. Art. 8. 
PM PM e 
Tan 45° = tan PAM = AM" PM 1 = cot 45, by Art. 8. 
' AP AM v2 
Sec 45° = sec PAM = AM AM = N2 = cosec 45°, 


by Art. 8. 


14. Ratios of 30° and 60°. 

In the same diagram, suppose Z PAM = 30, then 
Z APM = 90° — 30 = 60°. | 

Hence, if we conceive another triangle equal in every 
respect to APM to be described on the other side of AM, the 


whole would form an equilateral triangle whose side is AP. 
Hence, PM = PAP. 
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Now AM = JAP? - PM? . AM = JAP? — (4 AP: 
= — 7 AP. 


We hence have 


Sin 30° = sin PAM = ux "EE = cos 60”, by Art. 8, 


AP 
J3 | 
AM gj AP Jd 
¿Cos 30” = cos PAM = = = = e ° 
S AP AP — = Sin 60°, by 
Art. 8. 
, PM AP 1 = 
I 8 = - = = — = = == 2 i 
an 30 AM ^ Jg J 1 /3 = cot 60°, by 
É 
Art. 8. 
15. To show that sin (180° — A) = sin A, 
«cos (180° — A) = — cos A, 


Let ZAOP, = A 


) 
And let the revol- 

ving line describe an 

angle AOP, = 180° 


a Ade 


Then Z A'OP, = 
180? - geg — À) = À 


Hence, Z AOP, = A'OP,. 


Hence, also (Euc. I., 26), if P,N,, PN. be drawn perpen- 
dicular to AA“, DN, = PN, ON, = - ON, 
We have therefore— 


Sin (180° — A) = sin AOP, = 1202 = ui — sin A. 


Cos (180° — A) = cos AOP, _ ON, 


And similarly 
Tan (180° — A) = tan A, cot (180° — A) = — cot A. 
Sec (180° — A) = — sec A, cosec (180° — A) = cosec A. 
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16. To show that sin (180° + A) = — sin A, 
)= — cos A, 


cos (180° + A). 
Let AOP, = A, Í 
And let the revolving 
line take a position such 
that P,P, is a straight 
line. 
Then, evidently, Z AOP,. 
= 180° + A. 
Then, as in last Article— 


PLN, 1 PLN, 
ON, = = ON,. 
Hence— S 8 
P.N DN. "HN 
Si E = OP. EE A, 
in (180 + A} = sm A OP. “OP, sin 
Cos (180° + A) = cos AOP, = ES = — 0 5 — — cos A. 


And similarly— 
Tan (180° + A) = tan A, cot (180° + A) = cot A. 
Sec (180° + A) = — sec A, cosec (180° + A) = — cosec A. 


17. To show that sin ( A) = sin A, and 
cos (— A) = = Cs A, 

Let Z AOP! = A, 

And let the revolving line 
describe an angle AOP! 
= — À. 

Then evidently, if PNP’ 


be drawn perpendicular to m 
OA, we have (Euc. L, 26) 
P/N = — PN. 
Hence— 
eg a | 
Sin (— A) = sin AOP! = See -o = — sin A, 
„ ON ON 
=: = f= — =— = A. 
Cos (— A) = cos AOP o a 
And similarly— ' | 
Tan ( — A) =.- ten A, cot ( A) = cot A, 


Sec ( A) = sec A, cosec (— A) = = cosec A. 
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Although the results of Arts. 12, 15, 16, 17 have been 


proved from diagrams where A is less than a right angle, the 


student will have no diff- 
culty, if he has understood 
the proofs, in deducing the 
same results for angles of 
any magnitude whatever. 


18. To show that tan E 


C 


= 1 — cos A 
sin K 
2 D A Tet Z AOC = A; 
Bisect it by the straight line OB, so that Z AOB = 5, 
and draw CD perpendicular to OA, meeting OB in E. 
A ED 
Then tan pe = tan EOD = GGBG (I). 
= _ ED OD ED 

Now (Euc. VI.,2 i pea EOS 

mm O uw 
ED CD ym - OD) _ _ CD(OC - OD) 
OD OG +OD ^ OG — OD: | + CD? 
00 - OD _ OC - O cos A  1- cos A 
ASA E ege 


Cor 1. Hence, squaring— 


Tan? 2 (I = cos Ay (1 — cos AP _ 1 cos A 
v go sin? A 1 — cos A 1+ cos A’ 
A 
1 — tan? o A 
`. Art. 64, page 215,. = EE 
A 1 
] + tan? 2 
1 — tan? E 
Cos A — ___ 96060609800002009409008200000002c9 (1) 


19. To find the 


135°, 150% 
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sin 9 
* A 24 
cos: — cos? — — sin? — 
2 2 
E ds qa. sin? 2 
] + 2 2 2 
cos? & 
9 
' A 
= 2 „ 
— COS z sin.. (2.) 
E 008 — - (1 - cos? =) 
2 
=. COG ee (3.) 


Il 


2(1 - sin? 2) -1-1- 2sin? 5 (4) 


trigonometrical ratios of 15°, 75°, 120°, 


(I.) fatios of 120°. 


Sin 120° 


Cos 120° 


Tan 120° 


(2.) Ratios 
Sin 150? 


Cos 150? 


Tan 150? 
Ze, 


= sin (180^ — 120°) = sin 60° = Š 


9? 
= cos (180° — 120°) = - cos 60° = — i 
= — tan(180? — 120°) = — tan60? = s, doc. 
of 150°. 
= sin (180° — 150°) = sin 30° m 
= cos (180° — 150% = — cos 30? = — = 
= - tan(180° — 150°) = — tan30 = — a 
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(3.) Ratios of 15°. 


A Y- cos A P 
By last Art., tan. = — put À = 30 in pe I5, 
NE 
o I — cos 30 — 
th t: ^ 15: SE 3. 
cn sin 30° ^ 1 y 
| > 
From. this result we easily get, Art. 8, 
Sin. 15” = V3 =o! og 15 == STE &c. 
ya” 2e 


(4.) Ratios of 75°. 


/3 +1 
We have, sin 75° = sin (90° — 15°) = cos 15° = LEE! 
cos 75° = sin (90 — 15°) = sin 15” = GE = E 
| 272 
1 


tan 75" = tan (90° — 15°) = cot 15° = S 


=2 + A3, &c. 
(5.), Ratios of 135°.. 


We have, sin135° = sin(180° — 135°) = sin 45° = y 
cos 135° = cos (180° — 135°) — cos 45° 
ú 1 
- = 
tan 135 = — tan (180° — 135) = — tan 45° 
| = — l, &e. 
Ex. III. 


I. Define a negative angle, and show that tan (— A) 
= tan A, when A lies between — 90° and — 180°. 

2. Trace the changes of sign of sin A .cos A through 
the four quadrants. 

9. Trace the changes of sign, of cos A + sin A, and of 
cos A — sin A, as A changes from — 45 to 315". 
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4. Assuming generally that cos 2 A = cos A — sin? A, 
trace the changes of sign of cos 2 A as A changes from — 45° 
to 315". 


5. Write down the sines of 210°, 165°, 240°, — 120° 


6. Show that-sin (90° + A) = cos A, and cos (90° + A) 
= sin A, for any value of A from 0 to 180°.. 


7. Assuming generally that 2 cos? ES = 1 + cos A, and 


p 
"M Zu - Á * 
dan = 1 — eos A, show that 4/9 cos pres m Jl + cos A 
a A — K — 
and 4/2 sin oo = dl cos A, when A lies between 360° 
and 540°, | | 
8. Given cos A = l - 2 sin’ e , show that sin A 
pus A A 
= 2 sin ç €08-5. 
| 8 — 
9. Hence show that 2 cos z=- VI + sin A 


5 A 
—A/l sin A, when 7 lies between 135° and 225°. 


Solve the following equations: 
10. Cos? A + 3 cos A = de, 
ll. Tan e + 5 cot 8 = 6. 


| 2 
EES Sin A + sec À = "P + i. 
13. 2co A = 3'sin A, | 
14, Sin (A + B) = cos (A - B) = I 
135. Tan? A = 2sin A. 


16. Sn (3 A + 75°) = cos (2 A - 15°). 
5 
17. S tan 0. 
ec@ + cos 0 = 9 e 
18. Tano + Ken & 4. 
5—1. Z 
% 
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CHAPTER V. 


LOGARITHMS. 


20. Der.—The logarithm of a number to a given base 
1s the index of the power to which the base must be raised to 
obtain the number. 

Thus, we may obtain the numbers 1, 10, 100, 1,000, 10,000, 
&c., by raising the base 10 to the powers 0, 1, 2, 3, 4, &c., 
respectively ; and hence, by the above definition, we have— : 


Logl = 0, log 10 = 1, log 100 = 2, log 1,000 = 3, &c., 
10 10 10 10 


the suffix 10 being added to the word /og to indicate that the 
base is 10. It is usual, however, in common logarithms to 
omit this suffix; and hence, when there is no base expressed, 
the student will understand 10. 

Again, the numbers 1, 2, 4, 8, 16, &c., may be obtained 
by finding the values of 2°, 21, 2%, 2% 2*, &., respectively, 
and hence we have by definition— 


Log 1 = O, log 2 = 1, log 4 = 2, log 8 = 3, dc. 
2 2 2 2 
So also we find log 16 = 2, log 125 = 3, log 81 = 4, &c. 
4 5 3 
Ex. Find log 256, log 216, and the logarithm of 9 to base 
4 36 
A3. | 
Log 256 = log 4* = 4, by definition. 
4 4 


Log 216 = log 6? = log (6%)? = log 367 = 2, by definition. 
36 36 36 36 
Log 9 = log 32 = log (V3)* = 4, by definition. 
V3 V3. véi 


Characteristics of Ordinary Logarithms. 
21. Der.—The characteristic of a logarithm is the integral 


part of the logarithm, and the fractional part (generally ex- 
pressed as a decimal) is called the mantissa. 
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1. Numbers containing integer digits. 
Every number containing digits in its integral part must 
lie between 10"~? and 10”, 


Thus, 6 lies between 10? and 101, 29 lies between 10! and 102, 
839 lies between 402 and 10%, &c. 


Hence the ordinary logarithms of all numbers having n 
integer digits lies between (n — 1) and x. 

The integral portion or characteristic of the logarithm of a 
number having % integer digits is therefore (n — 1). 

Hence we have the following rule 

Rote 1.— he characteristic of the logarithm of a number 
having integer digits is ONE less than the number of integer 
digits. 

Thus, the characteristics of the logarithms of 32, 713-54, 
8:7168, 56452, 73607:9 are respectively 1, 2, 0, 4, 4. 

2. N umbers less than unity expressed as ‘decimals, 

All such numbers having n zeros immediately after the 


| 1 
decimal point lie between —— and ———. or between 107” 
pues 10 PS 19s o 
and 10-6 f). 
Thus, 3 lies between l and ‘I, or between 1 and 10 or 10% and 
10-3; 


097 lies between 1 and Ol, or between 10 and 10 1025 or 10—1 
and 10— 2; 

„000354 lies between ‘001 and :0001, or between 105 and 105 
or 10 — ? and 10 — *, and so on. 


Hence, by Def., Art. 20, the logarithm of any number hav- 
ing n zeros immediately after the decimal point lies between 
— nand — (n + 1). Hence, the logarithm is negative, and 
the integral part of this negative quantity is n. It is how- 
ever usual to write all the mantisse of logarithms as positive 
quantities, and the negative integral part of the logarithm 
will be the next higher negative integer, viz, — (n + 1). 

We have therefore the following rule :— 

RULE 2.—The characteristic of the logarithm of a number 
less than unity, and expressed as a decimal, is the negative 
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integer next greater than the number of zeros immediately 
after the decimal point, 

Thus, the characteristics of the logarithms of 3, :0076, 
02535, 7687, are respectively — 1, — 3, — 2, — 1. 


99. The logarithm of the PRODUCT of two numbers is the 
SUM of the logarithms of the numbers. 

Let m and n be the numbers, and let a be the base. 
Since m and n must be each some power of a, integral or 
fractional, positive or negative, assume— 


m= a, } Then, by definition of a logarithm, 


n = w. 
log, m, and y = log, m. 


| 


x 


Now we have mn = a*. a? = a*t¥, and hence, by definition, 
log mn = x + y; we therefore have— 


log, (mn) = log m + log n. Q.E.D. 


Cor. This proposition may be extended to any number of 
factors. 


Thus, log, (mnpg) = log, m + log, n + log, p + log, . 


23. The logarithm of the QUOTIENT of two numbers 1s found. 
by SUBTRACTING the logarithm of the denominator from the 
logarithm of the numerator. 


Assuming, as in the last Art., we have— 
z = log m, y = log, n. 


m ay 222 
Also, — = — = a , and hence, by definition, 
n a 
m 

log — = æ — y; we therefore have 

a n 2 . 
log — = log m log n. Q.E.D. 

Sa N "o id 


24. The logarithm of the POWER of a number is found by 
MULTIPLYING the logarithm of the number by the INDEX of the 
power. 
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Let it be required to find log, IM. 
Assume V = a”, and therefore x = log, A. 


We have Am = (az)? = a?” and hence, by definition, 
log, A = px = p log, Y. Q.E.D. 


Ex. 1.—Given log 2 = -3010300, and log 3 = 4771213, 
find the logarithms of 18, 15, :125, 6-75. 

Log 18 = log (2 x 32) — log 2 + 2 log 3 = 3010300 + 
2(-4771213) = 1°25527 26. 

Log 15 = log (3 x 9) = log 3 + log 10 — log 2 = 
4771213 + 1 — 3010300 = 11760913. 


Log 125 = eet 5) = log1 - 3log 2 = 0 — 3 x :3010300 


= — -9030900 = — 1 + (1 —-9030900) = — 1 +-0969100, 
or, as usually written, = ae | 
Log6-75 —log2/ = log? = 31og3 — 2log2 = 3(4771213) 


4 > 22 
2(-3010300) = -8293039. 


9. | & 
Ex. 2. Find the logarithm of (Qr) (373): having 
l (2 xd x (:032)73 
given log 2 and log 3. 
. We have— 
Log N = à log 2:4 + 4 log 375 — 5 log 2:43 
| — ( 4) log :032. 

23 x 3 3 35 1 25 
og 10 + 4log 7 — 5 105 70% + 3 log 105 
= (3 log 2 + log 3 — log 10) + 4 (log 3 — 3 log 2) 

— 5 (5 log 3 — 2 log 10) + 1 (5 log 2 — 3 log 10) 
= (š — 12 + 8) log 2 + (1 + 4 — 25) log 3 
+ (— 4 + 10 — 1) log 10 
= — 58 * 3010300 — 42 x 4771213 + z x I 


2 


= — 2:6590983 — 9-7809867 +'8:5 = — 3:9400850 
= 4 + (4 — 3-9400850) 40599150. 
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Ex. IV. 

1. Find the logarithm to base 4 of the following numbers: 

16, 64, 2, :25, :0625, 8. 

2. Find the value of log 32, log 25, log 729. 

8 dé 81 

3. Given log 2 = -3010300, and log 3 4771213, find 
the logarithms of 12, 36, 45, 75, -04, 3-75, D 074. 

4. Given log 20763 = 43172901, what is the logarithm 
of 2:0763, 2076-3, 020763, 0020763? 

5. Write down the characteristics of the common logarithms 
of 29:6, -25402, 0034, 6176-003. 

6. Given log 20:912 = 1:3203956, what numbers corre- 
spond to the following logarithms :—2-3203956, 6:3203956, - 
1:3203956, 4:3203956 ? 

7. Given log 20:713 = 1:3162430, and log 20714 = 
3°3162640, find log 2071457. 

8. Given log 3:4937 = 5432856, and log 3:4938 = 
:5432980, find the number whose logarithm is 3:5432930, 

9. Given log 1:05 = :0211893, log 2:7 = 1:4313638, log 


1 
ID 


(27) x 135 
^ (1055 25 
10. Given log 18 = 1:2552725, and log 2:4 = 3802112, 
find the value of log 00135. 
11. What are the characteristics of log 1167, and log 1965? 


3 4 
12. Having log 2 = :3010300, and log 3 = 4771213, find 
x when 18* = 125, ` 


135 = 2:1303338, find the value of log 


CHAPTER VI. 
THE USE OF TABLES. 


25. Tables have been formed of the logarithms of all num- 
bers from 1 to 100,000, and we shall now show how they are 
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practically used. We shall not enter here upon the method 
of forming the tables themselves. 

The following is a specimen of the way in which the 
logarithms of numbers are usually tabulated :— 


No. 0 1 2 | 3 4 5 6 7 8 9 D. 


7990 | 9025468 | 5522 | 5577 | 5631 | 5685 | 5740 | 5794 | 5848 | 5903 | 5957 
91 - 6011 | 6066 | 6120 | 6174 | 6229 | 6283 | 6337 | 6392 | 6446 | 6500 


] 8000 0900 | 0954 | 1008 | 1063 | 1117 | 1171 | 1226 | 1280 | 1334 | 1388 


EET SE 5 11 | 16 22 "Is 38 | 43 i | 
Thus, if the number consist of four figures only, we have 
simply to copy out the figures in the column headed 0, prefix 
a decimal point, and the proper characteristic. 

Ex. Log 7991 = 3:9026011, log 7:995 = :9028185. 
When we speak of a number consisting of four figures only, 
we include such numbers as ‘003654, 07682, &c., the num- 
ber of zeros immediately following the decimal points not 
being counted. 

Thus, log 07997 = 2:9029271 
log :007992 = 3-9026555. 


When the number contains five figures, as, for instance, 
19936, we look along the line containing the first four figures 
—viz, 7993—of the number until the eye rests upon the 
column headed 6, the fifth figure. We then take the first 
three figures of the column headed 0, and affix the four 
figures of the column headed 6 in the horizontal line of the 
first four figures of the number. 
Thus, log 79936 — 4:9027424 
log 079927 = 2:9026935. | 

It will be seen from the portion of the logarithmic table 
above extracted, that when the first three figures of the 
. logarithm—viz., 902—have been once printed, they are not 


| 
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repeated, but must be understood to belong to every four 
figures in each column, until they are superseded by higher 
figures, as 903. When, however, this change is intended to 
be made at any place not at the commencement of a 
horizontal row, the first of the four figures corresponding to 
the change is usually printed either in different type, or, as 
above, with a bar over it. Thus we have above 0031, 
indicating that from this point we must prefix 903 instead 
of 902. 
Thus, log 79:986 = 1:9030140, 
log 0079987 = 3:9030194. 


26. To find the logarithm of a number not contained in the 
tables. 

Ex. Find the logarithm of 799-1635. 

Since* the mantissa of the number 79916:35 is the same as 
the mantissa of the given number, and that the first five figures 
are contained in the tables, we may proceed as follows— 

(1.) Take out from the tables the mantissa corresponding 
to the number 79916. This is 9026337. 

(2.) Take out the mantissa of the next higher number in the 
tables—viz. 79917. This is 9026392. 

(3.) Find the difference between these mantisse. This is 
called the tabular difference, being the difference of the 
mantissæ for a difference of unity in the numbers. We find 
tab. diff = :0000055, which we call D. 

(4.) Then assuming that small differences in numbers are 
proportional to the differences of the corresponding logarithms, 
we find the difference for 35 = :39 x :0000055 = -0000019, 
retaining only 7 figures. This is often called d. 

5.) Now adding this value of d to the mantissa for the 
number 79916, we get the mantissa corresponding to the 
number 79916°35. 

(6.) Lastly, prefix to this mantissa the proper charac- 
teristic. 

The whole operation may stand thus 
FCC (J). 
M. of log 79917 9026392 


Tabular difference or D — 0000055 
` * Thus log 79916°35 = log (100 x 799:1635) = 2 + log 799:16395. 


I 
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Hence, difference for 35 or d 
= 35 x :0000055 20000019 .................. (3). 
Hence, adding (1.) and (2.)— 
M. of log 79916:35 = 9026356. 
-.. log 799:1635 = 2:9026356. 


or better thus, omitting the useless ciphers— 


M. of log 79916 = :9026337 

M. of log 79917 = :9026392 

*. D = 55 
Hence, d 2 35 x 55 = 19 


.. M. of log 79916:35 = :9026356, as before. 


In the next article we shall show how the required dif- 
ference may be obtained by inspection from the tables. 

27. Proportional parts. 

We saw in the example just worked that the tab. diff. 
(omitting the useless ciphers) is 55, and if we examine the 
table in Art. 25, we shall find the difference between the 
mantisse of any two consecutive numbers there to be 54 or 
55—generally 54. The number 54 is therefore placed ina 
separate column at the right of the table, and headed D. 


The student will understand that the tab. diff. changes from time 
to time, and is not always 54 or 55. 


Now assuming as in (4.) of the last article, we have— 


Dif for- 1 = 54 x l= 5 Diff. for °6 = 54 x 6 = 32 
5 0 «De x Del WW 7 = 54 x -7 = 38 
" 3 = 54 x 3 = 16 " 8 = 54 x 8 = 43 
3s 4 = 54.x 4 = 22 ‘5 9 = 54 x 9 = 49 
» 002504 x 5 = 27 


We find therefore the numbers 5, 11, 16, 22, 27, 32, 38, 43, 
49 placed in a horizontal row at the bottom marked P, in 
the columns respectively headed 1, 2, 3, 4, de. 

Hence, if we require the difference for (say) 7, we take 
out the number 38 from the horizontal row marked P, in- 
stead of being at the trouble to find it by actual computation. 

The following example will illustrate how we proceed 
when we require the difference for a decimal containing more 
than one decimal figure. No explanation is needed. 
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Ex. Find log 7994:3726— 


M. of log 79943 = 9027804 
Diff. for 7 E 38 
- 2 = 11 
5 6 = 32 
. M. of log 79943726 = 9027843 


Hence, log 7994:3726 = 3:9027843. 


28. Having given the logarithm of a number to find the 
number. 

After the explanations of Art, 26, the method of working 
the following examples will be easily understood :— 


Ex. 1. Find the number whose logarithm is 1:9030173. 
Taking from the tables the mantisse next above and below, 
we have— 


9030194 = M. of log 79987 
9030140 = M. of log 79986 ............... (1). 
ge 54 = D. 
A cam 0050175 M of 100 N u uuu ia (2). 


Hence, subtracting ( 1) from (z)— 


33 = d, the difference between the logarithms of the re- 
quired number and the next lower. 


Now — = ‘61, the difference between the next lower 


number and the required number. 
Hence :9030173 = M. of log 79986:61 ; 
.. 1:9030173 = log 7998661 ; 
. *7998661 is the number required. 


1 
KC 1023) x (00123) 
Ex. 2.* Find the value of _— `` 


We have— 
log N = 3 log 1:023 + 4 log 00123 — 4 log 1:32756. 
Now, 3 log 1:023 = 3 x :0098756 = 0276268 
1 log 00123 = 1 (3:0899051) 
= 1(4 + 1:0899051) = 1:2724763 


* The logarithms used in this example are taken from the tables. 
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`. adding, 3 log. 1:023 + 4 log 00123 = 1:3001031 
Again, M. of log 13275 = 1230345 
and diff. for 8 e 196 


.. M. of log 13275:6 = 1230541 
.. 4 log 132756 = 4 x 1230541 4922164 
Then, subtracting, log N | = 9:5078867 


Hence we have, 5078867 = M. of log N, 
and :5078828 = M. of log 32202; 
Ka 39 = d, 
also 135 = D, 
39 
and 135 = :29. 


.. 5078867 = M. of log 32202-29 ; 
*. 2:5078867 = log 03220229. 
Hence :03220229 is the number required. 


Trigonometrical Tables. 


29. We use trigonometrical tables much in the same way 
as we do tables of ordinary logarithms of numbers. 

Tables have been formed of natural sines, cosines, &c., and 
also of logarithmic sines, cosines, &c. It is with the latter 
only we shall now deal, though many of our remarks apply ` 
equally to the former. 

As the values of the natural sines and cosines of all 
angles between 0° and 90° are (Art. 11) less than wnity, it 
follows (Art. 21) that their logarithms are negative. To 
avoid, however, printing them in a negative form, and for 
other reasons, it is usual to add 10 to their real value, and 
hence in using them we must allow for this. The same 
thing is also done in the case of logarithmie tangents, co- 
tangents, secants, and cosecants. 

We generally express the true logarithmic sine by log sin, 
and the tabular logarithmic sine by L sin. 

Hence, we have, log sin A = L sin A — 10, 

log cos A = Lcos A - 10, dec. 

It must be remembered in using the tables that, although 

(Art. 11) the sine, secant, and tangent of an angle increase as 
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the angle increases from 0° to 90°, yet the cosine, cosecant, 
and cotangent diminish as the angle increases. ~ 

Hence, when any angle is not exactly contained in the 
tables, we must add the difference in the case of a sine, 
secant, or tangent; but subtract it in the case of a cosine, 
cosecant, or cotangent.- 

And, conversely, when the given logarithm is not con- 
tained exactly in the tables, we must in the case of the sine, 
secant, or tangent take out the next lower tabular logarithm 
as corresponding to the angle next lower; but 1n the case of a 
cosine, cosecant, or cotangent, we must take out the next 
higher tabular logarithm as corresponding to the angle next 
lower 1n the tables. 

We shall assume that small differences in the angles are 
proportional to the corresponding differences of the logarithmic 
trigonometrical ratios 

Ex. l. Find Lsin 56° 28' 24”. 


Referring to tables, we have— 


Lein 56? 98/ — 99209393 

Tab. diff. for 60” or D = 836 
diff. for 24” or d = B x 836 = 334 
„ Lsin 56° 28’ 24" — 9:9209727 

Ex. 9. Find L eos 29” 31' 98", 
Now Leos 29° 31’ — 9-9396253 

Tab. diff. for 60” or D = - 716 

diff. for 28” SS 2 x 716 = — 334 
. Leos 29° 31’ 98" — 9-9395919 


Ex. 3. Find the angle A, when L tan A — 9:8658585 
We have 9:8658585 = L tan A, 
Next lower, 9:8657702 = L tan 36? 17 
883 = difference or d, 
Also, 2648 = tab. diff. for 60" 2 D, 


` y 883 y 17 
— — — —— — 2 e 
And D x 60 dic x 60 0 


Hence, 9:8658585 = Lian 36° 17' 20”, 
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Ex, 4. Find the angle A, when L cot A = 10:0397936. 


We have, 10:0397936 = Lcot A, 
Next higher, 10:0399770 = L cot 42° 22, 


1834 = difference or d, 
Also, 2537 = tab. diff. for 60" or D, 
d 1834 
ind — 0” = x 60% = 43”, 
And x x 6 3537 


Hence, 10 0397936 = Lcot 42 22“ 43”. 


Ex. V, 


1. Given log 47582 = 4:6774427, and log 47583 = 

4: — find log 47:58275. | 
Given log 5:2404 = ‘7193644, and log 524: 05 = 

2: 719872, find log 5240463. 

3. Given log 56145 = 1:7493111, and log 56146 = 
17493188, find log 4/-05614581. 

4. Given log 61683 = 4°7901655, and log 616°84 = 
2°7901725, find the number whose logarithm is 2:7901693. 

5. Find the value of (1:05)”, having given log 1:05 = 
0211893, log 20789 = 4:3178336, and log 20790 = 4:3178545. 

6. Find the compound interest of £120 for 10 years at 4 


per cent. per annum, having given log 1:04 = 0170333, log 
14802 = 4:1703204, and log 14803 = 4:1703497, 


7. A corporation borrows £8,630 at 41 per cent. compound 
interest, what annual payment will clear off the debt in 20 
years ? , | 

Log 1:045 = :0191163, log 4:1464 = :6176712, and 
log 4:1465 = — 


m 10 
i Find the value O — 882 34 EE aving g given | 


Log 1.032 = 0136797, log 34722 = 45406047. 
Log 3762 = 3:'5754188, log 26202 = 4183344. 
Log 34721 = 4:5405922, log 26203 = 4183510. 
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9. Find Lsin 32° 28' 31", having given Lsin 32° 28! = 
9:7298197, and L sin 32° 29' = 9:7300182. 
10. Find Losec 43° 48' 16", having given L sin 43° 48! = 
9:8401959, and L sin 43° 49! = 9:8403276. 
11. Required the angle whose logarithmic cotangent is 
10:1322449, having given L cot 36° 25' = 10:1321127, L cot 
36° 26! = 10:1318483, 


12. Construct a table of proportional parts, having given 
163 as the tabular difference. 


13. In what time will a sum of money double itself at 5 per 
cent. per annum, compound interest? 


14. Find z when 1:03” = 1:2143, having given that log 
1:03 = :0128372, and log 12143 = 4:0843260. 

15. Solve the equation 2777! — 40 = 9:2%, having given 
log 2 = 3010300. 

16. Given L cos 32° 45! = 9:9341986, D = 752, find Leos 
. 32° 45’ 12", and L see 32° 45' 20". 

17. Given Ltan 28” 38' = 10:2628291, D = 3003, find 
L tan 28° 37' 15", and L cot 28° 38! 42”. 

18. Find the angle whose logarithmic cosine is 9:95906305, 
having given— 

L cos 24° 29' = 9:9590805, 

L cos 24° 31' = 9:9589653. 


CHAPTER VII. 
PROPERTIES OF. TRIANGLES. 


30. The sines of the angles of a triangle are proportional 
to the opposite sides. | 

We shall designate the sides opposite to the angles A, D, 
C, by the small letters a, b, c, respectively. 
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Draw AD perpendicular to BC, or to BC produced. 


A d 
KA 
— S x ZL 


l AD AD 
Th )) A ²⁰ m ĩ 1), 
en sin AB = | (1) 
° AD AD) 
= EE 2 
And sin C AG ^ B (2) 


sin B sin C 
DEL del 
b C 
It follows, therefore, from the symmetrical nature of this 


in A in B in C 
equation, that — == sen DEI. 


31. In any triangle, cos C = 1 


Taking the figures of the last article, we have— 


(1.) When C is an acute angle— 
By Euc. IL, 13, AB’ = BO + AC - 2BC.CD. 


CD 
Now AG = cos C, or CD = AC cos C. 
Hence we have, AB? = BC? + AC? - 2 BC. AC cos C, 
or ce = a? + b? — 2 ab cos C. 


a+ 52 — c 


e, cos C = 
l 2 ab 
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(2.) When C 4s an obtuse angle, as in the second figure— 
By Euc. IL, 12, AP? = BC? + AC? + 2BC.CD; 
and CD = AC cos ACD = AC cos (180° — C) = - AC cos G., 
Hence, AB? = BC? + a + 2BC(- AC cos C); 
orc = d +h — 2 2 ab cos C. 

a’ + 0? — e 
2 ab 
From the /orm of this result we have also— 

2 2 2 l 
Cos A = pO 
2 bc 
2 2 2 
(o Bad 2 


2 ac 


" cog C = , AS bilis 


32. To express the sine of any angle of a triangle in terms 
of the sides. 


We have— j 
2 2 2\ 2 
SA A A atx (A 
7 2 bc 
_ (Qu — (D + c — a)? 


| (2 be)? 
_ dé + Cc) — ala - (b - dé 
(2 dc)? 
_ (@ + b + c) (Ó + ç — a) (a + c — b) (a + bc. 


(2 be)? 
Hence, taking the square root, and taking the positive sign, 


because. (Art. 11) the sin A is always positive when A is the 
angle of a E we have— 


Sin A = 5% V b + o) (Ë + c — a) (a + c — b) (a . 
"V o = 9s, then b + c = z = 2(s— a), 
d + € — 52909505 b — c = 2 (8 e) 
: 1 ST 5 —— — E — 
Hence, sin À = Ma 2 (s — a).2 (s — b). 2 (s — c) 


il 


= Vs ( a) (s — b) (s — c). 
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. From the form of this result we have also— 
2 „ | 
Sin B= — Fs (s — a) (s — x 
ze NS (s — a) (s — b) (s c), 


9 ee ee . 
— Ns(s — a) (s — b) (s — o). 


33. To find the area of a triangle. 
Using the figures of Art. 30, we have 


sin C 


A ABC = 1 BC, AD, or, since AD = AC sin C, 
= i BC. AC sin 0 
| = 1 Cf!!! ß (1) 
From the form of this result. we have also 
A ABC EE ia TRAE 
and A ABC = dbesin A............. T N (3). 


The results in (b, (2), (3) express the area of a triangle in 
terms of two sides, and the included angle. 


We will now express the area in terms of the three sides. 


We have— 
A ABC 


iab - C, or, by last Art.,. 
2 ob, e z V = a) (8 = b) (s — o) 
ENTE e — a) (s — by(s — c (4). . 


94. To express the sine, cosine, and tangent of half an 
angle of a triangle in terms of the. sides. 
We have, Art. 18, 


> A b° d 
1 — 2sin' y = cos A = — 50 GH 
yá Bra a — (5 — c) 
DB gud peers ee rera 
( +e- ) ( +b-c  2(s—b).2 (s — c) 
— 20e — 2 bc 
A — b B 
or, sin? 9 = Cs LER c) 
A — b = 
sin =- = E HC RC (1) 
| UC 
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The form of this result gives us also— 
B ER u ES E 
ie Je 8 Ju a)(s — b) 
2 ac 2 ab 
Again, Art. 18, we have— 


Proa, 


„A 
— l cos À = 


2 cos > EC c E 
A Bra (b+ c)? — a 
eo. dens J ³· Sg S 
or, 2 cos 5 = | + 25 = oy 
_ (e + b + e) e — a) 28.2 ( — a). 
2 bc 2 bc 
A s (5 = a) 
2: — — — e 
or, cog = 55 
A s (s — a) | 
cos y = de emen (2). 


The form of this result gives us also 


B —[s(s- 5) NN OE 


dc ds „ ab 
Now, (1) + (2), we have— 
Üiwàuůꝓ 
—3. fez8e-3, Ee 
Cog A be | bc ° 
os — 
2 
tan E ATA (3). 


The form of this result gives us also— 
in E „ (s-a a) (s — c) e) 1 dë - a)(s — b) 
s(s — 6) 2 N ` s(s = c) 
35. In any triangle ABC, a = bcos C + c cos B. 
Using the figures of Art. 30, we have— 
(1.) When C is acute— | | 
BD = AB cos B, and DC = AC cos C. 


. BD + DC = AC cos C + AB cos D, or 
a = b cos C + c cos B. 
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(2. When C is obtuse— 


BD = AB cos B, 
and DC = AC cos ACD = AC cos (180° — C) = - AC cos C. 


.*. BD — DC = AC cos € + AB cos B, 


ora = b cos C + c cos B, as before. 
The form of this result gives us also— 


a cos C + c cos A, c 


— 


a, cos B + b cos A. 
Con. 1. Hence sin (B + C) = sin B cos C + cos B sin C. 


For we have, 1 — l cos C + C cos B, or, by Art. 30, 
2 a 


cos D, 
or, sin A = sin B eos C + sin C cos B. 
But sin A = sin (180° — A) = sin (B + C). 


„. Bin (B + C) = sin B cos C + cos B sin C. 
Cor 2. Hence also— 


sin (B — C) = sin B cos € — cos B sin C. 
For, since this result has been proved for any angles of a 


triangle, it will be also true for a triangle which contains an 


angle supplementary to B; that is, it will be true, if we put 
180 — B for B. -We then have 


Sin (180. — B + O) = sin (180° — B) eos C 
+ cos (180° — B)sin C. 
But sin (180° - B + C) = sin (180° B= C) = sin (B- G), 
sin (180° — B) = sin B, cos (180° — B) = — cos B. 
Hence, sin (B — C) = sin B cos C — eos B cos C. 


Norz.—The results of Cor. 1 and Cor. 2 have been proved only 
for angles less than two right angles. 
are generally true. 


We shall see in VoL IL. they 
36. In any triangle ABC— 


b — 

Tan š (B — C) = Ce “cot j A. 
We have, Art. 30, 

Sim B 5 


2 sin B sin Ae 
Sin G e sin B + sin G 5 


8 
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B+0 B =C 


Now, sin B = sin Í „5 A or, by Cor. 1, Art. 35, 
. B+C B — O B T OC. B C 
= sin Cos —5—— + 608 —5 sin — 7 E ): 
B+C B-C 
and sin C = sin i . or, by Cor. 2, Art. 35, 
In B C % B-C0_, BI Cin B-C 53 
= a s — sin —7,— ... (3) 
B T. C. B-C 
(2) — (3), then sin D sin C = 2 cos T sin SC 
| — . B B-C 
and (2) + (3), then sin B + sin C = 2 sin cos 5 
| „BTC B-C 
sin B= sin © UD DD 
` sin B + sin G _B+C B-C 
2 sin 5 cos — 5 
B +C B-C > A B — 
= cot == tan y = cot (90° — 5) tan 5 
l B-C 
Sla EE (4) 
A B-C 5 — 
(4) = (1), then tan ç tan —535— = EI 
B-C b-c 
. tan 5 z cot A A. Q.E.D. 
Ex. VI, 


1. If a = 5, C = 30, sin A = 1, finde. 
2. Find a, having given b = 12, c = 15, A = 60. 


3. Find tan +, when a = 6, b = 7,0 = 8. 


4. Whatisthe area of a triangle whose sides are 48, 52, 201 


5. Given two sides of a triangle to be 18 and 24, ud the 
included angle 45°, find the area, 


p 
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6. Two of the sides of a triangle are as 2: 1, and the in- 
cluded angle is 60”, find the other angles. 


o d 
b cos C — c cos B = wa? — 4 bc cos B eos C. 


8. Show that the area of a triangle = 1 a’. ae S 
sin A 
9. An object is observed from two stations 100 yards 
apart, and the angles subtended by the distance between the 
object and either station are 45° and 60° respectively. Find 
the distance of the object from each station. 


10. An observation is made from a point known to be 
distant 120 and 230 yards respectively from two trees, and 
the angle which the trees subtend is found to be 120. Find 
the distance between the trees. 


11. If a sin? 0 + b cos 9 = m 1 1] 1 1 
b sin? p + a co? $ =n, »then- + — = — + =. 
a tan 0 = b tan o, | a bm m 
12, If a’, b! c! be the sides of the triangle formed by joining 
the feet of the perpendiculars from the angles A, B, C of the 
triangle ABC upon the opposite sides, then— 
a! b! el oi + Pre 
=x A — T. TM 
a 5 ` 2 2 abc | 
13. A perpendicular AD is drawn from the angle À of a 
triangle, meeting the opposite side BC and D; and from D a 
perpendicular i is drawn to AC, meeting it in E, Show that 
DE = b sin Cos C. 
14. Show that the length of AD in the last example— 
besmA + dc sin B + ab sin C 
34 
15. Show that vs (s — a) (s — b) (s — c) = ab, when the 
triangle is right-angled at C. 
16. Show that (a + b + c sin A sin B 
= (sin À + sin Ë + sin Cy? ab. 


— 
Ld 


17, Show that in any triangle— ` 
cos? A + cos? D + cos? C + 2 cos A cos B cos C = 1, 
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18. The sides of a triangle ABC are in arithmetical progres. 


sion; show that its area = =, V(2a@— b) (36 — 2a). 


CHAPTER VIIL 
SOLUTION OF RIGHT-ANGLED TRIANGLES. 


97. A triangle can always be determined when any three 
elements, with the exception of the three angles, are given. 
In the latter case we have only the same data as when two 
angles are given, for the third can always be found by sub- 
tracting the sum of the other two from two right angles 
(Euc. L, 32). 

Hence a right-angled triangle can always be determined 
when any two elements, other than the two acute angles, are 
given besides the right angle. And when one of the acute 
angles is given, the other may be obtained by subtracting it 
from a right angle. 

We have the following cases :— 

CASE I. When the two sides containing the right angle are 
given. 

A We shall take C as the right angle 
in every case. 
Now tan A = 55 
or, L tan A — 10 = loga - log b; 
or, L tan A = 10 + loga — log H. .. (I). 
This determines A, and we then have 


VCC (2). 


B —— + 


Also, - = sin A, or log a — loge = Lsin A — 10. 


ieee A ͤ y ede Seld abies (3). 


Hence the three elements, A, B, c, are determined. 
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CASE 2. When the hypothenuse and a side are given. 
Let a be the given side. 


We have sin A = SE L sin A — 10 = log a — log c. 
S.J 9n AO m 10 + loga — ee (1), 
and D «9072 EE (2), 
also 6? = c — a? = (c + a) (c — a); 
^. log ö = 1 {log (c + a) + log (e — a)] . (3). 
CasE 3. When an acute angle and a side are given. 
Let A, a be the given angle and side. 


A tete Ta (1), 
b l : 
also y = tan B, or log 6 = L tan Ë — 10 + log a.....(2), 


and sin A, or log a — log c = L sin À — 10, 
C 
or loge = 10 + loga - Lsin A. 


Case 4. When the hypothenuse and an acute angle are given. 
Let A be the given acute angle. 


We have B = 90° — A.................................... (1). 
Also? = sin A; or log a = loge + Lsin A — 10...(2). 
C 


And? = cos A, or log b = loge + Leos A — 10....(3). 
C ` 


It is evident, from Art. 30, that when the angles only of a 
triangle are known, we can determine the ratio only of the 
three sides of the triangle to each other. 


Ex. 1. Given A = 23° 41/ a = 35, solve the triangle. 
This is an example of Case 3. 
We have B = 90° — 23 41! = 66° 19’. 
Again, log 6 = Ltan B - 10 - log a 
= L tan 66° 19' — 10 — log 35 
= 10:3579092 — 10 + 1:5440680 
1:9019772 = log 79:795 
19-795. | 
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Also log c = 10 + loga — Lsin A 
= 10 + log 35 — Lean 23° 41! 
= 10 + 1:5440680 — 9:6038817 
= 1:9401863 = log 87:134 
s. e = 87:134. 


dux. 2. (iron a = 214, b = 317, solve the triangle. 
This falls under Case 1. 


We have L tan A = 10 + log.a — log b 
= 10 + log 214 — log 317 
= 10 + 2:3304138 — log 2:-5010593 
= :9:8293545, 
Next lower in tables is 9:82 99599 = I tan 34° 1’; 
| AE NET 946. 
Also, by tables, D = 2124, 


d 946 x 60” - "NEN 
And 5 x 60" = . eim 21” nearly. 
„ Ltan A = Ltan 34° 1' 21", 
or A = 34 1' 21”. 
Hence B = 90 — 34° U 21" = 45° 58/ 39”, 


And similarly may c be determined. 


Ex. VII. 


1. Given a = 32, A =-63° 45% find b. 
Log 32 = 1:5051500, L cot 63° 45' = 9:6929750, 
Log 15780 = 4:1981070, log 15781 = 4:1901345, 
2. Given c = 151, A = 37 42/, find a. 
Log 151 = 2:1789769, Lem 37° 42, = 9:7864157, 
Log 92340 = 4:9653899, tab. diff. = 47. 
à. Given a = 60, c = 65, find 6, A. 
Log 2 = 3010300, log 3 = 4771213, 
Log 65 = 1:8129134, Lsin 67° 22! = 9:9651953, 
Lsin 67° 23! = 9:9652480. 
4. Given a = 15,6 = 84, find A, c. 
Log 73 = 1: 86332 29, L tan 40° 59' = 9:9389079, 
Log 84 = 1:°9242793, Ltan 41° = 9-9391631, 
Lsin 40° 59/ = 9:8167975, L sin 41° = 9:8169429, 
Log 111-288 = 2:0464479. 


— 
— 
— 
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5. Given B = 71 AU 10", c = 24, find b. 
Log 24 = 1:3802112, L cos 18” 18! = 9:9774609, 
Lcos 18° 19 = 9: 9774191, log 2278:4 = 33576300, 


Log 2278-5 = 33576490. 
6. Given a = 293, c = 751, find b. 
= Log 1044 = 3:0187005, log 458 = 26608655, 
Log 691:49 = 2 8397830. 
7. Given a = 12, A = 30, find b, c. 
8, Given c = 10, B = 75, find a, b. 
9. Given a = 17, c = 34, find A, b. 
10. Given a = 5,6 = 5/3, find A. 
11. Given a = 28, B = 15, find the length of the perpen- 


dicular from C on AB. 
12. CD is the perpendicular from 0. on AB, and . the 


perpendicular from D on BC. Given B = 60, a = 20, 
find DE. 


CHAPTER IX. 
SOLUTION OF OBLIQUE-ANGLED TRIANGLES. 


38. Given the three sides of a triangle, to find the remaining ` 

parts. 
| +e — 

We have, Art. 31, cos A = — from which A 
may be determined ; and from similar formule we may find 
B and C. These formule are not however adapted to loga- 
rithmic computation. We shall therefore Gnd it generally 
advisable to use the formule of Art. 34. 


We have, sin E Je „ 
2 | Dr 
cos = NEC eh, 
2 | bc ^ 

A Je - b) (s — e 

ian 9 al Ceu, E a) I SE 
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From either of these formule we can determine A, and from 
similar formule determine the other angles. 

39. Given one side and two angles, to find the remaining 
parts. 

Of course the third angle is at once known. Let a be the 
given side. 


both of which formule are adapted to logarithmic com- 
putation. 


40. Given two sides and the included angle, to find the 
remaining parts. 


Let 6, c be the given sides, and A the included angle. 
We have, Art. 36, tan 4 (B — C) = : — - 
This formula is adapted to logarithmic computation, and 
determines 3 (B - C). 
We know also 4 (B + O), for it is the complement of 3 A. 
Hence, B and C are easily determined. 


m A 
Then, Art. 30, a = € which determines a. 
sin B 


cot J A. 


Norz.— When the two given sides are equal, the solution may be 
effected more easily by drawing a perpendicular from the given angle 
upon the opposite side, and so bisecting it. By drawing a figure, it 
is easily seen that, in this case, B = C = 90° — 1 A, anda = 2 b cos B. 


41. Given two sides and an angle opposite to one of them, to 
find the remaining parts. 
Let a, b, B be the given elements. 


Then we have, Art. 30, sin A = 5 sin B. 
a 


(1.) Let the value of z Sin B be unity. 


We then have sin A = 1 = sin 90°, and .. A = 90°. 
Hence the triangle is right-angled at A. 
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2.) Let the value of = sin B be > 1. 
b 


We then have sin À = 1, which is impossible. 

Hence, in this case, it is impossible to form a triangle 
with the given elements. 
a 
b 


Then, since, Art 15, the sine of an angle is the same as 
the sine of its supplement, there are two values of A which 


(3.) Let the value of = sin B be < 1. 


satisfy the equality, sin A = T sin B, and these values are 


b 
supplementary. | | 

Let A, A' be the two values, then the relation between 
them is A + A’ = 180°. 

If a is not greater than 6, then A is not greater than D, 
and there is no doubt as to which value of A is to be taken. 
If, however, a is greater than b—that is, if the given angle 
1s opposite to the less of the given sides, we must have A 
greater than B, and both values of A may saüsfy this con- 
dition. This particular case, when the given angle is opposite 
to the less of the given sides, is called the ambiguous case. 
We will illustrate this geometrically. 


42. The ambiguous case. 


Let a, 6, B be given to construct the triangle. 

Draw the line BC equal to the 
given side a, and draw BA making Be 
an angle B with BC. , 

Then with centre C and radius 
CA equal to 6 describe an arc 
meeting BA or BA produced in 
A and A', and join CA and CA” 

Each of the triangles ABC, 
A'BC satisfies thegiven conditions. P ç 

For, in the triangle ABC, we have BC = a, AC = 5, and 
Z ABC = B ; and in the triangle ABC, we have BC = a, 
A'C = b, and Z A'BC - B. 

Again, the sides BA and BA“ correspond to the two value: 


A 
A, 
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of c which are * from the two values of A in the 
equality sin A = 25 sin B (see last Art.). 

And the angles ACB and A'CB correspond to the two 
values of C which would also be found. 

CoR. i a perpendicular CD be drawn from C upon A A, 
and if c' and c be the lengths of BA and BA respectively, it 
may be easily shown that c + c = 2 a cos D, and el ~c = 
2 b cos A. 


Ex. VIII. 
volve the following triangles, having given— 
b = 12,¢ = 6, A = 60°. 
a = 18, b = 18 J2, A = 30° 
a=5 J/3,b = 5 J, = $ ( JO + ,/2). 
12, Db 005 C= 15" 
3/2 J, 5 = 6, C = 45°. 
a = 10 y3, b = 15 V2, A = 45°. 
Given— 
7. 5 = 251, c = 372, A = 40° 32, find B and C. 


Log 121 = 2:0827854, L cot 20° 16' = 10:4326795, 
Log 623 = 2°7944880, L tan 27° 44° 97207827, 
L tan 27° 45' = 97210893. 


8. a = 237, b = 341, B = 28° 24’ find A. 
Log 237 = 23747483, L sin 28° 24’ = 9-6772640, 
Log 341 = 2°5327544, L, sin 19° 18' = 95191904, 
L sin 19° 19! = 9:5195510. 


9. C = 26° 32' anda: b:: 3: 5, find A, B. 
Log 2 = :3010300, L cot 13° 16° = 10°6275008, 
L tan 46° 40' = 10°0252805, L tan 46° 41’ = 10:0255336. 


10. a = 14,8 = 16, c = 18, find A, B. 
log 9 = -3010300, log 3 = :4771213, 
L tan 24° 5' = 9-6502809, L tan 24°6' 96506199, 
L tan 29° 12' = 9°7473194, L tan 29°13! 97476160. 


| 
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11. a = 3,6 = 2 A = 60%, find B, C, and c. 
Log 2 = :3010300, log 5 1213, 
L sin 35° 15' = 9: 7612851, L sin 35° 16' = 9:7614638, 
Log 1:3797 = ‘1397847, log 1:3798 = 1398161. 

12. a = 5, 5 = 6, = 7, find A. 
Log 2 = 3010300, L tan 22° 12“ = 96107586, 
Log 3 = ‘4771213, L tan 22° 13' = 9-6111196. 


13. If c, c' be the two values of the third side in the 
ambiguous case when a, 6, A are given, show that— 
(c ef + (c + c) tan? A = 44. 
14. If a, 6, A are given, show from the equation— 
b° 4c — 2 bc eos A = a’; 
that if c and e be the two values of the third side 
cc! = 0? — de, and e + ¢ = 2bcos A. 

15. Show also from the same equation that there is no 
ambiguous case when @ = b sin A, and that c is impossible 
when o = b sin A. 

16. Having a — 6, A, B, solve the triangle. 

17. Given the ratios of the sides, and the angle A, solve the 
triangle. 


A 
18. If in a triangle tan š (Ë — Cy = tan’ ? cot 5, show that 


b cos = c. 


CHAPTER X. 
HEIGHTS AND DISTANCES. . 


43. We shall now show how the principles of the previous 
chapters are practically applied in determining heights and 
distances. 

We have not space here to describe the instruments by 
which angles are practically measured, but we shall assume 
that they can be measured to almost any degree of accuracy. 
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44. To find the height of an accessible object. 
Let AC be the object, and let 
A any distance BC from its foot be 
measured. 
At B let the angle of elevation 
A BC be observed. 
Suppose BC = a, Z ABC = e. 


Then, we have— 


AC |. AC 

c BG ^ tan ABC or TUS tan 8. 
AC = a tan 0, the height required. 

Ex Let a = 200, and 0 = 30°. 


Bo 


1 2 3. 
Then AC = 200 tan 30° = 200. — = 2 V3 
J3 3 


45. To find the height of am inaccessible object. 

A At any point B in the 
horizontal plane of the base 
let the angle of elevation 
A BC be observed. 

Measure a convenient dis- 
tance BD in the straight line 
Se produced, and observe 
x: B © the angle of elevation A DC. 


Let BD = a, Z ABC = 6, Z ADB = 4. 
Then, Euc. I. 32, Z BAD = 8 - 4. 
AB sin ADD. AB sin $ 


"m BD sin BAB. a sin (0 — ey 
„ AB = cs "PER 1). 
sin (0 —) 0) 


AC ; : 
Again, AB in ABC = sing, . . AC = Ag sin 6, 


or, from (1) AC = y in i sin p 
sin (0 — q) 
Ex. Let BD = 120, o = 607, o = 45°. 


ls, Ada dap, Fo o, 
en, AC = 120.- in (60° — 45°) 
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dä 1 


qoos 80" sin 45% _ 4) _2_ 2 
sin 15 3. | 


2130.3... 60 (3 + X3). 
x9. en Jl 


— 


46. To find the height of an inaccessible object when tt is not 
convenient to measure any distance in a line with the base of 
the object. 


Let a distance BD be 
measured in any direction in 
the same horizontal plane as 
BC, and let the angles A BC, 
ABD, ADB be observed. 

Let BD = a, Z ABC = a 

ABD =p, Z ADB = y 

Then, Euc. L, 32, Z BAD 
= 108° - (8 + y). 


B — 


Now AB E sin ADB ` sin y 
"BD sin BAD ` sin sin {180° — (8 + DP 
a sin (8 + y) sin(B+y) 
Again, SCH = sin ABC = sin a, . AC = AB. sin a, 
or from (1), AC = a. sin a. sin y D- A 
sin (8 + y) 


47. To find the distance of an 
object by observation from the top 
of a tower whose height is 
known. 

Let B be the object in thesame B 
horizontal plane with c the foot 
of the tower, and let the angle of EHE DAB be 
observed. 


Let AC = A, Z DAB = 0, 


C 
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e 


Then we have, 2 = cot ABC = cot DAB, ort = cot 0, 


, BC = A cot 0, the distance required. 


Cor. Suppose B to be not in the same level with C. Let 
m be the height of B above C, then B is on the same level 
with a point which is — mfrom A. .:. BC = (À — m) cot e. 


Ex. IX. 


1. Find the height of a tower 200 yards distant when it 
subtends an angle of 15°. 


2. From the top of a tower, the angle of depression of a 
point in the horizontal plane at the foot of the tower was 30°. 
Given the height to be 60 ft., find the distance of the point. . 


3. The angle of depression of two consecutive milestones 
in a direct line with the summit of a hill were observed: to be 
60? and 307. Find the height of the hill. 


4. An object is observed from a ship to be due E. After 
sailing due S. for six miles it is observed to be N.E. Find 
the distance from: the last position of the ship. 


5. There is an object A, and. two stations B and C are 
taken in the same plane. Given that BC = 50, Z ABC = 
60°, Z ACB = 30°, find AB, AC. 


6. The elevation of a tower is found to be 45°, and on ap- 
proaching 60 feet nearer the elevation is 75°. Find the height 
of the tower. 


7. Wishing to know the breadth of a river 1 observed an 
object on the opposite bank, and, having walked along the side 
of the river a distance of 100 yards, found the angle subtended 
by the object and my first station to be 30°. Find the 
breadth of the river. 


8. A person, standing exactly opposite to the centre of an 
oblong which measures 16 ft. by 12 ft., and such that the line 
drawn from the centre to his eye is at right angles to the 
oblong, observes that the diagonal subtends an angle of 
60°. Find his distance. 


9. The angles of elevation of the summit of one tower, 
whose height is A, are observed from the base and summit of 
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another, and found to be 0 and ¢ respectively. Show that 
the height of the second tower— 


A tan 0 
‘tang — tang 


10. From the top of a tower the angles of depression of two 
objects in a direct line, and whose distance from each other 
is a, are a, 8 respectively. Show that the height of the 
tower— 

, ice G 
cot B — cota 


11. A person, having walked a distance a from one corner 
along a side of an oblong, observes that the side immediately 
behind him subtends an angle a, and the side in front an 
angle P. Show that the dimensions of the oblong are— 


à tàn a, 4 (1 + tan a cot p). 


12. Three points A, B, C form a triangle whose sides are a, 
b, c respectively, and a person standing at a point S, such that 
SA is at right angles to BC, observes that the side AC sub- 
tends an angle 6, Show that the distance of S from B— 


Ape c 
E V tc — Dy + (a + 0% — C cot’ 0. 


13. A person walks a yards from À to E along A the side 
of a triangle ABC, and observes that the angle AEC = a; 
he also walks 6 yards from B to F along BA, and observes 
Z CFB =p. Having given AB = c, find BC and AC. 


14. À tower is observed from three stations A, B, C, in a 
straight line not meeting the tower, to subtend angles a, g, 
respectively. Show that if AB = a, BC = b, the height of 
the tower— 


- J RC + b) | 
Na cot? y — (a + 5) cot? 8 + b cot? a 
When are the conditions impossible? 


15, From two stations whose distance apart is a, and which 
are due W. and due S. respectively of one end of a wall, the 
angles subtended by the wall are each a. Show that the 
length of the wall is G sin a. 

0—1. 2 B 
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16. The angles of elevation of the top of a tower, whose 
height is A and standing on a hill, are a, 8, when observed 
from two stations a miles distant, and in a direct line up 
the hill. Show that if 9 be the slope of the hill— 

( SIN a SIN g 
co 0 = —: -.- d 
h sin (8 — a) 

17. The elevation of a tower was observed to be «, but 
on walking in the horizontal plane a distance a at right 
angles to the lime joining the first position and the foot of 
the tower, the elevation was g. Show that the height of the 
tower was— 


a = = — 
, A/cot? g — cot? a 
.18. The angles of depression of two objects in the same 
horizontal plane, as seen from the top of a tower, are 0 and A 
respectively, and the angle they subtend is « Show that if 


h be the height of the tower,.the distance between the 
objects— | 


= A 


cosec? y + cosec? qp — 2 cosec 0 COSEC p COS a. 


]. 


ANSWERS. 


ú IL—Pacx 15. 


45-93, 290, 2367, 7, Ze 


2. -0005, 11:11, :040020, -45, dec. 

9. Three thousand four, hundred and sixty-seven thou- 
sandths; thirty-four, and sixty-seven hundredths; three 
thousand four hundred and sixty-seven millionths; three, 
and four hundred and sixty-seven thousandths. 


4. 35:90846, 29130-19391, 60-0239. 
5. 7237, 3:32091. ` 
6. 69-5289, 5:06679, 41481. 
7. 026, 7708-71. 
8. 09, 24:356706, -003627, -289, 0096, 00016384. 
9. 200, 00125, 4000, -2295, -006, 5002, dec. 
10. 170000. 11. 497 &., 1. 12, 2. 
II.— PAGE 23. 
1. 22, 42, 1007, 607, 1010, 729, 
7 9 10 " 17 999 6 4 
dÄ 114 190, 24,7, 342, 381, 380, 
9. 6, 7, 12, 11, 9, l4; CE Ké iib 105 ex kc 
4. 71, 12, 72, 162, 714, 311, de. 5. 52. 
6. 35 ye Hy th 177, 149; 39, de 
7. 3, sm 375 $$» 26, 63) Yo 208) 3 
8. 2 75 6, 1, l, 6. 9 25 ii; 93, 125, $) 5 
10. 112 11. 3 12. 28, | 
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III. PAGE 28. 


Lx TL 25 2 xI € 952^ X 05 X X4. 9' x 4, 
9 x 3 x 7 x 11. f 


9x T x 32 x 11, 2 x 5 x 43, 2 x 3, 52 x 7 x 115 


d 
? x 3 x 113, 2* x 34 x 11. 
5. 2, 3, 2. 11 oo 19. 205 1012.3. 1, 7 22, 3. cB 
° 39 4? 89 90? 295? 3 32? 36) 16) 49 33 192 99 57 II? 
17 16  . LL. 
36? 33) 4991 
6. 19, 7, 13, 6, 41, 729, 14, 11, 39 
D. dE. go 2. 4. 119. 5*2 6. .13. Qe 31 41 
° 5? 99 117 13» 172 9» 3) 7? 157 9? 32? 54 
9. 2 days out of every 7. 
10. 2:7. 12. 15, 10, 6. 
EN PAGE 31. 
1. 24, 1260, 2520, 1260, 5460, 33300. 
2. 45, 84. 8. 33: 24 35 39 44. 336 56. 231 2241. 
607 60? 60? 60) 847? 84? 849 84) 252? 252? 2525 253) 
3 21 15. 972 567 304 630 187 38 34 
165) 1052? 1052 12967 1296? 12969 1296» 306?) 3069 306 
8. 12 4 ii 13» ii ig. 9. 10653 
6. ER 7 15 8. 19 10. ii 35 2 5 
V. PAGE: 34. 
1. 7 2557 L; 2. 2913. 3. 14211, 
4. L, de 3s 5. 21, 12, 348 6. 234. 
7. e. 8. 52. 9. 135. 
10. 222 zd 11. 1218. 19. LA, 
VI.—PaceE 36 I 
I. 32, 13, 323. 9. Bai 3. 5. 
4. +35, trades 5. 377 6. 4. 
H. yer 10. £8. 12258 


E 
pl 


. £352. 6s. 8d. 12. 203. 


EE 
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VIL-—Pacre 41. 


. 17 cwt. 16 lbs., 


2°203125. 2. > 0) 5 0 05 38, 4, 55 3. 

. 3-703059239. 4. 5:098809263: 5: 15-4, A 
1. à 7. 2718281. 8. -321750 
-367879. 10. 1:015873. 

3141592. 19. . 857142. 

VIII. — PAGE 43. 

138. 4d., 73 d., 9s. 8d., £1. 5s. 83 d. 

. £4. Ts. 6d., 6s., IS. I rd., 3s. 9d. 


£5. 17s. 4d., £8. 15s., £25. 3s. 11,4 d. 
164 lbs., 62 lbs., 245, Ibs. 
9 m. 2f. 62$ yds., 2931 yds., 4 po. 14 ya., 


144 days, 32 days, 4 hrs. 54' AT". 


8934 yds. 


. 98 lbs. 7 oz. 2 dwt. 154 grs., 12 dwt. 6455 grs. 


— 245 ac. Lr. 27 po. 12.33, yds. 
40? 3' 281", 35. 


Gite grains. 
133 4cwt. 1 qr. 142 lbs. 
j 15497? 
I day 3 hrs. 8' 2415492", 
IX.—PacE 45 
1 3 22 

Tm 1 6 2. yn i 9. 2240, 2885 

3 Ibs. 7 oz. 15 dwts., S Ibs 

41. 221 6. 

516? 540” 3 3 7 52 22 

3 1 5.5 14 

lb ST 8. 118555, 44435 

5 

17388307 10. 5485 

59 2 

59. 12. +11, day of 24 hrs. 


X.—PAGE 47. 


. Ts. 6d., 19s. 74d., 16s. 33d. 
, £1. 5s., 2s. 9d., £1. 6s. 3d. 
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9. 12 cwt. 2 qrs., 2 cwt. 3 qrs. 7 lbs., 6 cwt. 1 qr. 25 Ibs. 
4, lac. 2 r. 262 po., 13.2, po., lr. 22 po. 
9. 4 quires 4 sheets, 11 sheets, 23 quires 43 sheets. 


6. 38 galls. 3 qts. 01) pts., 1 hhd. 60 galls. 2'qts. 12 pt. 
nearly, 1 pk. 0 gall. 3 qts. 13 pt. nearly. 


7. 4000 grains, 8 oz. 6 dwts. 16 grs, 8. :698 Ibs. 
9. 15s. 2d. 10. 24 tons 9 cwt. 2 qrs. 8 lbs. 
11. 4 cwt. 1 qr. 10 lbs. 12, 3 oz. 14 dwts. 


X1.—PAGE 48. 
1. :625, 53125, 55625, 928125. 
9. -846153, :692307, :615384. 3. -36803, -11805. 
4. 015625, 065476190. 5. :003125, 002232142857. 
6. 003472, 640293. 7. 3125, 150625. 
8. 0002232142857, 00083. 9. 113085317460. 
0. 82285714. 11. 
9. 0544575 


XII. — PAGE 54. 


1. 150000, 20000, 100, 270, 2:5, 1, 3:45, 5:294. 

2. 46000000, 3000000, 2956000, 1500, 395, 29:5. 

3. 2 myriag. 0 kilog. 2 hectog. 9 dekag., 1 myriag. 8 
kilog. O hectog. O dekag. 8 grm. 5 decig., 1 myriag. 2 kilog. 
3 hectog. 0 dekag. 0 grm. 1 decig. 3 centig., 1 hectog. 2 
dekag. O grm. 2 decig. 9 centig. 6 millig., 1 grm. 5 deeg 
3 centig. 3 millig., 3 grm. 4 decig. 2 centig. 7 millig. 

4. 160001:2, 25100, 396-45, 203550. 

. 1000, 2:96, 2900-03, 300-12, 3765-43. 

. 10000000000, 10000000, 50000, 349800, 4600. 
. 150, 39:4, 90°2, 1860:3, 3:764, 4. 

. 10, 1:234567, 372456126, 1, -000639, 293. 
3203, 4, 2000:003, 76-384, 29°34, 8300, 34576. 
. 18300:453, 1830:0453, 1830045°3. 


O CO CO si C» Cx 


Koch 
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11. 1, 73:6, 246-45, 2:55, 16:95. 


12, 1300, 130; 713, 71˙3; 1235, 1235; 2˙9, 320, 32, 
1804, 18044. 


- XIII. PAGE 56. 


1. 16287599 m., 10738767 m., 1322371 sq. m., 69548396 
cub. m., 39129:99 grm., 65632:02 ares, 368:93 st., 78603˙982 
lit., 288-06 fr. 

2. 16005688 m., 11696359 m., 96:18 sq. m., 5967600029 
cub. m., 5972935 grm., 2450:94 ares, 4096 st., 6940035024 
lit., 2° 35 fr., 98:56 fr. 

3. (1) 70 245 m., 110385 m., 130 455 m.; (2) 486082:89 
m., &c.; (3) 49 sq. m., &c.; (4) T6: 190000095 an m., &.; 


(5) 11046013:965 gr., &c.; (6) 360009 ar., dee. ; (T) 41629 
st., &c.; (8) 734766072 lit., Ko.; (9) 2932. 50 ‘fr, Ee 
4. 864 fr. 91-5 c. b. 3408 fr. lio 


6. (1) 1:56 m., 1:43 m., 1:32 m.; (2) “27788 m., 261375 
m., 2460 m.; (3) 2:0910 sq. m., &c. ; (4) 41:82 cub. m., &c. ; 
(5) 188:263 erm. , &c. ; (6) 13:2 ar., Go.; (7) 10-01 st., Ze: 
(8) 404463 lit., Co.; ; (9) 293:58 fr., &c. 


7. 20 f., 15010 fr. 24120 fr., 328 fr., 1:80 fr., 2857 £. 
64 c. nearly, 16:5 fr., 12 c., ‘Ol fr. 


8. 25, 80, 2400, 1440, 480000, 14400, 4, 96, 125. 
9. 1150 fr. 10. 45. 11. 36. 12. 3877 nearly. 


XIV.—PaAGE 60. 


1. 1609:314 m. 2. 573198975 ft. 3. 239°613 sq. ft. 
4. 862784. 5. 9717. 6. 1198 fr. 
7. 67 fr. 62 c. nearly. 8. 1053268765 galls. 
9. £4. 3s. 4d. 10. 2204 fr. 61e. ` 
11. 447:39. 19. 1:0392, 
XV. PAE 64. 
1. 4480. 2. 8s. 117d. 3. 344 fr. 484 c. 


4. 39“ 221". 5. 70. 6. 7 fr. 971 e 
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7. £4. Os. 7d. 8. 31 days. 9. £305. 
10. 3 h. 342938! P.M. 11. 32! 4344," past 2. 
12. 4 months. 
XVI.—Pace 67. 
1. 15. 2. 3033 ft. 
3. 1125 miles (take 8 kilom. = 5 miles). 
4. £15,000. 5. 111 days. 6. 922, days. 
7. 2s. 8d. 8. 52:5 m. 9. £154. 
10. 88 horses. 11. 71 miles. 12. 12 days. 
XVII.. Pace 69. 
1. £70. 2. £41. 6s. 21d. 3. £39. 8s. 41d. 
4. £4. 6s. 932d. 5. £4. 4s. 6. £21. 18s. 5d. 
7. 11419. 8. £236. 11s. 8d. 9. 32833. 
10. £385. 11. 53 months. 12. 15s. 51d. 
XVIII. Pace 72. 
1. £23. 3s. 5:856d. 2. £49. Ds. 6:84d. 
3. £20. 3s. 10-1494. 4. £102. 17s. 4:941d. 
5. 10s, 9:6d. 6. £441. 2 fl. 1 c. 1:40 m. 
7. £270. 12s. 1:929d. 8. £200 + (1:045)?. 
9. £231525. 10. £71. 1s. 
11. £50{(1-05)? + (1:05)? + (1:05); = £165. 10s. 13d. 
19. £450 + (1:04) 
XIX.—PAGE 75. 
1. £12. 7s. 24d. 2. 312d, 
3. £4. 13s. 3:38d. 4. £4. 17s. 11:664. 
5. £3. Os. 248,0. 6. £10. 11s. 87d. 
7. £5. 12s. 6d. 8. £42. 10s. 
9. £39. 7s. 6d. 10. £35. 
11. £2212. 10s. 19. £326. 7s. 323d. 
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XX.—PAGE 77. 


1. £690. 18s. 9 494. 9. £304. 148. 87d. 
3. £5528. 10s. nearly. 4. £382. 108. 10d. 
5. £6911. 3s. 62d. 6. £126. 14s. 10d. neariy. 
7. £849. 19s. 6d. 8. £7768. 5s. 32d. 
9. £863. 7s. 6d. nearly. 10. £134. 
IL. 228 1k Os. 12. 50,000 francs. 
| XXI.—Pace 80. 
1. £374. 118. 102d. 2. £1069. 108. 113d. nearly. 
3. £1773. 148. 62d. 4. £393. Ts. 81d. nearly. 
5. 43088693. 6. 20. 
7. 128. 10d. 8. £522:0411. 
9. £217:7937. 10. £1000 + (1:05). 
11. £23. 11s. nearly. 12. £3698728, 
XXT.—-PAGE 82. 
1. 5s. 5d. 2. 10s. 10d. 9. £l. 10s. 
4. 6 to 5. 5. £48. 6. 41 gallons. 
7. He loses 121 per cent. 8. £72,123. 12s. 6d. 
9. £5255. 10. 21. 11. £4. Ds. 
19. 331 | 
MISCELLANEOUS EXAMPLES.— PAGE 85. 
1. 10. l 2. £3. Ds. 10d. 
3. 721 lbs., 321 kilog. 4. 5 + dä 1 
5. 0078125, 28. 6 2933.73. 
7. 331, 3˙236. 8. £2. 16s. Old., he lost 122 per cent, 
9. 12. 10. 3, 6s., 04895. 11. 0, 4, 2500, 158. 
12. £29. 6s. 73d., £0. 9s. 81d. 13. £8000 stock, £7530. 
14. £:002, 34:3168. 15. 83:8967, 1:9387. 
16. £519, £1128, £12922. 17. :2036. 18. 940. 
19. 4s. 74d. per ounce. 20. £1763. 1s. 
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21. £723, £3. 6s. 4d. 22. £60, £40, £109. 
23. 5s., £l. 17s. 6d. 24. £1. Is. 51d, 112%. 
95. £336, 2%. 96. 8841, 9:09. 


97. £3375. 28.6%. 29. 3. 30. 3000 days. 


— M — — MÀ —— .— n VT 


ALGEBRA—STAGE I. 


[—Pack 149. 
. 8, 27, 6, — 16. 2. 6, 2, 4, 0. 9. 5,11, — 7. 
. 11, 16. 5. — 2,— 15. 6. 8. 7. — 5, — 7. 


1 
4 
8. 11, -3. 9. 7, -69. 10. 72, —68. 
11. —2, 25. 12. —10, 32. 


II.— PAGE 154. 


1. 51, 6, 3 2. 125,35. 3. —513, - 65. 
4 1224, 30. 5. 0, 2. 6.1,-97. 7. 2-2, 
8. 1591, 0. 9. 144, 10. 1521. 
11. 145, A M 
4/1029 


III. Daer 156. 


1. 10% 4-35. 2 112. 28.125 7 806. 4. 0. 

5. 8 0 q 4b. 6. 3% — £- 15 — 2. Y 45 — 4. 
8. W + 4 + 2 — 8 ays. odi dul. d 

10. à? 4 6464 3ab + 3 4b — ade — ac — Be — be 
2 abc. 

ll. + y + 2 — 4 % + 40% — 4% — 44 + 422 
4% + Ox + 6222 + 6y — 1222 + l2ayz 
12xys. 12, 0 


IV. —PAdE 157. 


1. 40 + 25 7 5. 2. — 4% + 2% — 62. 
9. ( — 3 b — 62 — 54% — (b — 8. 


ex ër 


O) 
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2 — 2% ra 5. dat 8«D + 40%, 
J)) ͤ qe. 

ai — ax? — 9a? — 3 ax — 2 at 8. 0. 
-a-b-c-dtietft+gt+h. 

2 — 8 ary + 12 y — Say + 2y1 


. oi — 2% + y, 
2. c ＋ 52 — 2c ＋ 2 4b — 2ac 2 bc. 


, 


V.—PaAGE 159. 
— * + But PUES e ME 3. 13 — 6 x, 


5a? — 3% — 7. 


AE E 


la - (Ó — c); — — d. 
— (6a — 7b)— (3c — 5d), -6a + Tb- 30750), 


* (7 b — 3c)! + 5d. 


Co N gv eo do c 


— (4a? - 122%) — (12 ay’ — 4%), 
Wer + (12y — 12% + 4 y), 
- 14 - (12 wy 12% e 49 


. (ae — è) — ( — 3abc), à? — ( + č 3 ato), 


(B + 4 +-3abe. 
— (a — b + dj — (a — b — 9 c) / 
— (20 — c — eë -%) z. 


. (a-b + = d) — (e — d + e - /)% 


— (e — f -g-h)s 


(a — b — d)m — (a — (b — 0) % — (b — ce + d)s. 
. (z — ) à? ( = y)ab + (y — z) b°, 


VI.—Pace 161. 
120? — ab — 60, 182% — Day — 35 y. 
a? Dani + 44, 302a? + 49 ay + 9 xy? — Aa 
a^ — 2a + bt od 4. * — %, 8 — Š 
a+ D + c — 3 abc. 6. 2° — ab, 
a + 9«b + 3ab ＋ 05. 
Da’ + 5% — 405 a — 405. 
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9, — 7 + 17% - 5a — 2, a? — el, 

10. a + 20% + 3 % + 2 abi + OF 

11. af + (ac + Of)x + (b ) ch + (c + df) + cda”. 
12. * + (p — a) 2° + (q — ap) x — aq. 

13. * + (a + b + c + (ab + ac + be) ＋ abe. 


VIl.—Pace 165. 


1. * — 2 xy + 2⁄2, 9 0 — 30 ab + 25 U, 16 ct + 8 Cd? td, 
— nt 
a — OÈ. 3. mx — ny, 50a* — 18 104. 
¿ si — (b + dy, (a + b — (c + dy. 
* + 4% — 5, * + Tx + 10, 4 +20 15,0% — 25. 
*. — 37 % — 24 + 180. 
Te 04 «0 — (a? - Rent, 
4 (a? + b° + C + d. 


did dada 


VIIT.—PacE 171. 
1. 4% — ab + 20, xy — 42. . 
2. 9a* — 5 eb + 2% VO, 2% + Bay + 2. 
3. aa" —" + bann + cor qn, 
am —* + by” + eat mun, 
4. 6x + 4%, 5m — 3y. 5. 1 + % + 22, 
6. — 3% — 4, — 7 + A 
7. a? — 392 + Say? + My + — 


24 y 

ul rr. 
8. at + ay + ay + ay? + 2/L ot — aby + auf — wy? + 44 
9. ax” + by”. 10. à? + ab + ab? + D. 
11. ö T , d + b. 12. a + bx + ca”. 
13. at — (p - 1) a° e do dd — ( == lja + 1. 
14, The given expression is— 

(a +b+c-d) (a+ b=c+d)(a-b+c+d)(a—b-—c<c- dy 


* — Ly — say? +15 y 


16. 
, (z + yy + (at yz — (v + y — e, 
20. 


ALGEBRA. 397 
— aq — a m + aT 
(a — cy — 2 (a — c) (b - d) + (b — dY. 


IX.—Pack 177. 


. (x + 3a) (æ — 9a), (£y? + 5 2) (4% — 52), 


6 (2a + 35) (2a —30), (2% — 3 y) (tæ + 6 zy + 9 y”). 
* ( = y (e+ xy + y”), 
„ + 0%) (a + 50%, 


aye + y) (Z° — ay + y). 


12. 
13. 


2 xyz (x + 22) (a — 22). 
(a? — 26°) (à? + 20%), (à? + xy + Y) (a — xy + y^) 
(a + by (a — by (a+ 5 + c) (a+ b — c). 


(a+ b+c+d)(a + b — = d), 


(a + b —c + d) (a — b + c + d), 
(o + b — e) ( — b + e). 
5 (2z% + 9), 3 (2 + 7), Ba + 6 — e) (a + b — c). 


. (P + zg + y") Í (z — y) (22 — 3) A aPy? (a? — ay — 70 f, 


(a* + ay + y) (2° — ay + %) (e + y) (a — y). 


. (z — 10) (z + 7), (e + 1) (x + 10), 


(a — 76) (a — 8b), (x 16) (x + 12). 


. (ax + 7 by) (ax — 6 by), ge — 10) (x + 2), 


ac(c — 8) (c + 3 


. (3a 4 5) (2% — 7), (2% + 9) (4a — 15), 


3 (2x + 3) (3a — 8), (4% — 7) (5a + 6). 


. xy (3o + y) (e 3), * (5 ＋ 3a) (4x + 50), 


(ma + p) mz + q). 


. + 2% 7 4% + 8, 3% — 6o? + 12 — 24 x + 48, 


e+ 3% + 9. 
(a + by — (a+ b) (c + d) + (c + d), a — b + c + d. 
at + pa + qa? + ra + s, 2 aÁ, 14. — 102, 17. 


X. PA 179. 


; ae, — 27 ab”, 16 , — aa, 


398 


CH 


2 NE OU C = 
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a^ + 12 4 + 54 c + 108 al? + 81 8%, 
16 at + 32a% + 24 4h + 8 ab? + 05, 

a? — 5 G + 1093? — 10 0 + 5 ab* = 65, 
27 a? — 108 ab + 144 ab? — 64 05. 


. 16 m + 32m? + 24 m + 8m + I, 


125 x + 150 2? + 60 x + 8, 
8la* — 432 a% + 864 de — 768 act + 256 c$, 
— — 3 C — 3ab? — 65. | 


. + 22? + 9 2° ＋ 2% + 1, 


9a? + b + 16 c + d? — 6ab + 24 ac — Gad — Š bc 
+ 26d — 8 cd, 

a ＋ 40 ＋ C + 4ab — 2ac — 4 be, 

9 ( + b + c + 2 4b + 2ac + 2 be). 


173% 5 22 + 3 a, (ax + by)? + 3 (ax + by) ez + ke, 
. 177 + 21% + 3522 + 35 ot + 2125 + 7 4 + af, 


(1 + z2)*+ 4 (IT + 6 (I T + 4 (1 + z)25 + 25, 
(a + bx)! + 4 (a + bx)? ca? + de. 


ae — 8 aba'y + 28 abia? — 56 aby + 70 ati 


— 56 aby + 28 Va — Sab + DS, 
729 «85 — 243 aty? + 2T % — y, 
9 


qa? — 3 + 3 — ai, 


.q da + y 


a? 6 ab + 15 ab^ — 20 q816 + 15 atb — 6 2h + D. 


. G + 3 0 + 3a? + 638. 10. (a — c). 


2 (1 + 32). 12. 81 ., (x + y). 


XI. PAGE 193. 


2 4% , 4 %, +a. 2. 2% — 3 %% + 5239. 
5 % — 3ab + b°. 4. 1 — 2% + 3% — 42% 
. G + bx + c + dæ. 6. op Bomi dar 
2 
a 
* Tei, . - l 8. 3 — 5 5 a. 
36, 79, 207, 289. 10. 103-2, 024, 3, 2, 


. 4:123, 1:224, -618, 3:732. 


0203, 4-6, 3:5036. 13. 2 45%, 5aty, a + 2b. 
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ou + 52 — 7. 15. 1 + y — c. 

. % + „ vy € 1. 17. 18018, 11:11. 

. 2:73, 3, š. i 19. 5, 2599. 

. 45 = 1-709. 91. 7-6457, 50:2487. 
44142, 3:7320. 23. 25. 24. 0. 


XII.—Pacx 200. 
pe i. „ 2, d eae e 3. 3. x +3. 


4 + a. 5. a+ ab + bš, 6. x — 1. 
3 8. 3 2 9. 12 + 5a. 
. 3a + 25. 11. x- 1. 19. 2225 — 4% + 1. 
.2a84 35b + ec. 14. a? + 1. ` 15. > - 1. 

. 222 — 3 + 9. 17. 1. 18. a + b +c. 


XIII. PAGE 203. 
12 aš. E 2. 60 abc. 


. (a — b) (b — c) (e — a). 4. dele — a’). 

. (e +1) (x + 2) (3. 6. (2- 6) (z + 5) (z — 5). 
. (2 ＋ 7) (3% + 8) (4% + 5). 

. 210 (a? + 1) (æ + 1). 9. ¿° ( + aa? + a), 

. (x + a) (x + b) (x +c) 11 1 — ws 

. (x + 1) (x + 2) ( + 3) (2 — 5) (z = 6) (x + 5). 

. a (a — by (a? — ab + b°). 

(* — 1) (x + I) ( + 1) (6 . + 52? + 2% — 1). 

. (a? — DN. 

2 %% - 1) (3 3% - 1) (22+ 2 æ- 5) (222 — 2a 5). 
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. aba + b) (a — D. 19. 15 (3% — 10) (at — 16). 
(* — PP (a? + 42) (at + y’). 21. a9 — af, 

. (@ +b +c + d)(a + b — e — dj (a — b — c + d). 
( + b + c) (as + + è- 3 abe). 

(tb A d) (+c + d— a (a + c d- 5 


(% Ó + d - c)(a + b+ c — d) (z + b — c — di 


400 ANSWERS. 
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1. * — 1 * + m — 2 
„„ 
o 3x + 7 222-2249 
7 +? 5 22-2 


(a — b) (a + bF 4 0 + 0 


S d — 3ab + È’? a+ 35 
4 sly — 2) — y 1 2 a 2b 
% + 2) 4" x y a? b? a — 02 
6. — P * — % + 3% 1 
a + 26 — 1) (2 + 13 
8 10 
(x + 1) (z + 2) ( + 1) 
9 8x — 20 10. 8 * + 8 
(a + 1) (z + 3) (e — 1) (° + 1) 
11.0. 19.0. 13. 1. l4a+b+c 15. 1. 16. 0. 
16 añx a? — ab + D° 
17. — (ar r „„ 19. 1. 20. 1. 
8 1 
9]. re 22. — 
(x — y) (y — 2) (v — 2) a? 
1 9 2° 
ARA, 86 4, —4 5 a. 
" ( — a) (Z + 0) (Z + 0) mom PRU 
4 ab? a Nš b N 
25 . 26 e mm (=) dE 
E 29. 1. 30. L. 
E alar y) s 


XV.—PacE 212. 


1. 3. 9. 4. 3. a + 0. 4. 3. 
6. 3. 7. 5. 8. 2. 
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9 a  — 10.a+bdb Ular+b+c 12. ae 
i 24025 — 5) 
13. abc. " us + 6). 15. abc. 16. „ 
cd — ab 
17. 2. 18. 8. T€ 1, 20. PUT P 
21. ab + 22. l 23. 4 1 b te, 
a + b | abc 
: 1 
436 
5 a + Ü + C 
XVI.—PAdE 217. 
ab — cd 
1. 6. 5 om 3. 40, 
4. 235% 5. — 15. 6. — z. 
7. 13. 8. 3. 9. — 1i. 
10. 8 11 133 p a 
20 
a? + b° l — Av 1 — Avi 
ep D Ze m 2) - (153) 
` 2 
15. 3. 16. -& 17. 1. 18. 9 * 1 
2 ab 
19. (Ja + yd). 20. — a, 21. à? + 20. 
e 22. 4. af(bc — ad) + (ef — ae) cd 
"3 - i e %s — ad) — (cf — ae)c 
XVII.—Paczx 221. 
2, 10. 2. 45, 25. 3. £360, £240, £120. 
4. 20, 15 miles per hour. 5. 24, 
6. 36s., 48s. 4. 12. 8. 368. 9. 30s, 
10. 13. 11. 10. 12. 24 lbs., 40 lbs. 
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13. 14. 500. 15. 158. 16. 46.5. 


. 18 miles from A. 18. >= hr. 

. 15 per cent, 20. 28 miles. 21. 10, 

. 41, 4 miles per hour. 23. 12 miles. 

. 20 miles per hour in same direction. 

» 190. 26. 6s., 4s. 27. 2, 1, 4, 6 hours. 

. 98 percent. 29. £1,000. 30. 382, miles per hour. 


. 2 inches. 32. 16 vols. of hydrogen, 8 of oxygen. 
1-100c 1008-1 3% 45 — 4 be. 
b-c ° Ae  ec(ab — aby) 
- 40 „ 
c — ab 


bc — be, ac, — ac 


4, 1, 2. 10 AS Í 
i: ab, — ab ab, — ab 
* ＋ - „ : | Gtf-e 
Z == > , &c. 12. 2S 25 
4, 5 14. 3, 8 15. 4, 8 16. 3, £ 
3, 5 18. 8, 1. 19. 4 a ge 
a+e= 6 
x — 2 
. 2, 3, 4, 1. 21. 3, 4, 5. a EE 2 
mus S CEN e DU. uw ey ew ed. 
SIS Daer 231. 
12, 8. 2. 37. 3. 6 lbs., 5 stones. 


5. 17 horses, 24 cows. 


. 4, 9 miles per hour. 
o Got + by F C,2 = di, (Let + b, * Cow = d 


E f> pa 
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. 200, 300-400. 9. 48, 23, 18. 10. 5, 3, 4}. 
. 4, 6, 8 hours. . 12. 6, 10, 18. i9. 5 19.9. 


15. 16, 33, 48 miles per hour. 
age + day + cez = d, from which zw, y, z. 


— ——— Ege a 
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De ye 30 + 1 
Hu 11. + En 
35 Ne 5 ＋ 305 
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Ss e 1 4. 9, — 8. 
25 13. 2, 3 1 ,- 8 
l, — 2. 16. 4, — 2 17. - 4, — š. 
uL 19. (b JU — 4ac). 
5, 91 21. 7, — 6. 29. 6, — 3 
1, ad — (a + b)c 24. b, a 
bc 
4 „ b, Do ab 251, 5. 2. 
a + 6 a-b d — 6 
a? + ab + Di a— D 
a—b "a obt b° 29. 4, Yo 
5, — 23 9l. 3, 32. 2, — 91 
2, — 133 34. 5, 1 35. 8, — 2. 
9, — 28 97. 2, 21 38. 4, — 2. 
245 -1 40. 2, 0 41. 0, 2ab. 
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: 2 4 b + 25 Jab 
. G, 32 a. FFF e 
49. a, 32 a 43 Ge 
44 q we- 
1 (a? + 6°)" + 2ab(a + b)° 12 — 4 at 
2 2 ? 
T NEA E E nid 
a — b 
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1. SÉ 3. 2 2, m NEZ ` à. T5, 
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G 

15. + 1a J3. TENOR 2a ba © 

a + N22. a 555 
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19. (53 dÉ 20. +5, + J 

5 
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27. 3, - 27, 13. 28. 1 (1 + Vta = 3). 


99. + 1, and a 42324 1-0. 30. + A 


31. a, 1 {VE 3% + Tab + b - (a - b)j: 


39. x = m is one solution. 


33. 
34. 
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os 4-b + c isone solution. 
a 

x = —,and a? + ax + x? = 0. 
m 


b + d 


. € =  ——. is one solution. 


a + C 


. — x + 1 O gives two solutions. 


, 
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, De 


2(0+c-a) 
40. 1, 2, 3 41. + 1, 0, 0. 
1 q 1 I 
2 = 4 = z = O, al = 1 e 
C — 16 - .) 
1 T 1 
— = Moi. SE J. & 
ye 2 We ) i 
b 
43 7. — S.A 
Ja? Fi Jar c Je +P + ede +P + @ 
44. x = y = % = G + b. 
45 a3b - ^ a*b*ec = $ : 
.— — “e, 
(a+ b c)* (a + b + c)* 
46. x = 6,4, y = 4, 6,2 = 5. 
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1. 9, — 6. 2. Numerator 282, denominator 3. 
3. 35 or 23. 4. 10, — 16. 5. 78, — 68 ft. 
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9, 3 ft., 2 ft. 10. 1, 1. 11. 3 ft., 4 ft., 5 ft. 


vob ĩ c Mil PS SS PESSES 
19. NICE Oy, aida, On Cc. 
A 9 


13. 2, 3, 6 days. 


14. 


15. 


16. x 
17. 


o N 9 c — 


14. 


16. 


1 s t 


10. 
12, 


13. 


14. 
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Solve the equations P(R? — 1) =a, PRXR — 1) = b, where 
P is the principal, and R the amount of £1 for one year. 
Let x be the equated time, then x is the root of the equa- 
tion 240 I alm—xw)-b(x—n) \ = DU — n)(m = z). 

1 


nn, 


Jab, JL NS 


- V.—Paack 318. 
. a, de, af, a. 9. à + x, (a — a) 
. G + 0% + s. 44. ge — o" By? 
gy 1 +a Jy + 1. 6. à? + abè + 58, aè + 558. 
o — ay, 8. a3 + 03 + cŠ — ab — años — bic. 
ohh — Aë. ZEE 13. a? + BF + c 
244 — Saye + 2 x. 15. ad ?- 9 + 24-04, 
zŠ + 323 — T. 17. yT? + 1. 18. (at + b?) 


VI.— Pace 325. 


we, a$ D$, at, ath? 

. aya 5 — 3, dix % 2, a x x 

A97, 124, Iz, 29. 4. 432, VIT, 4/35, fus. 
ab, Bee Ja? — x. 6. $94, 27. | 
X8, VSI. 8. X8, J/135. 9. "Va", mb. 
Va + m, + 2x), Na — a — ay. 11. a m homo 

2 /3, 2 26, 6 /7, 3 23. | 


— EE 1 5 
20 a + b, b Ja + 6°, ha Ja? + ab, 


A | 

- 2 1 

- — a, . — dss. 
* 2 
Gs 
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1 — 
15. — J3 Ké d AJ (a? — a’)?, 
16. 4/3, 5/7. 17. M EUR abi. 


18. (3 at - 2a — 12) Ya”. 
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VII.—Pack 330. 
1. à + 52: % — D is the greater, if a = 6, 


9. The former. 3.65 — ad. 


C 


4. (1 - % (1 + wil +. 5. 30, 35. 
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6. Less than H when z lies between 2 and 3; greater than 
D for all values beyond these limits. 


8. m satisfies the equation 
4% — (a + b — 6c)x + 2(c? — ab) = 0. 
5 6° ab 
rm sd. 3 3, uen 
9 oP a 10 14, 20 — a * 
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I. PAR 335. ` 
. 437509, 11? 50' 3:03”. > 9. 88 88 88-8". 
. 19 the number of grades. 
. 180 — (a + + 6) degrees, 200 — (W a + b) grades. 
3. 7. 3. 8. 25, 759, 90. 9. 576°, 648%, 
, 2nd, Ist, 4th, 3rd, 4th. — 1L 2 2. 19, 90.» 


10? 
qo 


OU ou o n 


1I.— PAGE 341. 
.. Cos A = 45, tan À = 12 de. 


ff P 
A 11 = CURE = OS, G. 
71201 71201 


. 18 25 (2/89 5). 19.2 SCH 
„2 p? 


TORN 21. % T = 291, 


Qin A = la — (m + n) 
l a+b ` 


III — PAGE 252. | 


From 0° to 90°, +; from 90° to 180°, — ; from 180? to 
270°, +; from 270° to 360%, -. 
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Cos A + sin Ais +, +, —, —,as A lies between — 45? 
and 45°, 45° and 135°, 135° and 225°, 225° and 315° 
respectively. The corresponding signs of cos A — 
sin A are +, —, —, +. 


end as. 2" 2 
. A = 60°. 11. A = 45%, and tan A = — 6. 
. å = 30°. 19. A = 30°. 
„X 45% B = 15”. 15. A = 0°, 45°, 135°. 


LA 26. 1%A=60% 180-92 t 3. 


IV.—PaskE 358. 


28 3 To doe 55. $55 15 
. 1:0791812, .1:5563025, 1:6532125, 1:8750613, 


2-6020600, 5740313, 1:8239087, 2:8696761. 


. 1:3172901, 3:3172901, 2:3172901, 3:3172901. 


. 1, I, 3, 3. 
020912, 2091200, -20912, 20919. 7. 1:3162760. 
. 9493-768. 9. 2427189. 10. 3:1303338. 
. 6,5, 12. 1:67. 
V.—PacE 365. 

16774495. 2. 6:7193696. 3. 18213310. 

. 0616835. 5. 2:07892. 6. £177:63 nearly. 
. £663:449. 8. 2620-248. 9. 97299222. 


9:8401608. 11. 36° 26' 30", 
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` FEET 
leg = 129, 2. 189. 9. Tan 2 5 
4. 480. 5. 108 J. 6. B = 90, C = 30° 
9. C = 50 J6( /3- 1), b = 100 (/- 1). 
10. a = J 919. 
VII.— Pace 376. 
1. b = 1578065. 9. a = 9234057. 
3. b = 25, A = 67 2249. 
4. A = 40? 59 32” e = 111:288. 
5. b = 2278438. 6. b = 691-49. 
7. b = 12 J3, e = 2, 
8. a = 4 (/ - J2), 5 = $(/6 + ,/2). 
9. A = 30°, b =17,/3. 10. A = 30° 
11. CD = 7( / 6 - ,/2). 19. DE = 5,/3. 
' VIIL.—Pace 380. 
1. a = 68, B = 90°, 0 = 30°. 
2. B = 45° or 135°, C =105° or 15°, c = 9( /6 ,/2). 
3. A = 60°, B = 45°, O = 75° | 
4. A = 105,6 = 6 (3 J2 — ,/6), c=12(2- ,/3). 
5. A = 75°, B = 60°, c = 27/6. 
6. B = 60° or 120°, 0 = 75° or 15°, ¢ = 5 (3+ ,/3). 
7. B = 41° 59’ 23", C = 97° 28’ 37”. | 
8. A = 19? 18' 11”. 
9. A = 30° 3 26”, B = 123° 24’ 34", 
10. A = 48° 11’ 22", B = 58° W 49”, 
11. B = 35° 15 52",'O = 84° 44’ 8” c = 137-9796, 
19. A = 44° 24 56". 
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1. 200 (2 — ,/3). 2. 60 ,/3. 
3. 1/3. 4.6/2. 
5. 6 (3 = 1)},3 J6 C3 = 1). 
6. 30 (./3 + 1). kt as 
8. 10,/3. 


13. J 6 ee 2] pean z}, 


J HH seo 2] + (c - yt, 


— — 
D 


WILLIAM COLLINS AND COMPANY, PRINTERS, GLASGOW, 


Collins’ Advanced Science Series, 


PURE MATHEMATICS, 


INCLUDING THE HIGHER PARTS OF 


ALGEBRA AND PLANE TRIGONOMETRY, 


TOGETHER WITH 


ELEMENTARY SPHERICAL TRIGONOMETRY. 


BY 


EDWARD ATKINS, B.Sc. (LoND), 


HEAD-MASTER OF sr. MARTIN'S BCIENCB SCHOOL, LEICESTER. 


M V d 

d 3 lo 

de 
P 
4! 


LONDON AND GLASGOW : 
WILLIAM COLLINS, SONS, € COMPANY. 
1875. 


[AN rights reserved.) 


TO THE REVEREND 


DAVID JAMES VAUGHAN, MA, 


HONORARY CANON OF PETERBOROUGH CATHEDRAL; 
VICAR OF ST. MARTIN'S, LEICESTER; 


AND FORMERLY FELLOW OF TRINITY COLLEGE, CAMBRIDGE, 


This Volume is Dedicated 


IN APPRECIATION OF 


HIS ZEAL IN THE CAUSE OF EDUCATION, 
AND IN GRATEFUL ACKNOWLEDGMENT OF 
HIS PERSONAL SYMPATHY 


DURING MANY YEARS. 


PREFACE. 


Tuis Volume is intended to form, with the volume previously 
written, a complete treatise on Algebra and Plane Trizono- 
metry, or at least to include as much of these subjects as is 
usually read. 


I have, therefore, not at all confined myself to the Govern- 
ment Pass Syllabus for Pure Mathematics, Stage III., but 
have treated the subjects with sufficient fulness to enable a 
student to take up the Honours Papers. 


The book, which is complete in itself, may be considered 
as an Advanced "Test Book in those subjects; and will, I 
presume to hope, be found useful to all who wish to pass 
beyond the mere rudiments of Mathematical Science. 


It is unnecessary for me to say anything here as to the 
place Mathematics should hold as a branch of education, 
I may, however, remark that the recent alterations in this 
respect, made in the Training College Curriculum of the 
Education Department, show that the Government are 
thoroughly alive to its importance. 


I have included in the volume the elementary portions 
of Spherical Trigonometry, for the use of those students 
who may prefer to take it up as an alternative subject in 
the Pass Examination of the Science and Art Departinent. 


E. A. 
LEICESTER, April, 1875. 
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THIRD STAGE. 


SECTION I. 


ALGEBRA, 


CHAPTER I. 
THE THEORY OF QUADRATIC EQUATIONS AND EXPRESSIONS, 


l. A quadratic equation cannot have more than two roots. 


It has been shown (Vol. I., 176) that f(x) is divisible by 
æ — a, when it vanishes on putting a for æ; that is, when a 
is a root of the equation f(x) = 0. 

Hence, if a, B are roots of the quadratic equation 

* + pm + q = O, 
æ — aandx — D are each of them factors of the expression 
x? + px + q, whatever be the value of x. 

Moreover, & — d and x — P are the only linear factors of 
a + px + q, since their product gives an expression of two 
dimensions whose first term is *, the same as that of the 
expression 22 + px + q. We therefore have identically 


* + pz + q = (x — a) (z — B). 
Hence no value of z can make x? + px + q vanish unless 
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it make one of the factors o — a, » — B vanish; that is, 
x? + pæ + q cannot vanish for any other values of æ than a 


and f. 
It follows, therefore, that a, B are the only roots of the 
— 
* + pz + q = 0. 
9. If a, D are the roots of the equation x° + px + q = 0, 
thena + B = p, and af = q. 
For (Art, 1) we have identically, 


* + po + uid s 
, ^a Br kh 


E lI 


Here we have the coefficient p on the first side represented 
by — (a + ) on the second side, and the constant term q 
represented by af. 

We then have 

band 4 . ED — 
and af = ç. Q.ED " 


Con. 1. It easily follows that 
(l.) a + B' = p — 2g. 
(2) 4 -A = Vp - 4g. 
1 a + a +f _ p 
3) — + om 2. 
„ 
Cor. 2. If the given equation be of the form d- + bæ 


+ c = O, we may write it thus: 


2: 2 od e 
a ($ 


+ 


and we have 
b 
(1.) a + P —. -— a 
= £, 
EN aß s 


~~ 
GA 
— 
Rs 
E 
D 
13 
i 
I 
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(4.) a - B = Z NVO A ac. 
1 1 b 
(5.) a + B T SC 


8. The quadratic expression ax? + bx + o is a perfect 
square when b? = 4 ac. 


When o + bæ + cis a perfect square, its linear factors 
must be identical ; and hence the condition is that the equa- 


tion 
ax + be + c = 0 
must have equal roots. 
Solving this equation we get 


2 ( JF Ta) 


Now these two values of x can be equal only when 
b — 4ac = O, or when b = 4ac, 
Hence the condition that aa? + bx + c shall be a perfect 
square is that 6* = 4 ac. 


Cor. The roots of the equation ax? + bæ + c = 0 are 
rational when b? — 4ac is a perfect square, and are «mpos- 
sible when 6? < tac, . 


4. To investigate the relations between the coefficients A, B, 

C, a, b, o, in order that the expression 
Aæ + By + C2? + ayz + bez + cry 

shall be a perfect square, -` 

We must have identically 
As? + Bf + C2 + ayz + baz + cry 
(A. x» + JB,y + JC. 2) | 
Ax? + By + CY + 2 7B0.2 + 2 VAC. zs 

+ 2 J AB. XY. + 
Equating the coefficients of identical terms, we have 

a = 2 ABC, b = 2 VAO, c = 2 VAB, 


the relations required. 


1 
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Con. Solving for A, B, C, we may put these relations in 
tho following form : 


A = be B "2 pres 
2a 


5. The ge of x and y derived from the equations 


3 3 
4 + by = f+ Z = @ 


are rational, when a? + b? = œ. 

For, re for x, we get 

ac? + ( — c — a* + ae = 

Hence (Art. 3, Cor.) the values of x are rational when 
(t — et — at)? — 4 a. ad is a perfect square. 

The values of x are therefore rational when 

(bt — cf — at)? = 4 ates, or 
bt — ét — at = t 2 a’c’, or 
(a? + c) = b, or when œ tc? = XU. 


And we may similarly show that the values of y are 
rational when 
| bb + c = ta 


Now, on examination it will be found that the only condi- 
tion common to these two sets is that 


a + b° ze 
Hence the values of z and y are both rational when 
à ＋ 57 =c, Q.ED. 


6. To investigate the condition that the expression 
Aa + Bry + Cy + Dx + Ey + F 
as resolvable into elementary factors. 


If the equation Az? + Bry + C/. TE Dx + Ey + F = 0 
be solved either for x or y, the condition that either can be 
expressed in terms of the other in a rational form will (Art. 
1) be the condition that the given expression can be broken 
up into clementary rational factors. | 
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Solving for z, we find z equal to 


By4 D+ J(BI-440)y/ 42 (BD-2 AE + (D: — 4AF) 
rr 


Now, in order that this may be rational, we must have 
(B? - 4 AC) + 2 (BD - 2 AE) y + (D? — 4 AF) 
a perfect square. 
Hence (Art. 3) we must have 
{2(BD - 2AE)} = 4(B* 4 AC) (D: - 4 AF) 
or (BD - 2 AE)’ = (B? — 4 AC) (D? - 4 AP)... (1). 
This may be transformed into either of the following 
forms: 


AE! + OD? + FB! — BDE — 4 ACF = 0......... (2). 
(BE - 2 CD)? = (B? — 4 AO) (Œ - 4 CF)....... (3). 
(DE - 2 BF)? = (D: — 4 AF) (Œ — 4 Cl. . . . (4). 


Ex. I. 


1. Find the difference of the squares of the roots of the 
jr 3 — 12 x — 43 = 0. 
. Construct an equation whose roots are the T — of 
Berger pul + b + c = O. 
3. If a, B are the roots of the equation 2? — pæ + q = O, 
construct the equation whose roots are a — y, B — y. 


4. Find the value of o when the equation 
| ax! — 36 z + 81 = 0 
has equal roots. š 
5. Find the relation between the quantities a, ö, c, a, É, c“, 
so that the equations 
ax + bm + e = bs al dd af = 0 
shall have a common root, 
6. The equations «x^ + be + c = O, and 2 ax + b = 
have common roots when the former has two equal roots. 
7. When is the equation 
Am*x + aè + dix + e p + ct = 0 
reducible to a simple equation ? 
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8. If a, B are the roots of the equation 22 — px + q = 0, 
form the equation whose roots are a + B, and a — f. 


9. Ifa? + px + q anda? + me + n have a common fac- 


tor, show that this common factor is z + 2 — 7 
GER 
10, Hence show that the following relation holds, viz., 
(n — q) + n(m — p? = m(m - p) (n — q). 

11. Show that the values of x and y derived from the 
equations ax’ + by = de + by = c are rational when 
wo D = e 

12. Show that the expression D + 17 zy + 123^ + 42 
+ 7y — 10 can be broken into elementary factors, and 
determine the factors. 


a o o 


CHAPTER II. 
VARIATION. 


H If two quantities are connected together by some con- 
stant multiplier, either integral or fractional, one is said to 
vary as the other. 

The symbol c< placed between the quantities is used to 
express this relation ; and if we suppose m, n to be constant 
quantities, we may distinguish the different kinds of variation 
as follows : 

(I.) If À = mg then A varies directly as B, or A œ B. 


2. 
(2.) IfA = D 


(3.) If A = mBC, then A varies s Jointly as B and C, or 
A « BC. 


(4.) If A = d then A varies directly as B, and in- 


then A varies inversely as B, or A < : 


versely as C, or A x 8 


(5.) If A = mB", then A varies directly as the nth power 
of B, or A o B'. 
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(6.) If A = , then A varies inversely as the nth power 


BY 
of B, or A a » 
C.) IFA = mB + a then A varies as the sum of two 


quantities, one of which varies directly as B, and 
the other inversely as C. 


8. IFA a B, and Ba C, then A et 
For, let A =m Bianu (1), 


then, substituting in (1) for this value of B, we have 
A = m.nC = mnC; or, since mn is constant, 


A aC. Q.E.D. 


9. IFA =< B, then will AB + AB? œ (A? + B) (A - B). 

For, let A = mB, then 
AB + AB! = (mB)*?. B + mB. B! = ( + m) B... (I). 
And so, (A? + B’) (A - B) = (m? + 1) (m — 1) Ds (2). 

AB + AB? m ＋ m 
A (A? + B) (A — B) BC - 1) (m — ) ° 
constant quantity. 
AB + AB* (A? + B)(A - B). O. Z. D. 


10. If A cB, when C is constant, 
and A & C, when Bis constant ; 
then A œ BC, when BOTH are VARIABLE. 
Let a,, b be corresponding values of A and B, when C is 
constant, 


Then A: a, :: B: ö, rd. E A (1). 


Now this value a, of A will, like A itself, vary as C. 
Let then a, c be corresponding values of a, C, when D is 
constant. 
Ca 


'l'hen a . (6 SEN C C, Ox c, — F N. 
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(1) = (2), then 
B Ns, or À = BC 
Hence A bears a constant ratio = to the product of the vari- 


able quantities B and C. 
„ A œ BC, when both B and C are variable. Q.E.D. 


This proposition is the foundation of the so-called Double 
Rule of Three in Arithmetic. 


We will illustrate this by an example, 


Ex. If 15 men earn £180 in 6 weeks, how much will 22 
men earn in 13 weeks ? 


We have : 
Number of pounds œ number of men, when time is not 
considered ; that is, when number of weeks is con- 
stant. 


Hence, 
15 : 22 :: 180 : number of pounds required, when time 
is not considered. 
Again, 
Number of pounds œ number of weeks, when men are 
not considered ; that is, when number of men is con- 
stant. 


Hence, 
6:13 :: 180 : number of pounds required, when men 
are not considered. 
These two statements correspond to the ordinary state- 
ment of a Double Rule of Three sum. 
But, by the above proposition : 
Number of pounds o number of men x number of 
weeks, when both are considered. 
Hence, 
15 x 6:99 x 13 :: 180 : number of pounds required, 


This is the ordinary complete statement, 


Cor. If A varies as each of the quantities D, C, D, &c., 
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when all the rest are constant, then when all are variable, A 
varies as their product. 


Ex. IT. 


1. If x cc y, and when z = 3, y = 7; find the value of x 
when y = 63. 

2. If A œ BC, and that C = 3, when A = 60, and B= 1; 
find the value of B, when A = 80, and C = 4. 

9. Ife = my! + ne, find m, n, when 17, 2, 1, and 23, I, 2, 
are corresponding sets of values of x, y, 2. 

4. If a cylinder whose length is Z and diameter d, has a 
weight 20, what will be the weight of a cylinder of the same 
material whose length is Z, and diameter d, 


5. If t be the time of a complete vibration of a pendulum 
of length J, then t o . Hence, find the length of a two- 
second pendulum, when the length of the second pendulum 
is 39:4 inches. 


6. The time taken by a falling body varies as the square 
root of the space. Now, a body falls through 64 feet in 
2 seconds. Hence, find the relation between time and 
Space. 

7. The strength of a beam supported at its ends varies in- 
versely as its length, directly as its breadth, and directly as 
the square of its depth. Now, a beam whose length, breadth, 
and thickness are respectively 12 feet, 6 inches, 4 inches, will 
support 3 tons. Find the breaking-weight of a beam of the 
same material whose corresponding dimensions are 16 feet, 
8 inches, 6 inches. 


8. If m shillings in a row reach as far as n sovereigns, and 
a pile of p shillings is as high as a pile of y sovereigns ; com- 
pare the values of equal bulks of gold and silver. 


9. The value of diamonds « the square of their weight, 
and the square of the value of rubies « the cube of their 
weight. A diamond of a carats is worth m times a ruby of 5 
carats, and both together are worth c£. Required the value 
of a diamond and a ruby, each weighing n carats, 

H—IT, B ` 
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10. The heat generated by the discharge of a Leyden jar 
varies jointly as the quantity and the tension of the electri- 
city; and the tension varies directly as the, quantity of 
electricity, and inversely as the surface of the jar. Show 
that when the surface is constant, the quantity of electricity 
varies directly as the square root of the heat. 

11. A rod of iron weighs 10 lbs. per foot run, what is the 
length in metres per kilogram ? 

12. British units of length (L), mass (M), and time (T) 
are respectively a foot, a pound, and a second; and the 
corresponding absolute units are a metre, a kilogram, and a 
second. Now, the dimensions of the units of force and work 

2 
are respectively a and — Hence express the absolute 
units of force and work as British units. 


CHAPTER III. 
PERMUTATIONS AND COMBINATIONS. 
Permutations. 


11. The different arrangements that can be made of a num- 
ber of things are called their Permutations. 

Thus, ab, ac, bc, ba, ca, cb, are called the permutations of 
a, 6, c, taken two together; and abc, acb, bea, bac, cab, cba, are 
the permutations of the same things taken three together. 


In some works, the term permutations is limited to the arrange- 
ments of the things when taken all together. When they 
are not taken: all together, they are called Variations. We 
shall include under the term ** permutations" all such arrange- 
ments. 


19. The different groups that can be made of à number of 
things without regard to the order of the things are called 
Combinations, - 
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Thus «b, ba form the same combination > so that the com- 
binations of a, 0, c taken two together are ab, ac, bc. 


13. The number of permutations of n things taken r 


together is 
n(n — 1) (n- 2) .... (an - + + 1). 


Let a, ö, e.. . . kbe the x things. We will first take them 


two together. Now, there must be n — 1 things before which 
a stands first, and the same number before which b stands 
first, and so on for all the letters. Hence the total number 
of arrangements must be n times (n — I), or 2 (a - 1). 
And hence the number of permutations of n things taken two 
together = n(n — 1). 

A gain, if we first consider the (n — 1) things b, e, É, 
we have just shown—as may be seen by putting (n — 1) for 
n in the above result that 

Number of permutations of (n — 1) things taken tico 
together = (a - 1) (n - 1 - 1) = (n — 1) (n - 2). 

I Now, a may stand before each of these permutations of 

Co... . 

Hence there are (n — 1) (n — 2) permutations in which a 
stands first, when the n letters a, b, c... E are permuted 
three together. And, of course, there are just as many in 
which 5, c, . .. . k each stand first. 

Hence, the whole number of permutations of the 2 things 
taken three together = n times (n — 1) (n — 2) = 

n (n — 1)(n 2). 

And by similar reasoning we may show that the number 

of permutations of n things taken four together = 
n (n — 1) (n — 2) (n - 3). 

If we look at the last term of the last factor of each of 
these results we see that its value (neglecting the sign) is one 
less than the number of things taken together. 

It is easy then to perceive an apparent general law, viz. 
Number of permutations of n things taken r together 


=n (n — 1) (n- 9).... (n - + - 1) 


By what is called Mathematical 1 nduction We MAY SST 
ourselves of the truth of this law. 
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We will assume the law to be true when p things are 
taken together, and will then show that it must be true 
when (p + 1) things are taken together. 

Fixing our mind upon (n — 1) things, viz., ö, c... . . k, we 
have by our assumption—putting therein (n — 1) forn, 

Number of permutations of b, c... . k, taken p together 


= (n - 1) (n -2....(n-1-p- 1) 
= (n - 1) (n- 2).... (n - p). 


Now, a may stand before each of these, and hence the 
number of permutations of z things taken (p + 1) together, 
where a stands first, is (n — 1) (n — 2) , (n = p). 

And the same may be said for each t the letters b, c, . . . k. 

Hence the whole number of permutations of n things 
taken (p + 1) together is 

n times (n — 1) (n - 2)....(n — p), 


or n (n — 1) (n - 2)... E s ＋ 1 1) J. 


Hence, on the assumption that the law is true for any 
particular case, we have shown it to be also true when the 
things are taken one more together. 

Now, we know it to be true when the things are taken 2, 
3, 4 together. It is therefore true when taken 5 together, 
and therefore also when taken 6, 7, &c., together. Hence, 
it is generally true. 

We have therefore generally 
Number of permutations of n things taken r together 


n (n — 1).... (n — + — 1), or 
^ (n —1)....(n - r + I). 


n H 


Cor. 1. Let r = n, then the whole number of permutations 
of n things taken all together n (n — 1)....(n — n + 1) 


n(n — 1).... I, or, as often written, 
| ^, read factorial n. 


Cor. 2. Every combination of r things will produce |r 
permutations, for the number is that of y things taken all 
together. 
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14. To find the number of permutations of n things taken 
all together when they are not all different things. 


Let there be » letters, in which the letter a occurs p timos, 
b occurs q times, c occurs r times, &. Then the number of 
permutations of the n things when taken altogether is 


En 
E ig me 
For (Art. 13, Cor. 1) the number of permutations of x 
different things taken all together = |». 


Let P be the required number of permutations. Then, 
since every permutation contains a repeated p times, it is 
capable of forming |p permutations on the supposition that 
the a's are all different letters. The whole number of per- 
mutations would then beP times p, or P. | p. And similarly, 
on the supposition that all the b’s are different, every permu- 
tation would form |q permutations, and so on. 


Hence, on the supposition that all the letters are different, 
the total number of permutations = P, |p |g |r ke 


Hence we have P. lp E. |r &c. = In 


| ^ 
DREES 


15. To find the mumber of permutations of n things when 
each may be repeated once, twice, & c., times. 


Let a, b, c.. . . . k be the n quantities. i 

Wien taken one at a time, their number is n. 

If we place a before each of these letters, we get » permu- 
tations aa, ab, ac, . ak, in which a stands first; and, we 
must also have as many where 0 stands first, where c stands 
first, &c. 

Hence, on the whole, when the letters are taken (wo 
together, the number of permutations = » times n = 7’. 

And so we may show that, when taken three together, the 
number of permutations = n times n? = ai, 

Hence it is casy to show by induction that the number 


And Spe 
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of permutations of n things when each may be repeated r 
time = n”. 


Ex. 1. Find the number of permutations of 8 things 
taken 4 together. : 

Generally (Art. 13) P = n (n — 1).... (n — r + 1). 
Heren = 8 

ES 4 ¿P=8(8-1)....(8-4+1)=8.7.6.5, 

Ex. 2, Find the number of permutations which can be 
made out of the letters of the word Wagga-Wagga when 
taken all together, 


Generally (Art. 14) P = Pur 
Here n = 10, and, if p, q, v represent respectively the 
number of times w, a, g appear, 
p = 2, 9 = 4, 7 = 4. 
1 
Hence P = LA = 5.7.9.10. 
perl 


Combinations. 


16. To find the number of combinations of n things taken r 
together. 
Let C, be the required number of combinations. 
Now (Art. 13, Cor. 2) every combination of r things is 
capable of forming |r permutations. 
Hence the whole number of permutations capable of being 
formed by C, combinations = |r times C, == |r C. 
Now this is the number of permutations of z things taken 
r together. 
Hence, by Art. 13, 
r C. = n(n — 1).... ( — v J). 
„ oa * . I) .. . . (n — r +1) 
ee EE ee 


E 
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Cor. Since 


n(n I) . .. (u — r + 1) 
KE" 


DT (rd) ane 21 


[7 e | 2 -— 7 
= E |" , we have 
(EE, 
„ 
E |n — r 


17. To show that C, = C, „ or that the number of com- 
binations of n things taken r together is equal to the number 
taken (n. — r) together. 

We have | 
œ = * =).. .. (n — r + 1) 

r — jy ~ 9 
and therefore putting n — r for 7, 
n(n — 1).... (n - n — r +1) 


Bag $ jn — r 
un (u - I) . + 1) 
In — 5 
= U = 1) . . C. C- D....2.1 
In — 7 . la | 
„ 1n ` 
|^ — *. |" 


Hence (Art. 16, Cor.) C. =C,-, Q.E.D. 


18. To find the number of combinations that can be formed 
of n sets of things, in which there are p of one sort, q of un- 
other, v of another, d:c., by taking one from each set. 

First, if there be two sets, p of one sort and q of another, 
we may place each of the former sort before each of the 
latter, and thus obtain p times g of combinations. 

The number of combinations is therefore pg. 

Again, if there be a third set containing r things, We way 
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place each one of this set before all the above combinations 
in turn. 

Hence the total number of combinations thus formed is r 
times pq, or pqr. 

And so on for any number of sets. 

Hence, number of combinations required = pq"... 


19. To find the number of combinations of m things and n 
things when p of the former are combined with q of the 
latter. 


The number of combinations of m things taken p together 
mn (m - I) . . . . (m — p + 1) 

NS 
And the number of combinations of n things taken q to- 


gether 
Qo — D... (n - q + 1) 


Now each of the former combinations may be combined in 
turn with all of the latter. Hence the total number of 
combinations 


In (n -1)....(m- p *1) n(n-1)....(n-q+1) 
= nnn AIN 
20. To find when the number of combinations is greatest. 
We have C, = FF 


|r 


and C._, = n(n- 1)....(n- + - 1-+ 1) 
lr — 1 
„ AM 1....(n-r42) 
iF — 1 
Hence, by division, Cr. = SE * 1. 
r—1l ? 7 


2 + 1 
7* 
diminishes, and therefore must eventually become less than 

unity. 


D ° 2 : D 
Now as r continually increases, ( — 1) continually 


Se 
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But as long as its value is > 1, the number of combinations 
found must be greater than the number previously found. 
Hence the greatest number of combinations will be for that 


ç. 1 
value of > next before the one which makes (* ` = 1) less 


than unity. 
When * 


+ 1 


- 1 =1, of course C, = C, _ ,; and since the 


next higher value of £ will make( + l _ 1) <1, the value 


of r obtained from this equation will give the greatest 
number of combinations. 


Solving the equation, we have r = * um 


and, since r is integral, n must be odd. 


Hence, when n is odd, 
1 


The greatest number of combinations 18 when taken a e. 
nal 


€) 
together, and also when taken T+ ^ —1, or — l 


5 5 together. 


When n is even; we require the value of r next before the 


one which makes ^" T ipod or Z+ 1 <2,orn + 1 
<2 %, orn > tS. 


The value of r required is. r = > 

Hence, when x is even, 

The greatest number of combinations is when they are taken 
¿ 
5 3 together. 


Ex. 1. Find the number of combinations of 7 things 
taken 3 together. 


Number required = ALE 


1.2.3 
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Ex. 2. How many words can be formed out of 19 conson- 
ants and 7 vowels by taking 4 consonants and 2 vowels for 
each word ? 

Number of combinations formed by 19 consonante taken 
4 together 


. 19.18.17.16 
1. 2. 3. 4 
And number formed by 7 vowels taken 2 together — d : d 


Hence (Art. 19), 
Number of combinations by taking 4 consonants and 2 
vowels. 
19. 18. 17. 16 7.6 


mea s 81396. 


Now each combination contains 6 letters, and these may 
(Art. 13) be permuted in 6 ways. 


Hence total number of words required = 81396 x | 6. 
`= 58605120. 


Ex. III 


1. The number of permutations of some things taken 5 
together : the number taken 3 together :: 42:1. Find the 
number of things. 

2. How many different permutations can be made of the 
letters of the word Proportion taken all together 1 

3. How many can be made of each of the words Kilimaud- 
jaro, Hammada ? 

4. Show that the number of triangles which may be 
formed by joining the angular points of a polygon is 
z u (‚˙ — 1) (n ~ 2), n being the number of sides, 

5. How many different numbers can be made by using all 
the figures of the number 302342044 1 

6. In how many ways can 10 persons be arranged about, 
a round table? 


4 
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7. The number of combinations of a number of things 
taken 5 together is the same as the number taken 7 together. 
Find the number of things. 

8. The number of combinations of n things taken 2 to- 
gether exceeds by 6 the number of combinations of (x — 1) 
things taken two together. Find x. 


9. If P, represent the number of permutations of z things 
taken r together, show that, when m > 2, 
(P, - 1) (P, — E) (P, - 2) (P, Fe EE (PA => E.) 
= T2T z.. Lami) Emyr 


10. The number of combinations of 2 n things taken 2 
together 


T 
11. The ratio of the combinations of 4n things taken 2 » 
together to the combinations of 2 2 things taken n together 
_1.3.5.... (4n — 1) 
(1.3.5.... 2n — 1) 
12. Find the total number of signals which can be made by 
m needles, each of which can assume z distinct positions. 
1 1 
13. Show that C? = (1 + -)(1 +. C. 1. 43 
ow that G; ( + -) ( + — e A1 
14, 1f "P, represent the number of permutations of » 
things taken 7 together, show that +P, — "P, = r"P, a 
15. Show that 2P, + 3 P, + de. + rP, 
| = (n = 1) (P, + P, + &c. T P, — P 
16. At a Parliamentary election for two members there were 
four candidates, In how many ways can votes be recorded ? 
17. A firing party; consisting bf one sergeant and 12 
men, is to be chosen from a company of 100 men and 3 
sergeants, In how many ways can this be done ? 


18. In taking a handful of shot from a bag, show that the 
chance of getting an even humber is greater than the chance 
of getting an odd number. 


(The truth of the Binomial Theorem may be assumed.) 
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CHAPTER IV. 


ARITHMETICAL, GEOMETRICAL, AND HARMONICAL PROGRESSION. 


Arithmetical Progression. 


21. Quantities are said to be in Arithmetical Progression 
when they increase or decrease by a common difference. 

Thus, the numbers 1, 3, 5, 7, &c., are in A. P., and so are 
the numbers 6, 51, 5, 41, de. 

In the first series the common difference is 2, and in thie 
second — 4 

If a be the first term, and d the common difference, the 
series is evidently a, a + d, a + 2d,a + 3d, &c., and the 
nth term is a + n — l.d. 

When the series contains n terms, the nth term is the lust 
term. Hence, representing the last term by Z, we have 


I =a +m — 1. d. 


22, To find the sum of n terms of an A. P. 

Let a be the first term, d the common difference, and S 
the required sum ; 

Then S - F 


And, writing the series in reverse order, and remembering 
that the terms will then diminish by d, we have 


S=jl+T-d+0-2d+....4 .. (2). 
Then adding together (1) and (2) we have 
28 =a+l+a+tl+a+l+.... +a TT; 
and, since there are 7 of the terms (a + D, we have 


= (a + Dn or S = (a + Da 


Hence we have the - following practical rule to find the 
sum ` 
Add together the first and last terms, and multiply the 1 esuli 
Gy half the number of terms. 
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Con. Since (Art. 21), l = a +n — I. d, we have 
S=(@+at+n- 1.d)5- 2a + n- Í. d) 5. 


which expresses the sum of an A. P. in terms of the first 
term, the common difference, and the number of terms. 


23. To insert m arithmetic means between a and b. 


As there are m means, there must be altogether m + 2 
terms. 


Hence (Art. 21), 
l=a+ (m+2-1l.d=a+m«+ lid. 
Here! = 6; 
and therefore G +m + l . d = b, from which d = 
Hence the means required are 


ba b — 
m + 1 m + 1 m + 1 


ma + b m- I. a 25 ,, a + mb 
m + 1” m + 1 TT : 


Ex. 1. Find the sum of 16 terms of the series 2, 4, 6, &c. 


Generally, 8S= (a+ n — 1. d) y" 


or 


Here a = 2| 
d= 2 
nde 
] 
S= {2() «1671 al = (4 + 30)8 = 272 
Or thus, l[=a+n-1.d=2+16- 1.2=32 


n 

Hence, by Rule (Art, 22), 
9 = (2 + 32) 18 = 272, as before. 

Ex. 2. Sum the series 12, 111, 101, &c., to 8 termas., 


We hare S = (2a £n 1. dJ 5 
EI 
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Here « 


H H I 
| 
Alo) 
— — 


n 


— 9 
8 (202 pais | I = (21- 7) 475. 


< 


Ex. 3. Insert 8 arithmetical means between 3 and 21. 


We have, Art, 23, d = LL 
m + 1 
Here a= 3 
b = 21 
m= 8 
21-3 18 


T Š = 29 = 2, the common difference. 
8 + 1 9 

And since the first term is 3, the 8 means are 5, 7, 9, 11, 
13, 15, 17, 19. 


Ex. 4. The sum of an A. P. is 140, the first term is 5, and 
common difference 2 ; find the number of terms. 


We have | S=(2a+ n - 1.d)5 


Here | 

S = 140 „ 

a $b Hence 140 = [2(5) + à - I.2]g = @ + n, 
d= 2 R: 2 


acc 


or, transposing, n? + 4n — 140 = 0, or 
(n — 10) (n + 14) 2 0; from which 
n = 10 or - 14. 


The value 4 210 tells us that, commencing from the 
first term of the series and counting 10 terms, the sum of 
the terms is 140. The valuen = — 14 tells that, commenc- 
ing from the opposite end of the series, and writing down 
14 terms, the sum of the terms is also 140. The following 
would be the two series : 

5, 7, 9, 11, 13, 15, 17, 19, 21, 23; 
and — 3, — 1, 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23. 


When the two values of n are both positive and integral, 
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the series must in both cases be commenced at the first 
term. It will always be found that the extra terms which 
are given by the larger value will of themselves give zero for 
a sum. 

Should one of the values of n be fractional, we may still 
give it an interpretation. This will be best understood from 
the following example: 


Ex. 5. The sum of an A. P. is 270, the first term 9, and 
the common difference 4; find the number of terms. 


We have 8 = (2a*n-1.4) 4 


S = 270 | 
a 9 270 2 00 1. 4 2 2 + 7. 
d 4 


Transposing, then 2 2? + 7 — 270 = 0, or 
(n — 10) (2 n + 27) = 0; from which 
n= 1 


The first value » = 10 gives the series 
9, 13, 17, 21, &c., 45. 

The second value, n = — 134, being negative, tells us to 
commence with the opposite end of the series, viz., the term 
45, and write down 13 complete terms, and another term 
which is made up of the 13th term and half the common dif- 
Jerence. The 13 complete terms beginning with the term 45, 
and writing from right to left, are 

— $, 1, 5, 9, 13, 17, 21, 25, 29, 33, 37, 41, 45. 


The incomplete term is — 3 — 1(4) = - 5. 
And the sum of the numbers — 5, — 3, 1, 5 is zero, agree- 
ably to the remark made in Ex. 4 above. 


Ex. IV. 


L Find the 10th term of the series 2, 6, 10, &c., and thc 
sum to 12 terms. 

2. Find the last term of the series 3, 34, 4%, &c., Xo 29 
terms, ` ü 
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Sum the following series : 
. 10, 8, 6, &c., to 9 terms. 
öl, 61, 73, &c., to 12 terms. 
. 1, 3, 5, 7, &c., to 50 terms. 
a+ 6 d, a + 5d, a + 4d, &c., to 13 terms. 
* + 9 y, z + 7 y, x+ 5 , &., to 10 terms. 
. 34, 4,55, 411, dec., to 14 terms. 
9. Insert 12 arithmetic means between 2 and 41. 
10. Find the sum of 12 terms of the series whose 5th 
term is 14, and 10th term 31. 
11. The sum of 12 terms of an A. P. is 123, and the com- 
mon difference is 14; find the first term. 
19. Given m the middle term of an A. P., and ^ the 
number of terms ; show that the sum of the series is mn. 
13. If P, Q be the pth and gth terms respectively, find the 
first term and the common difference. 
14. If S, represent the sum of r terms of an A. P., show 
that 


00 -3 C» Ct Lä 


S2 u 4 1 = Sas + S — 14 (n? + % — 2) d. 


15. If P, Q, R be respectively the pth, qth, rth terms, 
show that 
P (q - r) + Q (z — p) + R (p - 9) = 0. 


16. There are m arithmetical progressions, the first term 
of each of which is 1, and the common differences respec- 
tively 1, 2, 3, &., m, "Prove that the sum of the nth terms 

n—l.m-n"-1.m 
= ° 


end 


17. If $ (n) represent the sum of n terms of an A. P., 
show that 


$ (82) = % 0-0). 


18. Show that $ (n) +49 (n- 1) 4$ (a +) T. 5 (222) 
un (3 n — 1) "e- Tn = Dy 
-—j.3 a + — Gu PW UN d. 
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19. Show also that 
E T 2 — D, &c., to n terms = na + 2 (n- 1) d. 


20. Find the sum of n terms of the series whose rth term 
is 37 — 5. 

21. The sum of three numbers in A. P. is 15, and the sum 
of their squares is 83. Find the numbers. 


22. The sum of four numbers in A. P. is 10, and the sum 
of their products taken two together is 35. Find the numbers. 


23. The result in Ex. 15 may be arranged thus: 
p(Q-R)«g(R-P)«r(P-Q)-0. 
What A. P. does this suggest; and what is the relation 
between the common difference of this series and the one in 
Ex. 151 


24. How many terms of the series 4, 7, 10, &c., amount to 
1443 


Geometrical Progression. 


24. Quantities are said to be in Géometrical Progression 
when they increase or decrease by a common ratio. 

Thus 2, 6, 18, 54, Ae, is a G. P., and so is 12, 4, 11, e, 
the common ratios being 3 and } respectively. 

It is evident that the common ratio may be found by 
dividing any term by the preceding term. 

Let a be the first term, and r the common ratio. 

The G. P. would then be 

a, ar, ar’, ar, de. 

If there be n terms, the last or nth term = hi. 
Hence we have in G. P., I= a (1). 


25. To find the sum of a Geometrical Progression. 


Let a be the first term, 7 the common ratio, and S the 
sum of n terms; then we have 


S =atar+ar+ &c, + a7}, 
or multiplying each side by r, 


rS = ar + a &c., + ar? x ar, 
0—IL C 
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Hence, subtracting the upper line from the lower, we have 
rS- Š = ar — a or S (r — 1) = a(r* 1); 


1—1 r-l r-1 r-1' 
We havealso, 8 = E „ (3). 


When r is less than unity, it is usual to write these 
results as follows, being obtained by changing the signs of 
numerator and denominator in each case and reversing tha 
order : 


l-r a-rl 
dizi yer TO ae" conorponcororoncnc ros. (4). 


26. To find the limit of an infinite G. P. whose common 
ratio is less than unity. 


Der. The Limit of a series is that quantity to which the 
sum of the series continually approaches as the number of 
terms increases. 


We have (Art. 25), 8 2 a. 


1 — mm 
— 


But since r < 1, and n indefinitely large, the value of 7” 
is indefinitely small, and becomes smaller and smaller the 
larger n is. Indeed, the value of 7” continually approaches 
sero, as n increases indefinitely. 

Let 2 represent the limit of the sum of the series, then 
we have 


1-0 a 
> = a. E. š 
ud WEE ga E^ r 
27. To insert m geometrical means between a and b. 
Since there are m means, there must be m + 2 terms, 
Hance (Art, 24) | = ard * 37 Q art, 
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And therefore, since here Z = b, we have 
qtti b OF et = d 


ve 7 2 —, 


d 


This gives the common ratio, and the means can therofore 
be easily inserted. 


Ex. 1, Sum the series 2, 4, 8, 16, &c., to 10 terms. 


4, ml 
Generally, S = 4. —I1' 
Herea = 2 20 _ 1 
dini". 8 2.2 — 20 = 1). 


Ex. 2. Given the first term of a G. P. to be 5, the last 
term 160, and the number of terms 6. Find the common 
ratio. 


By Art. 24, | = ar^- 


-— 8 e Hence, substituting, 160 = 5187? = 51 
n= 64-7 = 160 5 = 32, orr= J32 = 2. 


Ex. 3. Find the value of the recurring decimal :666 &c. 

— i 6 6 6 

The value required is the limit of the G. P. 16 * io t To 
+ dee, to infinity. 

Now (Art. 26) Z = | ss 


. F 
r = de l-b Y i 


The meaning of this result is that 2 is the quantity to 
which the value of :666 &c. approaches as the number of 
decimal figures taken is increased. 


Ex. 4. Find the sum to n terms, and the limit to intimity, 
of the series : 


& + (4 + Ó)r + (a+ 20) N + ke, when vr < V. 
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We have 
SS (aT ö) r + (a+ 2b)? + &. 4 (a +n- 1.50) * 
And ~. Sr = ar+ (a + b)r + de. + (a un- 2.0) 7 


+ (a rn = 1. b) >". 
Therefore, subtracting, 
S (1-1) =a@+ br + b? + de. + r- (arn — 1.5). 
But (Art. 25) the sum of the G. P. 


zr + bra A & + br = br, La 
-r 
¿S(l-5r)=a+br. T tel b) . 
xd es ts ¿E — 1.0). x 
pls T: (a n= 1. 9. -U 


If r be a proper fraction, the limits of 1 and 1”, as n 
indefinitely increases, are evidently zero. 
Hence we have 


Ex. V. 
. Find the 6th term of the series 3, 6, 12, &c. 
. Find the 5th term of the series 35, 7, 12, &c. 
Sum the series 81, — 27, 9, &c., to 6 terms. 
Sum the series 24, 7, 171, &c., to 12 terms. 
. Sum the series 6, — 2, $, &c., to n terms. 
6. Find the sum of 10 terms of the series whose first 
term is J, and third term 1. ` 
Sum to infinity the following series : 
7. ITT TTT ée 
8. 1475 - de - dc. 
9. 10 - 9 + 81 — 7:29 + dee, 
10. 53 + 13 + š + yy + de, 
ZZ, 6 — 06 + 006 = de, 


R * 90 do 


GEOMETRICAL PROGRESSION, 97 


19. 6b - 40 


13. („ - V) + (a - b) + 2— 

reg re verre eee ee re 
2,3 , 4 

15. 171 3 ++ + c. 

16. 1 71 2 T1117 yt ps + dhe 


5371 9-1 

17. Ww rm ld NI & 

18. 3 T JS + 42; + ke. 

19. If the sum of 10 terms of G. P. is 513, and common 
ratio is — 2, find the series. 

20. Find the 5th term of the G. P. whose 3rd and 6th 
terms are respectively a, b. 

21. If P, Q, R be respectively the pth, gth, rth terms of a 
geometrical series, then 

Pet, (es Rr-* l. 

22. Show that the sum of 2" terms of a G. P. series may 

be expressed in the form 


a(r + 1) (P + 1) (r+ ) . .. . 4 + 1). 


23. If s, be the sum of an infinite series, and s, the sum 
of the squares of the terms of the series, find the series. 


24. If s, be the sum of pterms of a geometric progression, 
show that. 


8. — 8, = 7 8, — 78. 


25. If s, be the sum of the mth powers of an infinite geo- 
metric series, then 


og, If ma + nb _ mb + nc me + md W., then 


A AA A 1 GENS 


abad £c, are in G. P. 
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27. If s, be the sum of » terms of a G. P., show that the 
sum of the products of every two terms - 8 


T GE 
28. Show also that 
no, + (8, + 8 + 8 + Ko., ton terms) 
— {aor - 2) eh). 
If a, b, c, d are in geometrical progression, show that : 
29. (à? + b) ( + d = (b + dy. 
30. à? +P + c = (a + b + o) (a - b. c). 
31. 3 (a — b + e — (A + Ar é) = 2(a — b + e) 
(a 25 + c). 
32. (a T b + c + dy! (a + b + (o + d + 2 (b + oy. 
33. Pla — 26 + cy = (a — by. 
34. a (a — 36 + 3c — dy = (a - 5). 
35. Find the sum of 2 terms of the series whose «th term 
is 2" 4- m. | 


36. If a, b, c, d are in geometrical progression, show that 
(a — b), (b — c), (c — d are in G. P. 


— 
— 


Harmonical Progression. 


28. Quantities are said to be in Harmonical Progression 
when any three consecutive terms being taken, the first is to 
the third as the difference between the first and second is to 
the difference between the second and third. 

Thus, if a, ö, c be in H. P., we must have 

dc : :: a — 5:5 -e 

We cannot make a formula for the sum of 2 terms of an 
H. P., as in the cases of Arithmetical and Geometrical Pro- 
gression. 


29. The reciprocals of the terms of an Harmonical Pro- 
gression form a series in Arithmetical Progression. 

Let a, b, c be in H. P 

Then (Art, 28), a: c:: 40 — bb -c 
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~ a(b el = c(a - b), 
or dividing each side by abc, 
1 


— — — — — — uu 


that is, the difference between the first and second of the 


terms si : | : is equal to the difference between the second 
and third. 
Hence d il l are in A. P. 


30. To insert m — M between & and b. 


Taking the reciprocals = 1 ana 1 z We must first find m arith- 


metical means between y and d and afterwards invert them. 


Let d be the common difference of the arithmetical series. 


1 
b a a-b 
Then (Art. 23), d = mtl" un + D ab 
The arithmetical mm are 
a—b 1, 3(s- Ae, 4 ¿mía - by 0 
(m + lab a (m + hab Mom Das ° 


a + mb 1 
(m + l)a (m + ab (m + I) a5 
Hence, inverting, the harmonical means are 
(m 4 1) ab (m + I) ab de. (m + (m + 1)ab 
— Y SS, G&$ 
a tmb 2a+m-— l.b ma tb 


31. Jf A, G, H respectively represent the Arithmetical, Geo- 
metricat, and Harmonical means between a and c, show that 


A: G:: G: H. 


We have A — a = c - Ajand: A= 1 (a + c) ...... (1). 
G as 

Again, am a „and .. G E MAG NT (2. 

Also, 2:c::H-a:c-H and. H = 20% — SY 


a + G 
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Multiplying (1) and (3), we have 
AH = T (arc 


And from (2) we get G? ,d (5). 
(4) = (5), then AH = G, or A: G:: G: H 
Cor. A G, and G H 
For, (1) (2), A- G = (a + o) - Jac 
1 (a - 2 Jac + c) 
= (Ja = yo), positive quantity. 
A G. 


And hence, since A, G, H forma continued proportion, it 
must follow that G > H. Q.E.D.. 


Ex. 1. The 6th term of an H. P. is 44, and the Ist term 
is }, find the intermediate terms. 

Inverting, we have 3 and 13 as the Ist and 6th terms of 
the corresponding A. P. 

Hence 13 = 3 + 5d,ord - 2. 
5 c dn the intermediate terms of the A. P. are 5, 7, 

Hence the required terms are 1, 4, Y, de, 


Ex. 2. If the first three of four numbers are in A. P., and 
the last three in H.P., then the product of the means equals 
the product of the extremes. 


Let a, b, c, d be the four numbers. 
Then, since a, b,c are * A. P., we have, by Art. 31, 


= A EE ee eae "P^ 


e = 2 FCC P 


Substituting in (2) for the value of 6 in (1), we have 
0 AM e or óc + cd = ad + cd; 


or bc — ad. Q.E.D. 
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Ex. VI. 
1. Insert 7 harmonic means between 1 and . 
2. Insert 6 harmonic means between 2 and §. 
3. Continue to 4 terms each way the series 2, 14, 1}. 


4. If P, Q, R are respectively the pth, gth, and rth terms 
of an H. P., show that 


QR (q - r) + RP(r - p) + PQ (2 - 9) = 0. 


5. Given P, Q, the pth and ꝗth terms respectively, find the 
mth term. 


6. What quantity must be added to each of the quantities 
a, b, c in order to form an H. P. 


7. If s, “ be the sums of two infinite series whose first 


term is 1 and common ratios 7 and 7, then will s, &, _ 1 
be in H. P. r+1-2r, 


8. If a, b, c are in H. P., show that 
a@a-b:a::a-c:a+e. 


9. If G, H be the geometric and harmonic means between 
a and 5, show that 


ú JG + H- JG- H 
b — G. —;.;H d RE 
JG +H + /G- H 


10. The sum of three numbers in H. P. is 13, and the 
sum of their reciprocals is 87. Find the numbers. 


11. If H be the harmonic mean between a and b, and H, 
the harmonic mean between a and H, and also H, the har- 
monic mean between H and 6, show that 


H,:H,::a + 3b:3a + b. 


12. If A,, As, be the arithmetic means corresponding to 
the harmonic means H,, H, in the last example, show tnak 


AH, = AH, 
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Also pp = 5. ö. 5. . to n factors = ë". 
Hence, substituting in (3), we have (a + b)" 


za 11 f (n - 1) 22 92 n (n — 1) (n - 2) n— 3 73 
a” + na^7!b + 13 4 gqe—3— a"-* b 


+ de rb 0. Z. D. 


For exercises upon this formula, the student is referred to 
Ex. X., Vol I. 
Cor. 1. If a = 1,6 = x, we have, since a”, a“ 1, &c., each = 1, 
-1 ^ (n — 1) (n—9 
(1 + z)” = 1 + na: + r 
+ de. + 2". 
= ] + Cæ + C. Co + de. + C. 


where C,, C,, C,, &c., C, represent respectively the number of 
combinations of n things taken 1, 2, 3, &c., n together. 


Cor. 2. Since the coefficient of the (r + 1)th term is C,, we 
have, by Art. 25, 
The (r + 1)th term of the expansion of (1 + x)" 


E E SI or, as it may be written, 


L^ 
"ir U 


94. The coefficients of the terms equidistant from the 
beginning and end are equal. 

For (Art. 33, Cor. 1) the coefficient of the (r + 1)th term 
from the beginning is C,, and that of the (r + 1)th term from 
the end is G, ,. 

Now, in Art, 26, we have shown that C, = C,,_,, and 
hence the truth of the proposition. 


85. To find the middle term of the expansion of (1 + N. 
[1) Let n be even, 
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Then, as there are (n + 1) terms in the expansion, the 
middle term will be the (7 + 1)th term. 


Hence (Art, 33, Cor. 2) putting 7 for r, we have 
Middle term 


n(n — 1) (n -2)....(n - +1) 


dd A O O ³¹Ü¹ſ E EES, 
I 1.2.3....% a 


dr 
n(n - 1) (n- 2).... (3 1) e 


= "EE ae AECI . 
EO 5 o 


We may transform this expression thus : 
Middle term 
n n(n 
n(n - 1) (n - 2) . . (5 +1), „ 1 P 


ode aN d 


bol 3 
bäi 


G- 2). . . . 4. 3.2.17 
— UM A ou C A 
(1.2.3....5) 


or, separating the even and odd factors, 
Aa - 2)... 4.2] x i -D 3.1] 2 


CER E 
2 26 99.1 ; (1.3.5....(1-1)] 
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or, striking out common factors from numerator and deno- 
minator, 

4,931 3.5... -(n-1) 5 


2 


(2.) Let n be odd. 


As there are (n + 1)or an even number of terms in the 
expansion, there will evidently be two middle terms, These 


are the (I) h and (242 + I) h terms 


The coefficient of each may be easily shown to be 


n+1 
siiis dui LE ud ma, Leden n 
4 a 4. „ + OF g ° e 
1.2.8 . . 


96. To find the greatest coeficient in the expansion d 
(1 + x)", n being an integer. 
Since (Art. 31, Cor. 1) C, represents the coefficient of the 


(r + 1)th term, and > have shown that C, is greatest, if n 
be even, when > = 2 3? and if n be odd, when r = ~~ l or 


E 3 ] (see Art. 20), it follows that: 
(I.) When n is even, the greatest coefficient is the 


6 4 „eh; 
(2) When n is odd, the greatest coefficients are the 


= 15 1)th and (2 5 1. 1 )th, or the (2 lun and 


the ES E Den coefficients. : 


These evidently correspond to the coefficients Qi Nos 
middle terms, 7 


(d+ w + wm) f= (g) Kq uo (3) f° (u + w) £ = (d), ° (u) £ () 


‘osre *eouoIT 
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(u + u) fo 
[enbe st uoryenbo am jo opts 99811 ou uo uorssexdxe am (I) ut tu 40) ( + w) Suygnd “ng 
SST G I 


RAR rere (u) f (a) f 
easy om "Jursuerre pue (z) pus (I) 1043080} SuuK|dumur “mony 
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Now (7 ++ — e = O, whens = n + 1, and this 


cannot be except when 7 is integral and positive. From this 
we learn that there are only (n + 1) terms in the expansion 
of (1 + x)" when a is an integer and positive, and that 
there is no limit to the number of terms when 7 is negative 
or fractional. . 

It follows therefore that when n is fractional or negative, 
there cannot possibly be a greatest term if x be > 1, since by 
increasing 7 sufficiently any term may approach as nearly to 
e times the preceding as we please, and there is no limit to 
the value of +. | 

We will now consider separately the cases in which a 

atest term is possible. 

It will be necessary only to consider x as positive ; for 
when x is negative, we may putz - y, and find the 
greatest term in the expansion of (1 + y)", and this will be 
thc greatest term required. 


I. Let n be integral and positive. 


Now when € ` 1 1)z = 1, we have r = — 


(n + 1)x, . 
(a.) Let SV be D Meng 


Then there is a term corresponding to the value of this 
fraction such that it and the next succeeding term have 
the same magnitude, and are the greatest terms of the 
expansion. 


Hence the rth and (r + 1)th terms are the greatest terms 
when r — ris an «nteger. 
z+] 


(n + 1)x , 
(b.) Let — ` be a fraction. 


Then CS _ Af < 1, when tle value of + is the in- 


(n + 1)“ 


teger next greater than 21 
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Hence the rth term is the greatest term for the value of 7 
corresponding to the integer next greater than Ge 


II. Let n be fractional and positive. 


It has been shown that when x is greater than unity there 
cannot be a greatest term. 


When x is less than unity the conditions are exactly. as in 
I. above. 


III. Let n be negative. 


We have shown that here, as in II., there is no greatest 
term when x is greater than unity. 
When æ te less than unity, letn = — m. 


Then (f Us = = (71 1) 


When (H~ + 1) = 1, wo haver = MS, 


— XL 


(a.) Let pk EN * be integral and positive. 


Then, reasoning as before, the rth and ( + 1)th are the 


(m — I) 
1 


greatest terms when 7 = a positive integer. 


(b) Za 4 be fractional and positive. 


Then, as E p rth is the greatest term for that v Stee 
of 7 corresponding to the integer next greater than a E E 


(e) Let Ge be negative. 


In this case, since x is less than unity, m is also less Voie 


ünity. 
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2 | 
We have then to show that E is & proper fraction, and 


therefore has no influence upon the integral value of the 
remaining figures of the root. 

We assume that b contains n digits; and therefore b°? con- 
tains not more than 2 n digits. 

But a, since it contains the » + 1 figures of the root 
already found, and also n ciphers, occupying the place of 
those already to be found, must contain 2” + 1 digits. 


2 
Hence E is less than unity, and the proposition is proved. 


This result has been assumed and illustrated by an example in 
Vol. 1., p. 186. 


48. When n + 2 figures of a cube root have been obtained 
by the ordinary method, n more figures may be found by 
dividing the remainder by the next trial divisor, provided that 
the whole number of figures in the root is 2n + 2. 


Let N be the number whose cube root is required, a the 
part already obtained, and ó the part required. 


Then JN = a + b | 
. N = + 3a + 3ab + 5 
or N- añ = 3a’) + Bab + B 


3 46 BaF 
Now N- aš represents the remainder after obtaining 
the part a of the cube root, and 3 a? is the next trial divisor. 
Hence we see that on dividing the remainder by the next 
trial divisor we get the required quotient b, together with 
, b° 3 
th ntity — + —., 
e quantity — + e | 
Now, in order that this may not affect the integral value 
of the remaining figures of the cube root, we must show that 
p 3 

_ + 
a 3a | 

Since b contains n figures, we must have ó < 10", 
And since a contains 2 « + 2 figures, a cannot be less 
than 10*"* but may be equal to or greater then 10" *!, 


is less than unity. 
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-, do-) 
TEN 3105 Hy» 

1 1 : 

< tz ye and . < 1. 
Hence the truth of the proposition. 


This result has been assumed and illustrated in Vol. I, p. 193. 


224 uc 
a 3 a? 


44. We shall now work out a few examples on the 
Binomial Theorem. 


Ex. 1. Expand to four terms the — A +3x) d 


-3(-37!) 


(1 +32) 4=1+(- 7).3% + AL (32)? 
5 
~3(-3-1 5 
ero 8 
1 5% 20% 20 2 + de. 


Ex. 2. Find the (r + 1)th term of the expansion of 
(2 — 52)-* 
(r + 1)th term 
= -4(-4-1)(-4-2)....(-4-r41) 2 — (5 A 
! pube T 


z (L1y . Gay 
. T(rrl)(r-2)(r-3) „ , Ar, 
V E (9 zy; 
or, since ( — 1)?" = 1, 
_ (r+1) (r4+2) (r«3) (bay 
— 1.3.38 H 


Ex. 3. If x be very small, show that 
(1 + 22) + (1 + 32) 


= 2 — 4x, yery nearly. 
2+ öz- (1 + 42) i yery 3 


63 ALGEBRA. 


Expanding and retaining terms containing the first powers 
of z only, we have 
| (1 + 22): + (1 + 32)3 
2 + 52 - (1 + 49)? 
(A + 14.2%) + (1 + 1. 32) 
ñ he De — (1 + 4.42) 


= -1, 
xd or Y = (2 + 22) (1 +32)’; 


or, expanding as before, 
= (2 + 2%) (1 — 32); 
or multiplying out, and neglecting the term involving a, 
= 9 — 4a. Q.E.D. 
Ex. 4. If p and q be very nearly equal, and n an integer, 
show that 
(2) = (n + 1) p + (n 1) 
(n — 1) p + (n + 1)q 
2p — (p + 9) + (p- 9) 
We have? = 2249 = D 
q 29 N 


p + q p + 2 


nearly. 


geg 


2; 
(2) ARSCH zy) 
7 (1 -P - 9X 
ptg 
expandingandretainingonly two terms, since p — gis very small, 
p = g 
*g n(p-*9g9 + (p - 9) 


p 
p-9 „( + q) = (p - 9 


| q 


p + 
= + Mp + @ - Dg 
“G Desch e € 


THE BINOMIAL THEOREM. 63 


Ex. 5. Find the limit of (1 + Ly, when x increases 


without limit, 
Expanding by the Binomial Theorem, we lc 
2 : — 1) 1 ye (z — 1)(z-2) 1 
(1+1)=1+2. a a EE =, t &c. 


"Re 0.00. 


11112 TZ —*4e 
When æ increases without limit, each of the quantities 
333 E &c., decreases without limit, and becomes ultimatel y 
Zero. 
. Hence, when ~ is infinite, 


1 * l 1-0 , (1-0)(1 - 0) 
(1 % 1 f ee ye k 


1 1 1 
uui Rd T2 puso 
It is usual to denote this series by the symbole; it is the 
base of the Napierian system of logarithms. 


We therefore have 
Limit of (1 + =) when z is infinite = 


The approximate value of e is 2:7 1828. 


Ex. VII. 
Expand to four terms the six following expressions : 
L (IT. 2. (3 + 20 3. (4 — 52) - 1. 


4. (a L ba- . 5. (1-224 32 2 6. 6-2) 


Find the middle terms of: 
7. (a + 0). 8. (3 + Dat, 9, (a? — b, 


10. (^ + iy. 11. (3 + i) 12. (4 al- 3 50). 
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Find the general or (r + 1)th terms of: 
" E. ae 
13. (6-5 -l. 14. (az+ Ty. as ( 57 
16. If "C, represent the pth coefficient of the expansion 
of (a 4 zy)", show that "C, + C 41 = „ 1. 


17. If P be the sum of the odd terms of the expansion 
of the binomial (a + x)”, and Q the sum of the even terms, 
then will P? — Q? = (a? — a?” 

18. In the last example, 4 PQ = (a + xf — (a — a)”, 


2 
19. Show that 1 + 2 t ər + ər t zz. + &c. = 4. 


20. If A, B are two consecutive coefficients of the expan- 
sion of (1 + x)", show that the coefficients after B are 


nB- A B. (nB - A) (a— 1. B-2A) 
(0*2) A+B (n+2.A4+B) (n+3. AIB) 


21. Find the greatest term of the expansion of (2 + J : 


ees 1 


22. Find the greatest term of the expansion of ( = d 
23. Show that 
3 1 x 1.4 * 
Na ali: Paya q e SEL 
4 pe 
3.6.9 (a + x)" 
24. If n be a positive integer, prove that 
2n(2n—1) _ —1. 2n(2n- 1 1).. . (n + 2) 


& 
4 
8 
e 
P mg 
& 


+ 


1-2n4 2 M" Ta- 
=(- d^ 
(- 1) Dags 


25. If n be an odd number, show that 
l4 2 n (2n — 1), 2n (n - 1) (2n - 2) (Qn - 3) 
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26. Show that 


1.2.9... & iP "m q 
(g +1)(q +2)....(p +q +]) pl (p + 1) (p + 2) 
n q (q — 1) oca qg(g-1)...2.1.- 
(p + 1) (p + 2) (p + 3) (p *1)...(p*q- 1) 
p S p(p — 1) 


tg*l @+l@t?) “GN a+ 3 (+3) 


27. If a, b, n are positive integers, and 6 less than 
2 a — 1, show that the integral part of (a + Ja? — b)" is 
an odd number. 


28. Show that the integral part of (1 + ,/3)*" contains 
2” +1 as a factor. 
29. Find the coefficient of am in the expansion of 
p + qx 
q + rz 
in a series of ascending powers of æ, and show that if P and 
Q be the coefficients of x”, according as it is expanded 
according to ascending or descending powers respectively ; 
— 9)? 
then PQ - - SC 
90. Prove that the coefficient of x” in 
‘(1 + 2 + 322 + de, ad inf.) 


is $ (r + 1) (r + 2) (r + 3). 
31. Show that if R is the remainder, after taking n terms 
of the expansion of (1 — ), then 


"(n + l)a” — nat? 
iE C 


32. Find the middle term of c + 3] x and show that the 


numerator contains 2" as & factor. 
5—t11, E 
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(1 — x)" 1 e 


1 
“Tn” pat ire 
C. 


33. Show that 


1 2 
Epoa NH * Š 


34. Prove that € + 8 
- 1 


ant 


= Lei" A =) + 2n (S- 4 


2n(2M-1) (ana, 1 n on 1.3.5...(2n-1) 
0 + gear) tho +2 Tn 


1 . il i B 
55. When z is small, show that (1 + 2)! + U — 2 
| (1 — 3x) 


= 2 A 25 nearly. 
36. If x be greater than a, prove that the sum of all the 


terms of the expansion of (x + a)" but the first two is less 
than (2" — n (oa, 


CHAPTER VI. 
INDETERMINATE COEFFICIENTS AND PARTIAL FRACTIONS. 


Indeterminate Coefficients. 


45. Ifa + bx +cx* + dx? + &c. = 0 for all values of x, 
then each of the quantities a, b, c, d, &c., must be zero. 


Since for ali values of m it is true that 
a + bx + c+ da? + &. O., . . . . . f, . (1), 
jt must be true when x = 0. 
Putting, then, z = 0, we have a = 0. 
Hence, from (I), bæ + ca? + de + Se = 0; 
or, dividing each side by e, 
0 bt ex + dè e = 0, 
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Since this is also true for all values of x, we may puta = 0 
We then get b = 0, 
And so we may show that c = O, d = O, dec. 


Cor. for. all values of x we have 
A + Bx + A Dx? + &. =a + bx + cx? + dx? + Ae: 
then we must have A = a, B = b, C = c, «e. 
For, transposing, 
(A - a) + (B- bx + (C-) + (D- d) + de. = 0. 
Hence, by the above proposition, since this is true for all 
values of x, we have 
| A- a = O, or À = a; 
B-b=0, or B = 5; 
Cc s O, orC=e; &e. 
In many algebraical transformations the above proposition 
is especially useful. 
Ex. 1. Given x = y 3%, find y in a series of ascending 
powers of >, 
Here gygy. ueniens eds (1). 
Assume y = ac + ba? c + de . &. (2). 
We have not introduced & constant term into the series 
for y, for from (1) we see that, when x = 0, y = 0, 
Squaring (2), we have 
y = aa" + b» T &c. 
+ 2ab* + 2 aca + de, 
= ae + 2 ab + (b? + 2ac)a* + &c........ (3). 
Hence, substituting in (1) from (2) and (3), 
x = (ax + ba? + co? + dat + dic.) ` 
- 3 1a*? + 2 ab. + (P + 2 ac) at + dec, 1 
= ax + (b-3 a?) a + (c-6 ab) + (a 309 —6ac)a* + Lo, 
Equating the coefficients of like powers of e on each side 
of this equation, we have 
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a = 1. 
b-3ar=0,0rb=3 x 1° = A 
c- 6ab = O, or = 6x 1x 3 = 18. 
d - 30 -— 6ac = 0, ord =3 x 3: + 6 x 1 x 18 = 135. 


Substituting these values of a, b, c, d, &c., in (2), we get 
y=x4+3x% + 182 + 135 % + de. 


š 171 5 `. 
Ex. 2. Express the quotient of IT TRA ascend- 
ing powers of a. 
Let 113% = ¿+b + cat + da + e + &o.....(1 
I mA b c + da? + ez + c.....(1). 


Clearing of fractions, we have 
145022 a+ be + l+ dè + e + ke, 
— 2ax — 2ba* — Ze — 2da^ — ko. 
+ Tac + Tb + 7 eg + Ze 
= a+(b-2a)a+(c—26+7 a) a*+(d—-2c+7 bo? 
+ (e - 2d + Tojat + de. 
Hence, equating coefficients of like powers of x, we have 


a=] 

5 2a=5, o b =5 7 2 x 1 = D. 
c-%b+T7a=0, or e—-9x 1-1 x 1-7. 
d-2c+7b=0, or d= 2K 7 - T x 1 = — 85, 
e> 2d 1 70 0, or e =2(- 35) — 7 x T= 119. 

&c. 


Hence, by substitution in (1), we have 


l + 5e = E a 4 E 
TT ii 1+72 + TÆ — 35 — 119x - do, 


Ex. 3. Find the square root of 1 — * + a 
Let HIL al der c4 dai ext + &. (I). 


„ I- = a? + by + Gi be, 
+ 2 abae + 2acx? + Lada + 2aea* + dee, 
+ Sieg + 2 0dz + do, 
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Hence, equating. coefficients of like powers of z, we have 


a 1, . G l. 
| 1 1 
2 == - Y = — — = = — e 
ab 1, b 27 5 
i _ 1-5 3 
dad A 3be= 0 „ d % „„ 
a 16 
LIL . a „n Č+2bd 21 


Hence, substituting in (1), 


1. 1 3 3 21 
Nl-æ+ =l gut setae 64 + de 


Partial Fractions. 


46. When the denominator of an algebraical fraction can 
be broken up into factors it is always possible to separate the 
fraction into two or more fractions having denominators of 
lower dimensions, The limits of this work will only allow 
space for one or two examples. We shall not enter upon the 
general theory. 


Ex. 1. Resolve 9% + / into partial fractions. 


a’ + æ- 30 
Since * + æ — 30 = (x = 5) (z + 6), 
3 17 A B 
assume ß (J). 
Clearing of fractions, then 
det T = A(x + 6) + B (az — 5) (2). 


We may now proceed by either of the following methods: 


I. First Method. 
Collecting like terms, we have 
34 + T (AT Bx + (GA 5B). 
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Equating coefficients of like powers of x, then 
A+B=3 š _ _ 
nd 6A 5 B 7 J, from which A = 2, B = L 
Hence, from (1) by substitution, 
3⁄2+7 2 y) 
i T A0 2-5 +6 


II. Second Method. 


To find A, we shall in (2) make the original denominator 
of A, viz. x — 5, equal to zero. And similarly for B. 


Thus we have in (2) 
3x + T= A(x + 6) + B (z — 5). 
Put» — 5 = 0,orz = D, then 
3x5+7=A(5+6)orA = 2. 
Put x + 6 = O, org = — 6, then 
3(-6)+7=B(-6-5)orB = 1. 
Hence, as before, 
3 47 28 " 1 
a+e-10 w-5 2+6 
It is often more convenient to follow the second method. 


1 
Ex. 2. Resolve CETRVIZCE ECKEN into qm 
fractions. 
Assume 
] A P C. D 
CCG 
PM clearing of fractions, 
"PCM + B (x — 1) (x + 2) (z + 3) 
+ C( = 1) (x + 3) + D (z - 1) (z + 2) " 
Put» — 1 O, or = 1, then 
1 = A(1 + 2) (1 + 3), or À = dg 
Putx + 2 = 0,orz = — 2, then 
= C(- 2 - 1) ( 2 + 3) = 9C,or O =}. 
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Put z+ 3 = 0,orx = — 3, then 
1-D(-3-1y(-342)-2- - 16D,orD= - Ae 
We have thus determined A, C, D. | 
We cannot, thus find B, but shall proceed as follows : 

In (1) substitute the values of A, C, D just found, and 


Sg ' B 
transpose ; "n a4 
DEE SES l 1 l 
(z — 1) (æ + 2) (x + 3) - 12(x-1) 9(a+ 2) * 16(e + 3)3 


or, simplifying, I 
— T (0-1) (z +2) (143) _ _ 7 


III (CI) ( ri) III) 
. a _ Í: mE 
BS £ 


We have therefore from (2), by substituting in (1) the 
values of A, B, C, D, obtained 
nu 

6 EM PES Uu 
12 ( - 1), 144(- 1) 90% + 2) 16(æ+ 3) 


= ë ; e 3 + 5 
Ex. 3. Find the partial fractions of zac 


The factors of the denominator are x? + x + 1 and 
a — H + 1. 

We shall assume the numerators of the required partial 
fractions to be of the form Ax + B and Cx + D 


respectively. 
We then have 


22; B e UTE oeil) 
dro+rl stet -egtl 
Or 3x4+5=(Ax+B)( -x+ 1) + (Cx + D) (2 + x + 1)...(2). 
Let , I= O, or * — z — 1, then from (2) 
3x + 5 -(Ax-B)(-x-1-x41)- -24x - 2Bx 
= -9A(-z-1)- 2 B> 
= (2 À — 2B)x+ 2A. 
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Equating coefficients of like powers of z, thén 
2A = 5,orA = 
and2A - 2B = 3, or 2B = 5 — 3 = 2,09 B = I. 
And similarly we find C = — $, D = 4. 
Hence, from (1), l 
3 +5 &. 5z + 2 5z-8 
diras I 26 T TI) 20 -stl 


Ex. VIII. 
1. Find a in a series of ascending powers of y, when 
y = 2 - 52. 
2. Find by the mu of indeterminate coefficients the 
— 92x 
a (1 - ay? 
3. Find the cube root of 1 + 3g + 42% 


4. Express by a series the difference between (1 — 32)-! 
and (1 + 22)- .. 
5. Find the sum of the series 1°, 2?, 32, &c., to n terms. 


6. Show that 151994 33 1 4 Cc. 4 4 = — 


Resolve into partial fractions : 


quotient f 


T — 3+9 _ & . — 

` (z + 3) (z + 5) ( = 6) (2? + 8) 
A AA M A 

* + 62° + Ila + 6 * (1 + c) (I + z + a) 

dai + m — 1 » 3 
. ga T V Tya 
l 1 
J 0A 
1 5 (e + 5) G + Ó 
A 


D —Á—M— A 
(x + a) (x + b) (æ +c) (z + a) (x + 5) x + c) 


1 22 + me + a 


Md RE + 16% — 21 ina (x + a) (z + b) ( + + cy 
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CHAPTER VII. 
THE EXPONENTIAL THEOREM.—LOGARITHMIC SERIES. 
Exponential Theorem. 
47. To expand ar in a series of ascending powers of x. 
(1 + (a - 1)" 
1^4 g (a — 1) t W (a — 1) 
8 Ed E^ 2) (a — 1) + de 


a” 


H 


1 + (a - 1) &* (a = 1) 


AAA (a - 1f + de. 


Collecting the terms involving the first power only of 2, 
we have 
a*=1 + f(a = 1) - y (a — 1)? + $ (a - 1? - dejo 
+ terms in , 22, dee. 
Assume then 
a = 1 + A + Bat + C»? + «e ......... (1), 
Where A = (a — 1) - ¿(a - 1? + 1(a - 1) — dec. (2). 
From (1), squaring and arranging, we have 
a*=14+2Ax4+(A*+2B)x* + (2 CY 2 AB) a*  &e...(3). 
But from (1), putting therein 2 * for z, we also get 
a4*=1+A(2%) + B(2«y + C(2a) + dc. 
=14+2Ax + 4Bx* + 8Ca? + Ce. (4). 


Hence the series in (3) and (4) are identical, and we may 
therefore equate the coefficients of like powers of z. 


Hence 4 B =A? 2 B, or 2B=A% Therefore B= EA 


zu 
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8C=20+2AB,or 60=2A. y C243 


Hence, substituting in (1), 
Ax , A” A 
— — — E” eoo 00005000 5 ° 
dubiis uidi wi b J e ee 


Since this equation is true for all values of z, we may put 


„ 
Az = I, and . * = x: 


1 1 1 1 
We then have a4 = 1 + 7 + — Cast Bé 


Hence, by Art. 42, Ex. 5, 


GÀ = e, op g 0b (6). 
Taking the logarithm of each side of the equation to 
base e, we gel A log. 4 . (7). 


Hence, substituting in (5) for this value of A, we get 
log,. 6 (s log, of (æ log. a) 

= = 1 * Se AP Be OY 8. 3 

didus unidas cc aubdo vt sr didis 


The (n + 1)th term of this series is Kg, and the for- 


mula.itself is known by the name of the Exponential 
Theorem. 

Cor. 1. Put a = e, then since log, e — 1, we have 

gi 
( 7 127. 
di id cc dk vc Ris 

Cor. 2. Since in (7) we have A = log, a, it follows at once 
from (2) that 

log, a = (a — 1) — 4 (a - 1) + 1 (a - 1) — Go. 


Logarithmic Series. 
48. To show that log, (1 + x) = x — N T . 
and that log, (1 - x) = - x E SE? — «e. 


LOGARITHMIC SERIES. 15 
In Art. 47, Cor. 1, we have 
log, a = (a — 1) SEI — 1) + 36 — 1) - dee, 


Put 1 + z for a, and therefore z for a — 1, then 


log, (1 + z) = z - T: + ¿2 A sees E): 
Now put — c, then 
log, (1 - 2) = 4 3% e — (2). 


These series are not suitable for the calculation of loga- 
rithms. We proceed to obtain from them more convergent 
series. | 


49. To show that log, (n + 1) 


] 1 1 1 1 
EN 5 (In ctt 
Now log, 15 = log, (1 + 2) — log, (1 — 2) 
" 1 1; 1 l s ; 
doo debi ¿E + zak ke.) 
. 
( 2 4 5 ba) 
1 1 | 
= S = — (1): 
2 (z + ¿0% +0 + do.) eet (1) 
Since this is true for all values of z, we may put 
LUE m 7^ and therefore also x = ~——- 
Le n m+n 
We then have log, - 


m = m — % m = n 
ds 2). 
n dag ¿Lay a aa} 
Now put m = n + 1, and therefore 
m- mn l, and m n = 2% + 1 ; 
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n +1 


Then we have log, 
: : : : l + dc, L. 


WE (2n + 1) 

Hence, transposing, log, (n + 1) 
8 1 ] 1 : | 
"an losen? Parar 
an important series, by dÉ the logarithm of any number 
may be easily computed when that of the next lower is 
known. 

50. To show that log, (x + 1) 

1 y 
=2 log x - log, (x-1) -2 781 —It3 ` 2 pie p. 


We have in (2) of the last Art., putting 
m = , and n = 2? — 1, and therefore 


fuc s 1, and m +n = 22? — 1, 
a? 1 1 1 ! 
WIPE ĩ esc Ni NEL DES . . 
loge 7 2281 +3 asm 


gt 
Dut log, — im log, erie i 
= 2 log. z — log, (x + 1) - (x - 1). 


Hence 2 log, e — log, (z + 1) — log, (x — 1) 
l 1 1 
= 24 2—<= =ƏƏ——— Ta, ———s . 
221 t3 aarp . 
Or, transposing, log, (z + 1) 
! 1 1 1 
= (Y — — — —— — — P & ° e 
EELER Gry d 
This is a very useful formula, by which the logarithm of 
any number is found from the logarithms of the two numbers 


next preceding. 
51. To show that, when x is large, whatever be the base, 


2 log x = log (x + 1) + log (x — 1) 
" SEE 1 1 : | x + 1 
2x 6x? * 90x X 1 
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Now, log. 


part = - as. (1 - y) 


1.1 1,1 1. 
ml d $ "mh %%% %%% „%% %%% „„ 6 00 (1) 
l 171 
And log, 1 = log, - f and therefore, by Art. 49 (1), 
E" 
1 1 1 1 


1 
= 2123 . ps J. . N. 
Dividing (1) by (2), we have, after performing the 


division, 


* eil 1⁄1 1, 7 
s I be. 1 2365 90% fei, (3). 


— j = 2 log, z log, (x + 1) - log, (z - 1); 
Hence, multiplying each side of (3) by log, = 
posing, &c. 

2 log, z = log, (x + 1) + log, (z 1) 


1 1 7 | 
ur" f1 + eat yoa t &c. log. O) 


Now it is shown (Art. 50) that 
log, z = log, a. log, x. 


Now, log, 


a and trans- 


Hence we may replace the base e in (4) by the base a, 
if we introduce the factor log, a into every term. Dividing 
each side of the newly-formed equation by this factor, we 
then get the formula in (4) expressed thus: 


2 Pn ; = log, e + 1) + log, (z — 1) 


d * A A 
Fe}? dE 90 ai T &c. log, e * 


78 ALGEBRA, 


Logarithms to base e are called Napierian logarithms, 
from their inventor. 

Itis evident that, by the series of the last articles, and 
by similar series, Napierian logarithms may be calculated. 
It will be necessary to use each series however for prime 
numbers: only, since composite numbers may be broken up 
into their prime factors, and their logarithms easily obtained 
from those of their factors. 


Ex. 1. Find log, 2, log, 3. 
We have 


qm m-n l/m- m-n 
g. — 22 & 
10g. z (DCH, 3Vm ta E (25) EES E 


Put m = 2,» = 1, and dcn 
We then have 
y? 1/1 
log, 2-213 + 3G) + z6) + 
Or, reducing to decimals and adding 
= 6931471... 


Similarly, putting m = 3,” = 2,and .. = 
we have 


log, > = 2 E + 1G) +50) + do, 1? 


or, since 


log, 3 = log, 3 — log, 2, 
we have, 
log,3 =log,2 + 24 + 36 ) 60 + bo. } 


or, performing the necessary reductions, &o., 
= 1:09861232... 
Ex. 2; Find log, 5, log, 10. 


Put m = 5,n = 4, end + Z2 = E then since 
m+n 9 
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log, ¿> log. 5 — 2 log. 2, we have, by transposing, 


Jeep = 215g. 2 + 25 +3 (5) +5(G)+ def; 
or, reducing, &c., i 
= 1:6094379... 


Again, 
log, 10 = log, (2 x 5) = log, 2 + log, 5 
= 6931471... + 16094379... 


2-3025850... 


Ex. 3. Find log, 16205. 
log, 16205 = log, (2? x 3% x 5? + D) 
1 
= log, [2 x 38 x 8 (1 + 2) } 
1 
= 3log,2 + 4log,3 + 21og, 5 + log,( 1 + Ng gr). 
By substituting the values of log, 2, log, 3, log, 5, already 
found, and by developing log, (1 + gua the re- 
quired logarithm is known. 


Caleulation of Common Logarithms. 


52. To show that log,N = GH log, N. 
Let No EE (1). 
Then we have, from the definition of a logarithm, 
„ A (2) 
S / (( (3) 
Again, we have in (I), a* = b, or taking logarithms to 


e, 


ge log. U; 
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or, substituting from (2) and (3), 
log, N = log, N. log, b 


. _ 1 
log, N "p e^ 


Cor. Put b. = 10, and a = e, then 


1 
5 N 
log, N log, 10 log, 


Hence common logarithms may be found from Napierian 
logarithms by multiplying the latter by I 5.10 10 


We call this quantity the modulus of the common system 
of logarithms ; and if we represent the modulus by h, we 
have 


1 1 | 
kein" 230358509... ^ 429448. 


53. By multiplying by zg the series obtained in Arts. 
48, 49, and putting ½ log, = logy, we have, omitting the 
suffix 10. 


log (1 + z) = p EL : 35 1 4 eo. | ...(1). 


3 
1 1 1 
og (I - z) = ag 0 &. m (2). 
l+ _ 1 1 
log 1—— =2p (tst es 
los * m-n l(m-n | 
ber " lan E SG" 50 d TIT 
log (n +1) 


1 1, 1 v] 
=1 _1 417 1 ! 
op Sul ot E ur) + be 0. 
log (z + 1) 


= 2 log 10g ( 2 p Í r= EE be } (6), 
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Proportional Parts. 

54. To find the logarithm of a number containing (n + 1) 
digits, when the table contains the logarithm of numbers con- 
taining n digits. 

We have 

n + 6 ö 
log (n + Š) - logn = log = log (1 + A 
3 
ô 1 ë 19 .S be ) 


Suppose m to be an integer containing 5 figures, and à a 
quantity less than unity. 


We then have, since p (= 434. ) is < 5, 


§? 1 1 

A EE Se 3: 

4. 975 < 4 ` 100003 and .. < 000000003; 

ô’ 1 1 EDT 9 

p. 375 < $' 160005 and .. < :0000000000002, &c. 

Hence, at least as far as the seventh place of decimals, the 

omission of all the terms of the above series after the first 
will not affect the result. 


We then have 
log (n + 8) - logn = pes EE SE (1) 
And, similarly, 
log (n + 1) - logn = p E — d suppose, ...... (2) 


Then we have, 
log (n + ô) — logn = &... (3). 

Now d is the difference between the logarithms of two 
consecutive numbers ; 

And ò is the difference (less than unity) of two numbers, 
the logarithm of the greater of which is required. 

Hence we have the following rule: 

To find the logarithm of a number which lies between two 
— numbers, multiply the difference of the given 

II. F 
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number and the next lower in the tables by the difference of 
the logarithms of the numbers next above and below the 
given number, and add this result to the logarithm of the 
smaller given number. 

This rule has been assumed in Vol. I. of this work, to 
which the student is referred for practical applications. 


REMARK. Since the mantisse of all numbers, having the 
same digits, are the same, it follows that the above applies 
equally to numbers the integral part of which contains more 
than five digits, 


55, To prove that 
e -n(n-ly4 I (n-2y — B= 0-3) -) 


+ Co. = |n, ifr =n, and = 0, ifr zm 
We have 
(o — 1)“ = e - n. Md + s eln — 9 
_n(n-1) 2 e- 9 L dee 


If we now expand each of the quantities e“, e" 77)*, Ze, 
by the Exponential Theorem, and write down the coefficient 
of x” in the whole expression, we have 


Coefficient of x” in (e — 1)” 
LP (n — 1) ＋ 2 (n — 1) (n — 2) 


lu |”. |2 Ir. 


— 


n (n — 1) (n — 2) (n - 3) : 
— j. tem . "kk N sl). 


Again, (e — 1)" 


zo 
= ( + >- + — + de)” 
Cipt pt 
= m" + terms involving higher powers of z......... (2). 
Hence the coefficient of op is unity; and since the ex- 
pansion contains no terms with lower powers of z than the 
nth, we may say that 
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The coefficient of z” in (e* — 1)" = 1, when r = n, 
* (3) 
and = O, when z< n, 
Hence from (1) and (3), equating the coefficients of 2”, 


„% »» a HN Ee 


E Vë E Ir 
_nín—- 1) (n—2) (n- 3) + &c 
i ai | 


= 1, when v = n, 
and = 0, when r < 2. 


-20-32 (n — 3 + de. 


n, ifr = n. 


and = O, if r < m. 
Ex. IX. 
Show that 
er — 1 _ ac? ot : ! 
L — = 2414 4 + o 


z ast 
9, € — 211 wt E 4 
e 2 1 


9. m" = m + a (2 — 2) 


＋ mm - 


T. 
4 U + 27 DOG- . 0. 


1) (m - 2) n n = 
ge ee n - 3. 2” + 3) + &c. 


5. »"7!-n(n-1ly- AR (n — 2371 - de. =0, 


6. n” — n(n — 1) + pa (n - 2)“ - «e = |n. 
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7. n^ *! a (n - 1) *1 + o D (n = 2)"+2 — Zo 


ërem 
— 


8. 1" — n. 2r 4 2 - T) 3" — Kc. + ( 1)". (n 4 1) 
= (- 1 |n. 


m +1 


9. 1 2-7 3-4 1 * . ET - he 

+ 2* + 9” + de, + n nitg tm Cat ën 

10. If p, 9 are each less than 1, show that log (1 — phi. 
_ leg (1 — q) 


Jess than 


P and greater than 2? — PI, 
7 g 


11. If u, = °, show that 
n(n — 1 e " 
th — nu + 1D do. + (- 1) 4. 4 = (= 1)" |n. 


12. Show that the limit of (1 + y, when z is infinite, 
EE qx 
is e", 
13, Having given that 1. 2. 3. . n = Dis, n^ . en 
when z is increased without limit, show that 
1.3.5.... (2 — 1) = 2*5, m, en 
when u is increased without limit. 
14. Hence show that the limit of 
1.3.5...(2n — 1) 1 
2. 4. 6 . 2 271 
when » is increased without limit. 
15. Show that 
TFT 
2 12 24 720 
16. If a = b — z, show that log, a 


1 1. (2 l 72 lw 
= log — "zc : 22 es pr. ee "C. 
eg. 0 2520 3G 3% (3 405 © !. 


is $, 


+ Ko.) log, (1 + x) = z. 
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17. If a? + 1 = 0, show that 


3 a 
(I.) e +e (14 f 
— x 5 
(2.) * - e = aafe + G+ f 4. 


18, If a, b, o are consecutive numbers, show that 


log b = : (log a + log c) 


1 1 1 1 1 
ia 127713 Zac I) 5 (Tac r 1) da 


CHAPTER VIII. 


THE MULTINOMIAL THEOREM. 


56. It is often required to expand the powers of alge- 
braical expressions containing more than two terms. This 
may be done gradually by means of the Binomial Theorem, 
but the method is often cumbersome and inconvenient. By 
means of the Multinomial Theorem we are able to do this 
more concisely. 


57. To find the general term of the expansion of 
(a + b + c + d + dr) 


Put à, = b + c + d + &, 
and? = p + q. 


Then the (q, + 1)th term of (a + bj)" is 
n(n -1)....(n-q +1) 
ra | 
gr ß». 
KA 
when q, is a positive integer. 
Put c, = c + d + ë + &,, 
and q, = q t. 


ar, b, 75 
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Then the (r, + 1)th term of 5,7, or (b  c,)* is 


q, (q; SS 1)....(g em 1) pe =r, e," 
* 7 
| 7; 
Am D... (t yana Ne gan... 8) 


kd Lg | 7, 


where q,, q, r, are positive integers. 

Hence, combining this with the expression in (1), where 
for b% we may substitute its general term, we find 
The general term of the expansion of (a + b + c)” 


Z n (n - 1.... (p + 1) Y: KA bc," 


E |g |e 
pS n(n—1)....(p + 1) e, —— CC 
a s 


Proceeding in this way we shall find 
The general term of the expansion of (a + b+ c + d + &c.)* 
_ n(n- 1)....(p + l) ar becr dee. 
Eum 
where q, 7, &c., are positive integers. 
Since n = p + gg = gq ,, zf + , de, we 
must have 
p + q + Kc. = n, and g, v, s, &c., positive integers. 
Cor. When n is a positive integer, we have 
General term ot (a + b + c + d + dc)" 


„ 1).... (p+ D.p- D.---1 ope be 
Ip 2 p ee | 
tt |” a?l"c' áo. 
Dp. 3g. ES 
where p + q + T Ge. = m. 
58. To expand (d, + aa + ag? + ay + ke 


In the result of Art. 57, put a = ay b = Gei 
€ = Get, &c., then 
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General term of (a, + ax + aj? + ag? + Ke.) 


_na(n-1)....(p+1D_, "n iu 
= MATA ` ar (ax) (aj) (ayy ke. 
= n(n " 1) bia (p 2 l) aa fa.tas . x QUAEST CA) 
r 

where p + g + T + 8 Kc. = n, and q, v, 8, &c., positive 
integers. 

When n is a positive integer, this result, by Art. 56, Cor., 
may be thus expressed : 

General term of (ç + op + oi + aye? + Koc. )- 
I" 


IE 9 qois ue 
where p + q + Tr + 8 + &c. = n, and p, q, v, e, &c., are 
positive integers. - 

Suppose now we are required to find the coefficient of the 
term involving x”. 8 
Taking the formula in (A) above, we have the conditions 
p +q +r + 8 + &. = m, 
and q + 2r + 38 + ée, = m. 


o 


aaa a, ° e o ar + ir t 3 : + ss. eee (B). 


where q, 7, 8, &c., are positive integers. 
Now, by assigning to g, >, s, &c., all possible values, subject 
to the condition that they are positive integers, and that 
qt 2r + 3968 + de = m, 
we may obtain sets of values of p, q, 7, &c., which, when sub- 
stituted in (A), will give the partial coefficients of om: and 
the sum of these will give the whole coefficient. 


Ex. 1, Find the coefficient of 22 in the expansion of 
(1 - 32 + 4a? — 22, 
Asn = 5, a positive integer, we may uso the formula (B). 
We have 
DEENEN: DEET (1). 
q + 2r + 38 = 6 q t ¿esas CHE 


We shall find it convenient to proceed as follows : 
1. Commence with the highest possible value of the letter 
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at the right of (2), viz., in this case, of $; and take each 
lower value until we arrive ats = 0 | 
2. Then with the resulting equation—here with the equa- 
tion containing g + 2 r—take first the highest possible value 
of r, and so on. 
3. Find the value of p from (1) by means of the values of 
q, 7, 8 thus obtained. 


Thus +— 
Take g = 2, and. q + 27 = O, where we may have 
r=0,¢ = 0p = 3. 
Take s = 1, and .. q + 2r = 3, where we may have 
r=l1,¢=1,p = 2, 
or, r=0 q =3,p = I. 
Take s = 0, and . q + 2r = 6, where we may have 
r =3,q = 0,p = 2, 


r=2q=2p=1, 
1 = 1,q = ns 0. 
These are all the possible solutions, and they are conveni- 
ently arranged thus : 


Hence, from (B), since a = 1,4 = — 3, a = 4, 
dg = — 2, substituting the values of p, q, r, 8, and omitting 


from the formula every term containing a letter whose value 
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may happen to be zero, and remembering that |l = 1, we 
have 

Coefficient of z 
= LEY + EQ (- 3) (0 (= 2) 
EAE E 
5 ) ( ap(- 2 Laya» 
ERA *̊ 2) + E EM (4) 
+ 1 Mes (% E ( ge (4) 
H 


ENE 


= 40 + 1440 + 1080 + 640 + 4320 + 1620 = 9140, 


Ex. 2. Find the coefficient of a in (1 + 3x + 6x* + 
1022 + Ko. ) l 
Here n = 1, a fraction; we shall therefore use the for- 
mula (A). 
We have 
p +q ++ 8+ «e = . mil): 
and q + 2r + 38 + de = 9.................. (2). 


The equations (1) and (2) need not contain any letter 
beyond s; for if we take another letter, as t, we have 


qt+2r+38+4t=3; 


and the only value of £ possible is f = O, and so of any other 
letters. We shall therefore treat equations (1) and (2) as 
if they were written 


ptratrt+s 
q+2r+38 


On trial we find the only solutions to be as in the annexed 
table : 


H Il 
o 
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p q r 8 
t LL o CM QE O A 

_ 2 0 0 1 
Š | 
5 

-3 ] | ] 0 
s | 

ae 3 
3 


Hence the coefficient of a? 
= t (10) + H-D (3) (6) + 3 (- E 5) (3)? 


10 5 = 
We may verify this result. 


For 1 + 3% + 62' + 1022 + de. = (1 — ac? 
«(324624102 &) = (a- -e 
= (l-g) = IT + 2 + m + de, 


Ex. X. 
Find the coefficient of 
. in (1 + > + xy. 
. in (1 — 2a + 3 a? — 42% 
„ in (4 — 5 z + a). 
. in (6 + 5 z — Dat, 
. in (e, + ay + a + gett, 


oin (1 + lor Sat I + do), 


7. a bold in (a + Š + c + dy. 


C Cp Ca N rm 
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8. ab? in (a + b + c + dy. 

9. abd in (a + b + c + d + e) 
10. * in (a, + a» + ag? + ago)! . 
11. * in (I + 322 + 3 + 4 + &c.) ` $. 
12. x in (1+4 z+ 10 æ+ 20 +35 of + 49 oF + dec.) 1, 
13. Expand (1 3 + 4 22) š to five terms. 

14, Expand (1 + 7 a? + 2)? to four terms. 


15. Show that the coefficient of the middle term of the 
expansion of (1 + * + 22)” 


= 1 + f - 1) , m(m - 1) (m - 2) (m - 3) 
dud : ` 2 
mim —1)....(m- 5 
— E ) + de 
màm - 1)... (m-2r+1D 4 
I (25 b 


16. If c, denote the coefficient of «^ in the expansion of 
(1225-225 + 2 + 224+ dec.)”, show that 


17. If co, ci, ca, &c., be the successive coefficients of the 
expansion of (1 + 9 z+ 5 xæ? + &c.--2 p+] ` a), show that 
Co + ci + C3 + Ue, + % = (p + 1)”. 


18. Show that the sum of the coefficients of the expan- 
sion of 


(1-32-504+7104+92. ... + (-1)” (am- 1) a» -i 
= 0, or (- 2)", according. as m is of the form 2 p or 22 + 1. 
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CHAPTER IX, 
INTEREST AND ANNUITIES. 
Interest. 


59. To find the amount of a given sum for a given number 
of years at a given rate, simple interest. 


Let P = the principal in pounds. 
r = the interest of £1 for 1 year, 
^ = number of years, 
M = the amount. 
We have 
NA of P for lyear = Pr. 
ji n years = Pur. 
Hence M = P + Pnr = = P(1 t nr)... F 
M 
also P = Ir. . . . . . . (2) 
M-P 
and r = - „6444644 (3). 


Con. If interest be allowed for fractions of years the above 
formule hold, 


60. To find the amount of a given sum for a given number 
of years at a given rate, compound interest. 


Let R = the amount of £1 for 1 year. 


, R = 1 + r. 
ES the amount of P for 1 year — PR. 
| 99 P 9 2 9) = PR. R = PR? 
3) P 93 3 9) = ERR, Rz PR“. 
&c. . = &c. 
Hence also » P for» years = PR”. 
M = PR" (1). 


and . . log M = log P n log R . 
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We have also = R^ | 89 85 si (2). 
and log P = log M - z log R 


And again, R= KE 


1. 2o. (ue (3). 
and .. log R = 28 (log M - log P) 
We have also, R^ = 2 
„ log M - log P ( 
and .. n = log R ^ 


Cor. If n be fractional, and interest be allowed for the 
fractional part of a year at the same rate, the above formule 
require modification. 


For, let n = m + > where, is a proper fraction, and m 


an integer. 
We have, by (1), amount for m years = PR”. 
Now amount of £1 for year =14+-, 


Hence, amount of PR” for > year, and 
Amount of P for (m + =) years 
p 


E: PR” (1 + 5) 


It is easy to sec here that interest is really reckoned in 
two ways, for whole years, and for a fraction of a year. If 
it he agreed that interest is to be reckoned for every mth 
part of a year, we obtain a different formula, as shown in 
the next article. 


61. To find the amount of a given sum at compound 
interest, interest being reckoned m times a year. 


In > years there are mn distinct periods, for een cow- 
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pound interest is to be reckoned. We therefore have to 


find the amount of a sum P for mn periods of time, when - 
n 


is the interest of £1 for one such period. 
Hence we have simply to apply formula (1) of last article, 


where we must put mn for n, and = for r. We then get 


M =P (1 + 0 . 


Con. Let m be infinite, that is, suppose interest to be 
considered due every instant, then 


M = limit of P (1 + LY, when m= oo : or, by Art. 42, 
M = Pe" 


Annuities. 


62. To find the amount of an annuity for a given time, 
reckoning simple interest, 
Let A be the annuity, n the number of years, r the 
interest of £1 for one year, M. the amount. 
Then, amount due at the end of 
] year = A. 
2; =A+(1+nDA,. 
3 „ =A+(1+A+(14+2A, 
«e = “c, 
n „ Ar (ITT) AT (IT 2) A &. T (IT- I. Y) A. 
Or, M= {1+ (147) T (I 27) 4 &. (12 0-1. tha 


- 12 x ] + * — 1. % À = nÀ + jn(n — 1)r4. 


63. To find the present worth of an annuity to continue 
for a given time, reckoning simple interest. 

I. Let P be the present worth of an annuity A, which is 
to continue for n years. 

Then if P be put out to simple interest for n years, its 
amount will be equal to the amount of the annuity for the 
saine time, 
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Hence, P (1 + nr) = nA + 4 n(n — 1) A. Therefore 


_ nÀ + Zn (u-) TA _ nA 2 + (n - 1)r 
" 1 ra uk lue cl ad Ae 


II. There is another way of solving this problem, which 
brings out & different result. It proceeds on the principle 
ihat the present worth of the annuity is the sum of the 
present worth or the separate annual payments, 


Thus, present worth of A due 1 year hence - . a. 


] +r 
9 » 2 » = re 
A 
92 » 3 » T 17 37 
&c = dee. 
" 9b , — A 
dá ý : (ET, 


Now, taking P as the sum of these, we have 
1 1 1 

P= 2 1 5, 51.5 40. 

If this sum be put out to simple interest for n years, we 
shall find that its amount is not the same as that of the 
annuity for the same time, The reason appears to be that 
in reality we are reckoning both simple and compound 
interest. 

Thus, for any specified year, as the pth, the present value 


A 

of a payment A ad 

It is true that at simple interest this sum amounts to Á in 
p years, and we may allow this sum A to remain till the » 
years are completed. But this is equivalent to interest upon 
the interest gained in the first p years, in addition to the 
interest upon the principal merely. 

We shall presently find that when compound interest is 
reckoned throughout, the present worth of an annuity is the 
same by either method of procedure, 
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64. To find the amount of an annuity, reckoning compound 
interest. 
We have 
Amount due at the end of 
l year =A 
2 „ =A+AR 
3 „ =A+AR+ AR’ 


&c. = bie. 
n „ =A+AR+AR’+ &c. AR“ 
R*-1 A 
-A. ~~ = — (R*-]). 
R-1 7 í 1) 


Hence M „2 (R* - 1). 


65. To find the present worth of an annuity, reckoning 
compound interest. 

I. We shall proceed on the principle that if the present 
worth P be put out to compound interest for n years, it 
ought to amount to the same as the annuity for that time. 


Now, amount of P in n years = PR; 
And, amount of annuity for n years = EI — 1). 


Equating these we have 
PR” = = (Ro — 1), 


A 
Sei = — — R-* e 
P=2 (1 R-) 


II. We will now proceed on the principle that the present 
worth P is the sum of the present worths of the respective 
annual payments. 

We have, Art. 60, 

Present worth of A due 1 year hence — 


FFH 


8 

b 

Q 
Im 
| Il 


ap 
ef 
lI 


” ” % 


22 
-~l 
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1 

js 
e A A A Re us me 
“Port R R. 4% R. R 1 z (IR- *). 


R 


We thus see that when compound interest is reckoned, we 
arrive at the same result, by finding the present worth on 
either principle. 


66. To find the present worth of an annuit to continue 
Jor ever. 


I. Reckomng compound interest. 
We have P= a R). 


When z = c, the limit of R”” = 0; and then P = = 
Hence, the present worth of an annuity A to continue 


A 
for ever = Z. 
y 


II. Reckoning simple interest. 
Taking the formula (A) in Art, 63, we have 


1 
p AA 2 + (n - Ur nA 1 


Now, wnenn = oo, the limit of 


1 6 70 olg - 0)r 
i ER 


= 1, 
I s O +” 
n 
Hence, the limit of P, when n = œ, = œ 2-9. 


This result shows that, reckoning so-called simple interest, 
an infinite sum of meney.is required to be left, in order to 
insure an equal annual payment for ever. 

lt indicates therefore that the only correct method & 
computing annuities is on the compound interest . 

ó—IL G 
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We should arrive at the same result by taking formula (B) 
of Art. 63. 


67. To find the present worth of an annuity to commence 
in p years, and to continue for q years. 


Amount of annuity A to continue for q years 
E = (Re — 1) . . . . (De 


Now, if P be the present worth, it will amount in (p + q) 
years to exactly as much money as the annuity, if left to 
accumulate for q years. 

And the amount of P in (p + q) years = P. R?+*?.., (2). 

Hence, equating (2) and (1), we have 


P.Re+e = È (R: 1), 
F AA 
EE ER PL R-. 


Cor. If the annuity is to continue for cver, we have 
q = O, and the limit of R^ »-* = 0 


Hence the present worth of à perpetual annuity which i3 


lo be entered upon in p years — — OR, 


Ex. l. A sum of £a is borrowed for a period of m years, 
to be repaid by equal annual instalments, the first payment 
to be made after one year. Find the amount of the annual 
instalment. 

Let A be the annual instalment. 

Then the amount of this annual payment in m years 


_ A m _ 
= [R> - 1}. 


A gain, if the sum a be allowed to accumulate for m years 
at compound interest, its amount = a. E^. 

Now, these two amounts ought to be equal. 

Hence we have 


= (Re - 1) =a R”, 


LA R” e 1  . 
go 7 h^ = l y ° l a R- A? 
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Ex. 2. A debt a. now due, is paid off in 2 years by a serics 
of » payments in arithmetical progression; reckoning com- 
pound interest show that, if b be the first of the n payments, 
the common difference of the arithmetical progression is 

aR" — b(R” — 1)r 
R (R* — 1 — 1) — (n I 

If we suppose the debt and the whole of the payments to 
be allowed to accumulate for the n years, the two amounts 
should be equal. 

Now, amount of the debt a in n years -R“... (1). 

And, amount of the n payments in the same time 
=b R*-1 + (b+ d) R7? + (b + 2d) R. + dec. +(b+n—1d), 
where d is the common difference of the A. P. 

But (Art. 27, Ex. 4) the sum of this series 

1 


1 
n—1 4211 Ha sk 
C „ dm -1. . B 
1 _ 1 R re _ el 1.2 
R R 

D xs d os b+n-1.d 
RR G4 . (2) 

(2) = (1), then 
>Re 3 R) . 4. mpg 


[ ed. - 1) 


aR"? — (R Dr 
R (R. = — 1) = (w= Ir 


Ex. XI. 


1. Find the compound interest on £530 for 12 years at 31 
per cent. 

2. In what time will a sum of money double itself at 5 per 
cent., compound interest ? 

3. Find the amount of an annuity of £50 fcr 10 ycars at 
4 per cent. 

4. A corporation borrows £3,769 at 4 per ccnt., Vo V Ye 
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paid in 30 years by equal annual instalments. What will be 
the annual payment ? 

5. Find the equated time for £320, £390, £450, due 
respectively in 6, 7, 8 months, simple interest being reckoned. 

6. In how many years will £1 amount to £5 at 6 per 
cent. per annum, compound interest ? 

7. A freehold bringing in .£120 a year is sold for £1,920, 
Find the rate of interest, 

8. A debt of £1,200 is to be paid out in 20 years by 
annual payments, increasing in A. P. If the first payment 
is £70, what is the last payment ? 

9. If interest be payable every instant, in how many years 
would £1 amount to .£6 1 

10. The present value of a freehold to be entered upon in 
5 years is £1,600. Find the rent, interest being reckoned 
at 6 per cent. 

11. A property is let out on lease for a years atan annual 
rental of £b, and after c years the 1ease is renewed on paying 
a fine of £d. What is the additional rent equivalent to this 
fine ? 

12. An annuity a is found to amount in n years to the 
same sum as when 6 is put out for the same time at com- 
pound interest. Express n in terms of a, b, r, where r is the 
interest of one pound for one year. 


CHAPTER X. 
CONTINUED FRACTIONS, 


68, Let x be any quantity, rational or irrational; and 


suppose that x = a, + d Lı = a, + 1 La = Oe ＋ 1, de, ; 

1 Lg T3 
where Go Qis €t», Az, Ec, are respectively the greatest integers 
in &, 2 Lay Lg, &c, 
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We then have 
x= dy + — — or, as often written, 
Q + ———Q——— s 
1 
a, + ————-- 
1 Ga + «e. 


CEN HEN M: 
i G + Get a+ dc, 

Such an expression is called a continued fraction, and it is 
rational or irrational according as the quotients ai, aa, a3, &c., 
terminate or not. 

The quantities a, di, a, Qy &c., are called incomplete 
quotients ; the first of them, a, may be zero, but each of the 
others must at least be equal to unity. 

The quantities z), £a z, &., are called complete quotients; 
and when the continued fraction is made to terminate by a 
complete quotient, the resulting expression is identically 
equal to the given quantity z. 

When, however, it is made to terminate by the successive 
incomplete quotients, we get successive approximations to 
the true value of x. 


Thus— 


(1.) We may express the true value of the given quantity 
æ in either of the following ways: 


1 1 1 1 1 1 
1 11 T E 
Ed a qe cle 
(2.) We may express the corresponding approximations as 
follows: 


1 1 1 
lo Uy + e 0 ` I2: dee, 

Con. When the approximation to the given quantity x is 
expressed by terminating the continued fraction by an incom- 
plete quotient, we may obtain the true value of < by sub- 
stituting the corresponding complete quotient for the last 
incomplete quotient. 
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69. Conversion of a given fraction into a continued frac- 
tion, 

Let I be the given fraction, and let the ordinary opera- 
tion of finding the G. C. M. of P and Q be performed, 

We will suppose the operation to stand thus: 

Q) P (a, 
a 


p) Q (a, 
ap 


q) p (az 
Ao] 


r) dee, 


Then we have 


A A aUud 8 
P 7 Ki 


Q Q' p 
By successive substitutions we therefore get 
P 1 1 1 1 
=s = (t9 + K c — M `a e eege — e @ @ 0 
Q Qj + G, + Ag + a, + 


[t will be presently seen (Art. 72) that the approxima- 
tions obtained by terminating the continued fraction by 
the successive incomplete quotients are alternately less and 
greater than the given fraction; and further, that they 
gradually approach nearer and nearer to the true value. 
For this latter reason these approximations are called con- 
verging fractions, or convergents. 


The convergents of E may be written as follows: 


Q 
a qi + 1 Gy, + Ag + a ç 
ze Eo fst ae 
1 A aa) + 1 

Jf we look at the third of these, we notice: 

(1) Its numerator is found by multiplying the numerator 


CONTINUED FRACTIONS, 103 


of the second convergent by the third incomplete quotient, 
and adding the numerator of the first convergent. 


Thus, aa,a, + a, + ge = (aya, + 1) d + a. 

(2.) Its denominator is similarly formed. 

Thus, aa, + 1 = 41 (a) + 1. 

The existence of a general law for forming these con- 


vergents may therefore be suspected. This law is proved in 
the next article, and may be expressed thus: 


Law of formation of the convergents. 

(1.) To find the numerator of the (n + 1)th convergent, 
multiply the numerator of the nth convergent by the next 
incomplete quotient, and add to the product the numerator 
of the (n — 1)th convergent. 

(2.) To find the denominator pursue a similar method. 

In order, however, to apply this rule practically, it is 
evident that we require to have found at least two conver- 
gents by ordinary vulgar fractions. But if we make use of 
& fictitious convergent for the first, we may then apply the 
above rule when we know only one other. 


Thus, assuming I the first convergent, we may form all 


-— * — 


the convergents by the above law, if we only know T the 


first approximation, and the successive incomplete quotients. 
The accompanying table exhibits this to the eye at once. 


Incomplete t | 
Qo 


q a a | a tc. 
Quotients. l 2 3 ° 


1 to Pe + 1 Ag + Ge + Go | Ço, 


Convergents,.... al" E t 
Order | 1st | 2nd! 3rd x 4th &c. 


| 


a 
eme 


Coz, If we designate by Po, ES P Ps &c., The mumera- 
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tors, and by Q, Q, Qo Qs, &c., the denominators, of the 
successive convergents, we have 
P,=1, P, =a), Pa =at +1, P, =a,a,a, + a, + ay Ec. 
70. To show that P, = a,P,_, + P, _,, 
and that Q, = %&Q,-1 + Qn 3 
We shall assume the rth convergent to be formed according 


to this law, and then show that the (r + 1)th 1s formed 
according to the law. 


By the last Art. we represent the rth convergent by 


r—1 
We assume, then, that 
Pra rra + Era we: — (1) 
. 1 = %-10,-2 + Q. > 

„ P- ee FFC (2.) 


Now, Art. 68 Cor., we can from this expression obtain 


the true value of ay if we replace the incomplete quotient 


a, ..; by the corresponding complete quotient z, 1. 


We then have P Tr 1111515 —5. 


Q 1 2 + Qs 


But, Art. 68,2, = , 1 + 7 we therefore have 


r 


P (a iz) Prat P,- 3 


Q (a ad Q ada" i 


P -P,—ı + P, 
Non Ar 


Now, replacing æ, by the corresponding incomplete 


C, (a. — 1 Er _ I +P, _ ) + P, _ 2 


r (a, — Q, -2 + . —3) + — 
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quotient a,, we get the (r + 1)th convergent. Thus we 


— 


The numerator, P. = d, P. 1 + D, an 
The denominator, Q, = 4Q,_, + Q, _+ 
Hence, on the assumption that the law is true for the 
numerator and denominator of the rth convergent, we have 
shown it tc be true for that of the (r + 1)th convergent. 


Now, we knew, Art, 69, it to be true for the 3rd and 4th 
convergents ; it is therefore true for the 5th ; and hence for 
the 6th, dc. We conclude, then, that it is generally true. 


71. To show that BA _, - Q.P,-1 = (- 1). 
We have 

P, = d, P. _, t Ps 

Q, = a . 1 t 2. 2 


We easily get 
P. = P= a 22 Pisi 
= ; or 
Q,-Q., Qo" 


BA, _, - Q,-,P,_, = . P. — P. 10.2; er, 
di (P. . — ee . P. 4 = P. 10.2 E . - P, 2 
Or, multiplying each side by ( — Usch we have 
(- 1)" (P. Q. — un Q, P -1) 
= (- Ls: (P, 10. 3 — Q. P. 2). 


We learn from this equation that, whatever be the value of 
r, the quantity ( 1) (P.. - Q,P,. A has a constant 
value 


When r = 1, it becomes ( e ( - QP) 
= — (a, x 0- 1) = 
We then have 
Constant value of ( 1)” (P,Q,_, - Q,P,_;) = 1. 


Put r = ^, then we get 


1 


| EDO tr J) 
P. Q. 1 a Q,P n—1 7 (- 1) = (= Gë ( 1). Q.E.D. 
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Cor. 1. Hence, dividing each side by uncle we havo 
„ Ene 
pd. _ n = l n 
Q, Qa — 1 (- "qa. — 1° 


Con. 9. All converging fractions are in their lowest 
terms. l 


For we have P. Q. - 1 - Q,P,_, = (- 1). 


Hence, if P, and Q, have a common measure, this 
measure must divide unity. And the same may be said 
of the common measure of P, and Q, if any. 


"9. Of two consecutive convergents, the one is greater and 
the other less than the true value of the continued. fraction, 
and each convergent approaches more nearly to the true value 
than the preceding. 

B.E 


Q, 1 Qn 


fraction whose true value is a. 


be consecutive convergents to a continucd 


Then we have 


z = ebe + Paoi, from which we have 
LQ), + Q, 2a" 
* SCH 
0. — m Pozi Q. i Q —1 
a c 0 FCE 1). 
“P, = ad, j H. 1 TP. — x ( ) 
di 


Now Qu Q, —1 2, are positive quantities. 


Hence, z — SCH and E. oe are of the same sign. 


Q, —1 Q, 
P 


: P ; 
Therefore z lies between =*= and =”, which proves the 
n — 1 vn 


first part of the proposition. 


Again (Art. 65), x, (a complete quotient) is greater than 
unity. 


Also, Q Qn must be greater than unity. 


n — l 
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ITence, from (1), — >1; 


— — L 


Q, 


that is, the difference between z and P 


is greater than 


n-1 


that between E and x. 


Hence —* is a nearer approximation to the true value of 


hs 


8 1 


z than 


Cor. Since the first convergent is d , and the second 7? 


0 
follows that : 

Convergents of an odd order form a decreasing series, and 
convergents of an even order form an increasing series, each 
series gradually approaching to the true value of the continued 
fraction. 


— 


73. To find the limits of the error in taking Phi ! as an 
n — 1 


approximation to the true value of x. 
Dy Art. 68, we have 

. P. + E E 

z, Q, + Qua’ | 

P, - 2 P, t Paai - Fisi 

Q. . z, Q, ＋ C1 Qa 


. (P. Q. 1 Q,P n— d or, by Art. 70, 


& = ; hence 


- — — —— —— M rr ü —À — 


Eo (z,Q, + Q, - 1) 


q” 


a (zx. Qs + Qn —1) 


1 
es wea 
Qn-1 (Qn + An Y 
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Now x, is > 1, and therefore i > 0 and < 1. 


Hence 
P 1 1 
5 - 1), , and > —— n + 
Qa ) Q, _ Q, = E Q.-1 (Q, + Q. — 1) 


Cor. 1. Since Q,_, is < Q., and .. Q%,_, < Q. iQ; 
and Q, _,Q, < Q.“; we have 
Pa 


P... 


E 
which — from x by a quantity less than any CS 


Cor. 2. Hence if it be required to find a convergent = 


quantity ~ „ we must find the successive convergents until 


we DS Se one whose denominator Q, _, is = Ja. 


74, Any convergent F, approaches more nearly to the value 


of x than any other fraction whose denominator is < Q. 


Let^ be any fraction which lies between o and a. 


If : be a convergent, then (Art. 72) g is necessarily > Qu 


But if 1 be not one of the convergents, then, since x lies 


P P. 
between P, and 2-1 and P lies between —” and œ, it follows 
Q, AN Es d ] Q, i 


that 
Du. _n—1 


Qa 
Pai Pa o Pazi Pra = Fe- 
Hence" «7 ^ im 1 n $n — 1 nt n E, geg N 
° 7 Q 2. —1 QQ Ë —— 1 
But (Art. b. Sr the sign, P. Q. 21 * Qa E `y 


: lies betwee. o Sa 


< 
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e Pant _ 1 or 
q Qai Qi 
pQ, I © OË < . .. . . . (1). 


Now p. 1  gP,—, cannot be equal te zero, for then 
E = En-1 „which is contrary to our hypothesis. And hence, 


8 1 


since p, g, P. 1, Q, _, are all integers, 
PO, 1 9 P. —, cannot be less than unity. 
Therefore the condition in (1) is impossible, if ç < Q. 
Hence no fraction d can approach more nearly to the value 


of x, than the convergent Ea, if q is < Qu 


75. To solve the indeterminate equation 
ax + by = OG 
by means of a continued fraction. 


Let 5 be converted into a continued fraction, and let : be 


the convergent immediately preceding the last (viz. ; 5) Then 
we have (Art. 71), 
aq — bp = t l, or 44 cg) - b(+ cp) = c. 
Or, adding and subtracting abt, we have 
a(bt & cg) + b(* cp — at) = c. 


Comparing this with the original equation, we see that 
the given equation is solved by putting 


c= bt + eg 
314159 š 
Ex. Reduce 100000 to a continued fraction, and find Vos 


convergenta 
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100000 314159 3 
300000 


14159 | 100000 | 7 
99113 
687 | 14159 | 15 


887 


854 


The continued fraction is 
l E 
7+ 1541 
And the conv ergenta 
3 99 333 355 9908 9563 316149 314159 


omo — — + 


1’ 7 ' 106’ 113? 2931’ 3044’ 24239” 100000 


11 
ES defi 


1 - 
254+ l4 


i. 
T 
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Ex. XII. 
Reduce to continued fractions : 
1. 332. 2. $33 3. 1327. 4. #133. 


5. Why is 255 a nearer approximation to z than : 
6. Show that P, = Praga Pai 

= n n 141 Qn —1 
7. If a, be the nth incomplete quotient, prove that 


a, = J (P, A P. ai (Q, a Q,—:) 
P n— 1 ° . 1 
8. If = represents the (r + 1)th convergent, show that 


. Q. 1 PaE ui Q, - P, 2) .... to n factors 
E em 1) nin +1) 


9. If e represents the (r + l)th convergent to the frac- 
tion Y show that the (n + 1)th complete quotient 


, PQ- E= 


QP, = PQ, 
10. uni that Q: — ae | 
— —— 0 g£ 2 E E 
Q. Qha —1 2 12 2 i; Qen- has 
1 
spe. š 
( ) Q, +Q, 


11. If Ë be a convergent to a given quantity z, show that 


no fraction having a less denominator than q can be a nearer 


approximation to z than P. 


12. Solve in positive integers the jndcterminate equation 
3x-5y=li 


112 ALGEBRA. 


Reduction of Quadratic Irrational Quantities to 
Continued Fractions, 


76. Every quadratic equation with rational coefficients 
may be reduced to the form 


ar + 2 bx + c = O, 
where a, b, c are integers, either positive or negative, 
Solving this equation, we get 
+ 2 ` " 
z = £ VË — e 7 which may be also 


a 
written y= A Pr 


If we put N = 0? — ac, we have 
N - > = c, and g = MN +b 


a Ta 


Hence, since for the purposes of continued fractions we 
need consider only the magnitude of these roots, and since, 
too, we may so choose the sign of a that x shall be always 
positive, we arrive at the following result: 


The roots (neglecting the sign) of a quadratic equation 
having ratienal coefficients may, when irrational, be always 


referred to the form _ 
i y N +p 


W = 
q 


where 
(1.) p and q are integers either positive or negative, the 
sign of y being so taken that z shall be positive; 


(2.) N is an integer. 
q 


Continued fractions developed from such irrational quan- 
tities are called irrational continued fractions of the second 


degree, 
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77. To express VN + Po as a continued fraction, p, and 


q , I 
qo being integers, and the sign of qo being so taken that the 


— 2 D 
expression shall be positive, and where also "M is an 
0 
integer. | 
. VN +> 
Let a, be the greatest integer in — = Y, suppose. 


— 0 
q N +? JN — (amo — M) 
Then x = a, + JN +Po_ a = dl. + N—— soto fw 
0 ( 90 o) 0 7 
A N — (4% — Po) À 
qo ! JN + (4% — Po) 
N - (4990 — Dal 


= (to 


n 


Be 
° YN + (49% — Po) 


= J 1 
i JN + D d» 
SÉ 2 
where q, = N= (eq — PY 
qo 
and pi = 4090 — Po 
1 
We then have x = a, A Td been (2); 
qi 
where x, = VCI 
1 


We may notice that x, has the same form as the given 
quantity x; and we may therefore in the same manner 
obtain as complete quotients £o x, &., expressed in the 
same ferm as x. 


We may then write z — JN p = Ay + = 
Zo 23 
1 NN» = a, X H 


VC 
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Lo = VN +p, = Ao + i 
q> v5 
de = te. 
„ N . „ 
Un Ya 1 
&c. = de. - 


where ly Ou de, &c., are all positive integers; and where 
Tis Tay Xz, &c., are also positive quantities greater than unity. 
We hence have 
1 1 1 
the required continued fraction. 
J/17 + 3 
4 


Ex. 1. Reduce to a continued fraction. 


The expression is positive, po and q, are integers, and 
N-pm.17-9,., 
Qo 4 
It therefore answers the required conditions. 
We have, since unity is the greatest integer in the given 
surd, 


MES (AB) 1 md 


Mel 4 
FFC 
FC HO * Tri 
1 
= 1 + JT + 1 »0690*900099990299990*40090900999590999 (1) 
Male JA + 1 At — 3 
17 — 9 9 
] 214. 
"A(UIT 43) * VAT 
1 
- d 
— 1 + Jit + 3 .0000350809000000000000000000000 (2) 
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JIT +3 _ 717-3 _ 1 
n... eee REH Cana asa (3). 
4 
LLLA 


We have thus arrived at a quantity 5 exactly the 


same as that with which we started. ims quotients will 
therefore recur. 
We then have, by successive substitution, 
JY -3 1,1 1 1 1 
4 l+ 34 1: 3+ `` 
Ex. 2. Reduce ,/26 to a continued fraction. 


Here p, = 0, q, = 1, and the given expression answers 
the required conditions. 


96 — 95 1 
( J26 + 5 J26 +5 
1 
2 T — — — € ——— ` 
Hence ,/26 + 5 = 10 + 26 — B 


And so, by successive substitutions, we get 
1 1 1 
indi 5 + 10+ 10% lox TEE 
78. To show that (i.) p, = Ba 1d. -1 — Pn-1 
(iL) a, = N - p,*. 
We have, in the last Art. 
JN + Pa _ d: 1 


Tp = F ds 1). 
Zu Vn 1 ( ) 
Putting n — 1 for n, then 
AN + Pai d 1 + 2 ; from which 
da 3 T, 
MENTRE 


JN zx ( 2115 —1 — f» — 1) 
(1) = (2) then 
JN + De — 71 —1 
Yn JN g (Sn 2194 -1 E P« -1) 


y OY, TEAUCINY, 
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N in p,(a,- ia -1 E Za - 1) Sg (a, — ia —1 m pu- 1 P.) JN 
= Qi 1 

Equating the rational and irrational terms, then 
(a, 10 21— Pn- — Py) JN = d and e Pn ES ”—19n-1—Pn-1> 
and N - P. (d. — 194 —1 — . i) = QaQa — 1, OF 

Inn -1 = N - Pn Pn = N - Pre 

The expressions (i.) and (ii.) just proved contain the law of 
formation of the complete quotients, and hold for all positive 
integral values of n. 


79. The quantities Pi, ps ps &c., and q), qx qs, £c., are all 
integers, and moreover, after a certain value of n, p, and q, 


are positive integers. 
d, P, t P, — 1 


We have (Art. 72) x, = — ; 
( ) NAR t H. —1 


Hence also, replacing the incomplete quotient a, by the 
complete quotient z,, we get 

a P. + P, _, 
PPC 1). 

,. + Q, —1 ( ) 


But x = XD, La = JI, then we have from (1) 
0 n 


JN * A. P. T P. 


säin. In e + Pp t F. g 
Qo N fP. Q.+Q,_-, Qu JN + Q,2>, + Q, _ q, 
In 


Reducing, then 
.. N + p(Q.p, + Q, 19.) + (Qus + Q.. + Q, 19.) JN 
= Lalo - JN + de (P, n t P, i,). 
Equating the rational and irrational parts, we have 
Q. vo + Qu, + Q. 10. = Pao ............... (2). 
Que N + (Q.. + Q, 219) = z (Papa + P, 9)... (3). 
From (2) we have 
., T Q, 1% m P. o Sex Qn; and from (3) 
(E. — Q2) Pn + (B, 213 7 Qn—1Py) da = QA. 


REDUCTION OF QUADRATIC IRRATIONAL QUANTITIES 117 


Solving for q, we get 
(P. Q. — ES . P, A Qo * 94 = (P. 90 Q. Po) ET H. JN. 
Hence, since (Art. 70) P. Q. _, C. P. _, = (- 1)", we have 


Nu DE Q, N h 
l LED” rum, 
we Im E (-1y ( 1)"; 
ee d (.- Q. % - QN ] ........ (4). 
"m 


= a" { Q, - 1Q,N = (P, — io 7 Q, - 12») (P. J - Q. Po) } ds (5). 


"s ow the expressions 1n (4) and (5) may be easily expressed 
thus : . 


m 2 
o, = (-h d Pg, 2 P. O. p, Qs. LL Po ! and 
0 


P. = 
(- 1 | Q9. 5775 - P, P, - P. O-. Q. P..]. 


Now € is by hypothesis integral; and hence, since 


all the other quantities in these expressions are integers, it 
follows that p, and q, are integers. Moreover, after n has 
reached a certain limit, they are positive integers. 


For from (2) 
. 104 570 — Q. 0 Q. n) 


n Qai (= Qo — Po) - Pas 


os A 
but Qu = SM, Or Vn = 2 US ; 


Therefore, substituting, 
— — e — — s — — — o ) = n 
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3 (0 1-2) d - Po) — P. | 

Qn (AN p. 

Now gis the (n + 1)th convergent to z, or JN tpo; and 

it differs the less from o, the greater the value of ^ (Art. 10). 
Hence by taking n large enough =" . q, — p, may be made 


to differ from ,/N by as small a quantity as we please. 
Hence, when z has attained a certain limit, 


Q. —1 diff JN — p : 

“un —1 ers from x. -^-———£* by as small a quantity as we 
Q. La N + Pa y q y 
please. 


Now if p, is negative, z, . NEA is greater than unity, 
and therefore vx > 1. or Q, _-, > Qu 


But this is impossible, and therefore n, cannot be negative. 

Hence p, is a positive integer, after n has reached a certain 
limit. 

And so we may show that q, is a positive integer, after n 
has reached a certain limit, 


80. The continued fraction 4s periodic after a certain 
number of quotients. 

For (Art. 78) we have p, + Pu-i = Ga 10 11 (1). 

and In — 1 = N „„ 2 $ 

Now, by the last Art., after a certain limit, p, and q, are 
positive integers. 

We shall consider only the portion of the continued frac- 
ton beyond this limit. 

We have then 9, g, 1, Cách positive integers. 

Therefore from (2) p, < VN; 
and therefore, also, p, ., < V N. 


Hence from (I) we have a, 2,1, -1 < 2 JN. 
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Now a, i is a positive integer, and q, _, is such. 
It must therefore follow that a, _,< 2 YN, 
andg, < 2 JN. 


Or, putting n for » — 1, we find that for all values of 
G, Pay Yu» beyond a certain limit, we must have 


< F, a, < 2 / N, q, < 2 JN. 


Hence the values of a,, Pus qn are limited, and the complete 


quotient x, = NN + p, must have a finite number of differ- 


n 


ent values, as must also the incomplete quotient a. 


Therefore commencing with the first complete quotient in 
which p, and q, are positive, the values of dn, Pu q, will 
recur, and the number of quotients in the period cannot 


exceed 2 YN x ,/ N, or 2 N. 


Con. Since from (2) we have 9,9. 1 < N, 
we have also ET, < 

Hence, if 9. 1 > V N, we must have q,< VN, and 
7.2 VN 

Hence, if any denominator of a complete quotient is 
> JN, the denominators immediately preceding and follow: 
ing are each < N N. 


Ex. 1. If N = a? + 1, find VF in the form of a con: 
tinued fraction. 


1 
= l-a) = AA 
JN sa (Wa? +1-a) 0+ —— = les Ces 


Hence, by sticcensi vo substitution, we get 


!!! 


2a + Vida 


Ex, 2, Develop Ei as a continued fractions 
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/27 +3 J37-5 Ç 27-25 1 
%%% ⁵ Ie re e ducc 
3 2 2( /27 + 5) A/21 +5 2 
2775 775 27 — 25 2 
=10+ =10 + — SCHER, ow 
1 1 97 + 5 72775 (2) 
577715 „ 727-5 27-25 5 1 
T roS. = — — 3 
g 2 2527 75 5 O 
Hence, by successive substitutions from (1), (2), (3), we 
have A 27 +3 — | dl KE? 1 ol 
2 10+5+10+5+.... 


81. Every periodic continued fraction is the development of 
one of the roots of a quadratic equation. 


Suppose the period to commence after the quotient Ze A 
and to consist of a’ terms. 


Then we must have 24 . *. (J). 
Also we have w= 0 0 — TE CN 
And y Ee at + ET 


Lmt Amt + Qu Ha 
which, by (1), En En-. (3). 
Lm Qin tal + —— 
From (2), solving for £m, we get 
Tn Em 
P asi —2Qm-1 
And from (3), solving for r,,, we get 
yon Amt P? 
„ — 
Paire => = lit —1 
Equating these, we Cé 
* . — = TQ mt af — Pis 
Par e —1 Par — «Qu rz -1 
from which we get x as one of the roots of a quadratic 
equalion, 


Ln, = 
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1. 1 1 1 1 
5 8 ri SCH cd rol Cé duds 


as the root of a quadratic equation with integral coefficients. 


Put y = a —— then we have 
eels — po (1) 
d ^ uma RS 5 paye 
From (1) y = : Ti and from (2) y = Gre M i 


.e- an P 


3-2% 43-302, :; lifvi 
2-1 = yz 10? n Simplifying, 


16 22 — 32% + 13 = 0, from which x = Í . 


Hence we have 


Ex. XIII. 


Develop as continued fractions: 
1. Jo. 2. JiT. 3. 19. 4. J39. 5. 
V322 +4 „% 8 8 J 1 


3 iu uda cr. 
Express as continued fractions the roots of the six follow- 
ing equations : 


9. 32 — 8x4+42=0 10. 5 — 6 — 7 = 0. 


) 5235.5: dede dé a2. 33: 
a * ＋ 2 


13. z + Va+ 2 = 3. 14. 22 — 4 % + 3 l. 


15. Find the value of 5 + oz Wl. 


Vli + 3 
— 


6 
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16. Show that the product of the infinite continued 
fractions 


V 


— — and 4 + l 
+ ; 


1 l 
+ 4 +....) 


34 2 


17. Show ww 


1 1l 1 1 — (z 1 1 
m+ Nt pt E m+. (4 + p+ n+ m+ q+. SC) 
_ Nn+q+np 
m + p + mnp 
18. Show that 


(G+ 4 sax) 24 2 )- 
19. Find the value of 2 + 


+ 3 ps 
20. Find the first four convergents to the greater roots of 
the equations in examples 9, 10, er? 


21. Show that the roots of a quadratic which can be ex- 
pressed as à recurring continued fraction are of contrary or 
the same sign, according as the recurring period commences 
with the first quotient or not, 


22, When the two roots of a quadratic are developed as a 
continued fraction, the quotients of the recurring period 
occur in reverse order. 


23. If Ges P = Pa be successive convergents to the 
n —2 CEA n 


continued fraction 


. 
b, + b, + Dd ll 
P, — a, P. s + „P. 1 
Q, QA — 3 + ó, Q. - ee 
Successive convergents are necessarily in their lowest ternis. 


, and find whether the 
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24. If IL 1 1 


en amanera 


— — | riodi d 
Lo. bt rl dE e 1c continued 
fraction, show that 


AP 


CHAPTER XI. 
SERIES, 


82. A series is said to be convergent or divergent accord- 
ing as the sum of » terms has or has not a finite limit, when 
n is increased indefinitely. 


Thus, the series 1 + ul + i + dic. is convergent. 


_ 1 
o 3 1 
ds GE EE Y = ( T gu 
3 


And hence, when n = 0,2 = = (1 - 0) = E 


Again, the series 1 + 3 4.9 + de. is divergent. 


For S, = 2-2 =2 (8-1). 


And, when n = c, we have + (3" - 1) = 0. 


83. If all the terms of an infinite series ure of the same 
sign, and each term is always greater than some given finite 
quantity, the series is divergent. 


Let each of the terms be greater than a given quantity &. 
Then, the sum of n terms > nk. 
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Now, if n be indefinitely increased, nk is greater than any 
assignable quantity. 

Hence there is no limit to the sum of the series when 2 is 
infinite, and therefore the series is divergent. 


84. If the term of an infinite series be alternately positive 
and negative, and the terms continually decrease, the series 13 
convergent. 


Leta - b +c — d + ée — £ + «e. be the series, where 
the quantities a, b, c, d, &c., continually decrease. 

We then have È = (a B) (-d) * (ef) A, (1), 

and > = = (U-) - (d- e) - & . (2). 

From (1), since a > b, c > d, &c., we learn that Š > a — b. 

And from (2), since ó > c, d > e, &c., we learn that 2 < a. 


Hence Z lies between a and a — b, and therefore is finite ; 
and the serjes is convergent. 


85. When the terms of an infinite series are such that after 
some finite number of terms, the ratio of each term to the pre- 
ceding 1s numerically less than some proper fractvon, the series 
is convergent. 


Let a, + a, + az + de, be the portion of the infinite 
series, after a finite number of terms, in which the ratio of 
each term to the preceding is numerically less than a given 
proper fraction k. 

Then we have a, < bal, ag < las, «e. 

Hence È < a, + ka, + Hai + de < ed) 

This portion therefore of the infinite series has a finite 
limit. Now the sum of the finite number of terms before 
the terms al, Ge ag, &c. is necessarily finite. Hence the sum 
of the whole series is finite, and the series is convergent. 


Cor. 1. In the same manner it may be shown that 


When the terms of an infinite series are such that after some 
finite number of terms, the ratio of each term to the preceding 
es numerically greater than unity, the series is divergent. 
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Cor. 2. So also we may prove that 


When after some finite number, the ratio of each term to the 
preceding is unity, and the terms have all the same sign, the 
series 18 divergent, 


Case when the Ratio of each Term to the Preceding 
approaches Unity. 
86. When the ratio of each term to the preceding is less than 


unity, but still approaches wnity, the series may be convergent 
or divergent. 


87. To show that the series e + ES + e + dc. is con- 


vergent when m is greater than unity, and divergent when m 
is equal to or less than unity. 


The ratio of the «th to the (n — 1)th term = 
_ (n-1\" 
This ratio is less than unity, but continually approaches 
unity as n is indefinitely increased. 


1 1 


— 


"TERN (n — 1)" 


(1). Let m be less than unity. 


Now, S. l4 l + i ETE 


]” 9m Im m d 


And the least of these terms is x 


zin : 

Hence, 8, > n times d >n”, 

But since m is less than unity, 1 — m is positive, and the 
value of 2! * increases indefinitely as n is increased. 


Hence, as n is indefinitely increased, the sum of n terms 
becomes greater than any assignable quantity, 


The series is therefore divergent, 
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(2.) Let m be equal to unity. 


Then Š = ++ (3+37)+ E 6 7 ) 


Le bee E =) + Ke. 
S>1+i42(4 ) **5(3) + (5) + Ke. 
1141 


Hence Z is greater than any assignable quantity, and the 
series is divergent. 


(3) Let m be greater than unity. 


We have 3 = 1 + (¿5 + an ( t ss 6 >s) 
(at 805 tw 
841420220 Ai + (2) + &e, 
<l+ ¡E aea ue ide 
Now this is a geometric series whose common ratio is =", 


It has therefore a finite sum. Hence the given series has 
also a finite sum, and is convergent. 


88. AA A E sy Ve F Vi Vets oe sy 


be such that the limit of = — when n becomes infinite is a finite 


quantity, then the two series are both convergent or both 
divergent. 


Let ^? = ky, 1 = k 
M. 


n 
TA 517 


And d £ be the limit to which k, continually approaches 
as 7? 13 increased indefinitely. 


SERIES. 127 


We have I 
Uy + Ungy T 2½ 4 1 14. = En, + AAA 
c RA (1). 
Now, as k is the limit to which Z, continually approaches, 
all the ratios £,, I, ,,, . . . . , must lie between k + h and 
k — h where h may be as small a quantity as we please. 
Hence, , v, + kya agi + L., 4 20, 2 + +. . lies between 
(k + À) (o, + vapi + uua .. . ) and 
(k — À) (e, + vui + Unga + ....) 
where A is as small a quantity as we please. 
Hence, from (1), Un + fain + Unga .. . lies between 
(k + À) (v, + fen + Uae +t...) and 
(k — h) (v., + v, 4 1 + v, 42 . ), 
where A is as small as we please. 


Hence the series Y, + ½ 1 + Unya +... . wil havea 
finite limit according as the series O, + v. 1 + Opa 1 
has a finite limit. 


The two series, w, + Uy41 + Unya .. . „ and 
Pa + b. 4 1 + Vapo +... ., are therefore both convergent or 
both divergent. 


And since the finite number of terms preceding +, and v, 
cannot affect this conclusion, it follows that the given series 
are either both convergent or both divergent. 


89. The series ꝙ (1) + $ (2) + $ (3) + $ (á) + dc, and 
$ (1) + m $ (m) + m° $ (m?) + mia (m?) + de, 
are convergent and divergent together, when d (x) is positive, 
and continually dinunishes as x increases, m being a positive 
integer. 
By extending the first series we may write it thus 
$() c $0) + $0) + OU) + de 


+ { (2) + $ (3) to... + $ (m)! 
+ % (n +1) + $(m + ) . . . e, 
+ [B(m*+ 1) + d(m + 9) +. 
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But since the quantities ꝙ (1), G (2), 4 (3), &c. are positive, 
and continually diminish, we have 
$ (2) + 9(3) + .... + $ (m) > (m - 1) $ (m), and 
< (m - 1) $ (1), 
p(m+1) + p(m+2) + .... + $(m) > (m! u) $ (n^), and 
< (n? — n) 4 (m), 
5 n +1) + (n ＋ 2) T.. . + d (m°) > (m — m°) $ (m°), and 
< (m. — m°) $ (m°), 
&c., Ke. 
Hence, adding these inequalities, we have, by (1), 
$(1) + 9(2) + $ (Š) + $ (1) + Fe 
> $ (1) + (m- 1) 14 (m) + me (m^) + m° (m?) + &c. i 
and > $ (I) +(m — 1) (9 (1) + m$ (m) + mp (m°) + te. } 


Or, arranging, we have 
$0) + $2) + $() + $) + de 

> SS $ (1) 
A < l 19(1) + m $ (m) + m° d$ (m?) + m° ó (m) + dec. } jase (2). 
And « & (I) + (m — 1) (p(1) + m (m) + m? (n?) + de !... (3). 


From (2), we learn that when the second series is divergent, 
the first is divergent; and from (9), that the first is con- 
vergent when the second is convergent. 


Ex. The series %, + Uy + Ug ++... is convergent when the 


limit of 2 is greater than unity, and divergent when 
the limit is less than, or equal to, unity. 
By what has just been proved, 
The two series v, + Uy + ug + -..., and EE bc „ + 5 
+ .... are both convergent or both divergent, if the limit, 
when z is infinite, of the ratio w, : 5 is à finite quantity. 
Let be this limit. 
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Then, when n is infinite, we have 
Un . N” = k, or log w, + m log n = log k; 


or Leg Ya =m — log . 


log log n’ 
or, since the limit of log k _ 0, the limit of leg. m. 
log n log n 
Now, by Art. 86, the series e + > + e + .... 18 


convergent when m is greater than unity, and divergent 
when m is less than, or equal to, unity. 


RM Un 
- log 
ihe convergency or divergency of Get series ui + Ug + Ug 


Hence, since m is the limit of ——®—”, and in that case 


. depends upon that of the series e t mt d + ée, 
it follows that the series 1 + Uy + Us + ....1s convergent 


when the limit of Ag Un ig greater than unity, and diver- 


gent when equal to, or less than unity. 


Ex. XIV. 


Test the convergency or divergency of the followir g 
series ;— 


1 1 1 
i.3*8.7 9.i1i Too 
1 9 9 
2. — +a 17 .. 4 
É ; E 3 5 1. 3. 5.7 
1 I. l. $05.95 
3 B'i. 4 + [5 ek o enne 
a 2 a? 3 a? 
oe IA — Eur CNN — + °. 
CCA EE EE 
p 2 a? ae 


—— — 2 
a "ar (a 8 1) * (a c0) (a+ AB) la U 
2 —IT. 1 
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6 1 à 1 " 1 " 
a (arb)  (a+b)(a+2b) (a 25) (@+36) ° 
* 

7. l + z 23 

2n(2n-1) 7 22(2n-1)(2n—-2)(2n-3 
* 1.3.3.4 ] 


zb e 95 


T. 
o 257 30 ny 

Restate te tant 

a(a + 1) ala + 1) (a + 2) E 

b(b +1) b(b + 1) (b + 2) nt 

11. Show that the series whose nth term is ꝙ (n) is 


10. 1+ 504 


convergent or divergent according as the limit of Pe 5 
when n is infinite, is less or greater than unity. 
If the limit be negative, or unity, what is the test you 
apply! TP i 
9 KS 2 — . — — . o ] æ 
| 12, Show that the itr atg z 3t... is con 
vergent, and that the error in taking the first n terms for 


do series d Tos thane A 


(n =- 1) [n - Y 


Recurring Series. 


90. The series a, + ax + a,c +.... is called a recur- 
ring series, when the relation existing between every set of 
(r) consecutive terms can be expressed by the equation 


a, + pid, 1 + Ping + .... + p,—G,— ++ 1 = 0; 


where p, D» Dy .... p,-, Are constant quantities, and 
where » may have any integral value. 


It is usual to call 1 + px + po t.s.. + p,- "1 
the scale of relation. 


A simple case is an ordinary geometric series. 
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Thus, in the series 1 + 2 * + 424+82x+....,we have 
a. _ 2 
a. 1 251 


This equation expresses generally the relation existing 
between any two consecutive terms. 


So we have a, - 2a, = 0, a, — 2 a, = O, MERA &e, 
And the scale of relation of the series is 1 — 2 > 


The following examples will illustrate the ESCH of find- 
ing the scale of relation of a given series. 


Ex. 1. Given the series 2 + 2 z 4 22 22 2° — 46 af — e., 
find the scale of relation. 


We can see that the given series is nót an ordinary G. P., 


and therefore its scale of relation will consist of more than 
two terms. 


Assume it to be 1 + px + px. 


Then we have = 4 + 2 2, + 2 Pa = 1 
— 22 4 p, + 2 p, = 0... MEE". 

- 46 — 22 p, - Ap, = O... TT (9). 

From (1) and (2) we get pi = 3, p, = 5, ad these 
values also satisfy (3). Hence we conclude that our (8- 


sumption is correct, and that the scale of relation is 
1 — 3 z+ 5 æ. 


We might have found that the value of p, and >, in (1) 
and (2) would not satisfy (3), and we must then have made 
another assumption. 


For instance, we should have assumed the scale of relation 
to be 1 + px + par + pza. 

In that case we must have had given us another term in 
the series; for we should have required three equations to 
determine the values of Py P» Pg and a fourth to verify our 
results. In the next example we shall assume the scale & 
relation to consist of four terms, an on trial M would e 
found I + px + px would not answer the conditions. 
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Ex. 2. Find the scale of relation of the series 
1+10 z+ 34 a? + 67 22 + 115 a* + 247 22 + 716 of + &. 


Assume the scale of relation to be 1 + pu + pa? + Det, 
Then 67+ 34p + 10p,+ pes 0. 
115 + 67 pı + 34 p, + 10, = 0. 
247 + 115 pı + 67 p, + 34 pz = 0. 
716 + 247 p + 115 p, + 67 p, = 0. 
From the first three equations we find p, = 3, p, = 4, 
Pg = — 5; and these values satisfy the fourth equation. 
Hence the scale of relation is 1 — 3x + 42% 5. 


91. To find the sum of a recurring series. 
Let do + ai + ax +.... be the series, whose scale of 
relation is 1 + pe + pm.. FB, 
We have then | 
On + pa, —1 + Poln —9 + e @ ao + Pr — 15 7 +1 = 0...... (1), 
where n has any positive integral value. 
Let 2 = do +a + gl t ba, _ a +a m eee 
Multiplying each side of the equation by 1 + pw + po 
+... . D 7, we have 
(1 + pz + pr. +p,- m ) 
= Ay + ax + a .... + Oy _ Z 73 + cc. orn ly LANE 0 
T piage + pyaux E. . +pa gt? ＋ pid, TW. 
+pa + .... + Day éi pau gt uu. 
+ 60. 0000000090950 e e 
T .- p, _ G, 1 + ec 
+p, 10 l+ .... 
Collecting the coefficients of like powers of z, and remem- 
bering that the coefficient of , viz., 
d, - 1 t Dt, a + Pz, - 3 1. . + Pr-2% + P. — 1%» 


and all succeeding coefficients are esch equal to zero, as we 
Jearn from (1) above, we get 


133 


RECURRING SERIES. 


FCC 
ent E * 5 ( 0 1 85 < 


9ABU IM “UOTFB[9L JO [BIS 9) ut x jo &19A 0d oq JO Sa eq ore td, Td yey} pue opi? 
gau? ay} JO sjuorogjooo ey} juəsərdər “op “p y Aen Suuequirenrai ‘eaoge (ç) uo aart 


“XG + LE — I st UOB JO IVI ou I "xq “06 y 44 
v» — OY — LEZ — LH — Z 6 + 6 sues egrugur om umg I XII 


wd + wd + od + 1 


° ( 9) cisnes. = VE Se pc 19 p) + ( rum (Did + in) + Se z op = Z 
«Ud + wd + aid + T st uone Jo epeos oq 10 “$ = A uoqa ‘os puy 
res e eee, M 
(c * Oον + w) +°% 
SAN om "Ad + ald + T st uorye[or JO o[eos OY 10 g = ue 100 
( eo 60 PPP ° 
sas ss s e, ! e PIN 
T ZG d + `` ET) pid +S 20) + ` alud wd + w) + x(wd + 1») + 9 S 


e (ps d + + ° ° E + So) + °° ° ° + od + Tod + o) + avd + to) + % = 
ZP + ** ° + d + xd + 1) 
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Ex. 2. Find the sum of the infinite series 
14 10 x + 34 2? + 67 x? + 115 % + 247 a + 716 2? + de 
We found the scale of relation to be 1 — 3 x + 4 x? — 52%, 
Hence, by (3) above, 
e 2 E SE 
)-3u44x- 
8 1 + 7 + 8 > 
1 = 3 + 4@ = 5 z" 
Since, by the process of long division, or otherwise, the 
expression found in (A) above will give the original series, 


we give to the value of & there found the name of the gene- 
rating function of the series. 


92. When the scale of relation can be broken up into simple 
factors, it is easy to find the general term of the series and the 
sum to n terms. 

Let the scale of relation be capable of being broken up 
into the (r — 1) factors, (1 — bx), (1 — b,x), dee. 

Then the generating function can be resolved into partial 
fractions having these factors for denominators. 


Thus we have 


P, P P, 
VVT 
=P, (1 + ba + bfe +... . + bti . ) 
`+ P (Ii + b ro e... + OS . ) 
+ dic. 


+ P,_,(1+6,_ 1 yr EI ZU lan-l+....) 
We thus find the nth term of the series to bo 
(B "l+ Po I.. +P, 10, 17 072 
Also, the sum to n terms, 
.p l- x)" bs EE. 
1 — (b, ux)» 
pus =. 
We ae b, _ 2 
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Ex. Find the sum to n terms and to infinity of the series 
8 — 99 x + 257 a? — 1691 22 + 12053 at — de. 


The scale of relation is easily found to be 1 + 5 x 14 a7, 


.z2.8:1-2945()]z | — 8-11 —— 
i IT 5 π = l (I- 2% (IL 7 
Resolving into partial fractions, we have 

S 3 5 


— 


df è 


1-20 IT/ 
3114224 (22) . + (2 0 —1 + es 
+5 {1-7at(7 a)? +.... e (- 7 % —1＋ TO 
Therefore sum to n terms, or, 


_ 1 — (2 z)" 1 — (- 72)" 
ehm 5 i 


When the given recurring term does not contain the 
powers of x, but is of the form a, + di + da +...., We 
may first find the scale of relation and the sum of the 
series Gy + ax + ax +....,and put « = 1 in the 
result. 


Summation of Series. 


93. Certain series may be summed by particular artifices. 


In the series Y, + % + .... + Up suppose w, to be 
broken up into the difference of two terms, one of which is 
the same function of (n — 1) as the other is of n. 

I. Thus, suppose Y, = U, - U, ,. 

Then, putting for » all values from 1 to », we have 

S2(U,-U) + (U, - Up +... . + (U, U, J) 

= U, -= U, 


II. Suppose w, = U,_, U, 
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We have, similarly, 


S = (U, - U) + (Ui - U) +.... + (U,_, - U)) 
= U, — U,. 
Ex. 1. Sum the series 


1. 2 7 2. 3 7 3. 41. . 4 n(n+ 1). 
We have 


u, = n(n + 1) = 1 n(n + 1) 10 + 2) — (n-1) 
= ¿n(n + 1) (n + 2) - 3 (n — 1) n(n + 1) 
= U, ui U.-» 
where U, = + n(n + 1) (n + 2), 
and therefore U, = 4 (0) (1) (2) = 0. 
Hence, Sor U, — U, = E n(n + 1) (n + 2) - O. 
~ Š = š n(n + 1) (n + 2). 


Ex. 2. Sum the series 


1 1 1 1 
1.371375 5.7 1 (2 — 1) @nely 
_ 1 11 (2n+]) - (25-1) 
Here ta = Ca 1 C= UU ) 
1 1 1 l _ _ 
 9'9n-1 2 271 11 Us 
dus zd... _ 1 1 _ 1 
where U. = 5 + 2 f 1: and % 2200 T1 2 
Hence, by II. above 
11. In 
2 2 2 T1 217 T 1 


94, When the nth term of a series is of the form 
u=(an+b)(a.nt+1l+b)....@@a.n+m-—1 +b), 
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m &, b are DEEN and m the number of factcrs, then 
Uy, v 


ca ak, n T IA b).. .. (a. n m + b), 

(m + Da a Í 
that is, U, is found by taking one factor more, and dividing by 
as many times the common difference as there are then factors. 


For a. = y, (G Eme) - (em 10 


QU (a. n + m + b) (a. n — 1 + bw, 
(m + l)a (m + I) a 
(an + ö) (a. 1 + I I U). . . . (a. + m + b) 
(m + l)a 
_ (a.m - 1+ 5) (an 4 ö) . . . (a. n 1 m I 6) 
i (m + l)a 
= U, - U,-1 
Wee = (an +b) (a.n+1+0).... (a. n+m +b) . (1). 
A (m + Da 
Hence, by Art. 93, S = U, - Up, where U, has the 
value in (1). 
Ex. 1. Sum = series 
3.5.7 7 5.7.9 + .... + (2n + 1) (2n + 3) (2n + 5). 
We have u, = (25 + 1) (2n + 3) (2n + 5). 


Here the common difference is 2, and with one more 
factor, the number of factors will be 4. 


Hente Us = (22 + 1) (2n + E nt 5) (2n + 7) 
42) 
D + 1) (2n + 3) (Qn + 5) (2 + 5). 


Therefore U, = 3 1 (1) (3) (5) (7) = T 
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aS =4 ((2 + 1) (2n + 3) (2n + 5) (2n + 7) - 105] 


= 9n* 169? + 43% + 440. 


When u, consists of the sum of several terms of the form 
in Art. 94, it is evident that U, must also consist of the sum 
of an equal number of terms, each obtained according to the 
law there proved, The next example is an illustration. 


Ex. 2. Sum the series 1? + 24 393 +... 44 
We have w, = n? = n((n — 1) (n + 1) + 1) 

= n — 1) n (n + 1) 4 m 

(* = 1) n(n 4 1) (n + 2) , n(n + 1) 
Hence U, = F (I) + "em" 


= I n? ( + 1). 


Therefore U, = 0. 
Hence S or U, — U, = 1 (n + 1) = gro + 1) } 


2 
95. When the nth term of a series is of the form 
1 


a-———— À — — — ër ts ma o 


where a, b are constants, and m the number of factors, then 
S = U, - U,, where 
1 


U, Set VE eege E —=——rsr EE, s 
(m- 1)a.(a.n+1+b)(a.n+2.b)....(a.n+m-1.b)” 


that 4s, where U, is found by omitting the first factor, and 
dividing by as many times the common difference as there are 
factors remaining. 


For w, 
Lol o. (a. mimo 14) (am4d) —— 
(2: Ha (an + b) (a .n+1+0)....(a.n+m-1+0) 
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(1) e 


— <H 


at: Lu prm "T LE? A EET sonos om umg 3 A 
— UG 

< SABU au O = U uo 0 ST "01 Jo mt oq} 99UIS ‘osje svwp 
E — + WE : = g ao “q - * e 
15 (c) (DE HAUS = n ‘OSTE oouorf 
+ t ERU m EE DE — < n nee. 
. + w) i ALL M “n H 

(g + u) (T + uju | FEIS $€ € [Í A 
deeg de + — ° + DEN sopas ow umg ‘I xH 


(1) ur ongea o suq "n ee “y — 


I 


aa oy eI) v) (q*g- ul ) (QT te BESSE = w) ` 


I 


I 


. ( * I ½% +w) (Q+ + +u’ v) v (I — w) 


Dn = 8 ‘gg ary Aq ‘cous 
=" Sega 


"poe que 


L 
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2n — 1 
n(n + 1) (n + 2) 
2 
(n ＋ I) ( T 2) n ＋ 1) (a + 2) 
2 1 


Therefore U, = 


Here 2, 


I((n-423) 2(0. („ + 1) (n + 2) 
2 1 


„ 
2 + 1) (n + 9) 
3 3 
Hence U, = IDO) = 4 ° 
3 4n +3 
Therefore U, _ U,, or S — 4 5 (n + 1) (n + 2) e 
4n+3 t+), 


< ame — te Ee — oe d 


Hence also, since 2 + Dia + 2) > 
= 0, when n = œ, we have 2 = 5 


Figurate Numbers. 

96. We give the name Figurate Numbers to those of the 
following series, where the «th term of any series is the sum 
of n terms of the preceding series :— 

Ist order, 1, 1, 1, 1, &c. 

2nd  ,, 1, 2, 3, 4, dec. 

3rd ,, 1, 3, 6, 10, de, 

dic. 


For the first order, we have 8, = n. 

And for the second, S, = ¿n(n + 1). 

This is the nth term of the 3rd order. 

Hence, to find the sum of » terms of the third order, we 


have 
U, = 1 w (w + 1). 
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Therefore (Art. 91), 
ui n(n + 1) (n 2) n(n+1)(n+ 2) 
"ee 3 (1) WE EES SE. SE 


And therefore U, = 0. 


9 
Hence U, U, or S, = LES : 


e e , 


To find 8, for the rth order, 

Assume that for the pth order, S, = to 2 ) 
Then for the (p + 1)th order, w, = bg PR 
Therefore 

U. = n (nt) .. . . (u) n(n+1)....(n+p+ 1-1) 
"o (p+D.1.2....p 1.2....p+l 

and Vo = 0 
Therefore U, - U, or 8, = n(n+1)... (2n+p+1-1) 


1,2....p+1 


Hence, by assuming S, to be formed according to a certain 
law for the pth order, we have proved it to be formed accord- 
ing to the same law for the (p + 1)th order. Now, we know 
it is true for the 2nd and 3rd orders. It is therefore true 
for the 4th, and therefore for the 5th, and so generally true. 


Hence for the rth order, 


8 _n(n+1).... (n + r - 1) 
S 1. 2 7 i 


Polygonal Numbers. 


97. These numbers are called linear, triangular, square, 
pentagonal, and generally polygonal, from the fact thet Va 
dot be taken to represent unity, they may M he veytese wes. 
in the form of the corresponding polygons, T- 
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Linear Numbers... . „ he, or 1, 2, 3, 4, &c. 


Triangular ,, 


Square 5 


Pentagonal ,, 


T NN „c., or 1, 3, 6, 10, dc. 


Se 4l , &c., or 1, 4, 9, 16, dec. 


44) , &c., or 1, 5, 12, 22, de. 


The first order of —— diti is the series in which 
each term is unity, 

And hence, by observing the above diagrams, it is easy to 
see that the several orders may be arranged as follows :— 


1st order, 1, 


2nd „ 1, 

9rd „ I, 

4th „ 1, 

Sth „ I, 
&c. 


sod , 1 „& 
17 1, 14141, 17217171, & 
172, 17 27 3, 17 27 3 + 4, &c. 
1-3, 1434+45 17375 + 7, do, 
174, 17477, 1747 7 + 10, do, 


The law is evident. The «th number of each order after 
the first is the sum of n terms of an A. P., whose first term is 
unity; and the common difference in the rth order is  — 2. 


Hence the ath term of the rth order 
=1+(1 + 7 - 2) + (1 + 2.7 — 2) + .&c., ton terms 


8 5 n 

12 1.6 - 202 

=n + in(n-1)(r-9?). 
Hence, for the +th order, we have w, 


=n + i(r-2).(n — l)n. 


Hence, U, = Steet +4(r — 2). (n — 1) D^ + D 


and 


a U, = 0. 


Hence (Art. 93) for the rth order, 
= G + 1) {(r - 2) (w- S, 
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Cor. Let r = 3, 4, 5, successively, then, 
For triangular numbers, S. = $ n(n + 1) (n + 2). 
» square " S, n(n + 1) (2 » + 1). 
„ pentagonal „ 8, n(n + 1) (3% - 3 + 3) 
n(n + 1). 


: 98: To find the number of cannon balls in a pyramidal 
eap. 

(1.) When the base i is an equilateral triangle. 

Let n be the number of balls in a side of the base, 

Then, number of balls in lowest layer 

=1+2+3+....+9N=¿n(n + 1), 

the nth triangular number. 

Hence, by Art. 93,8, = E n(n + 1) (n + 2), 

(2.) When the base is a square. 

We have, similarly, 8, = ¿n(n + 1) (2 n + 1). 

(3.) When the pile is deficient, the first m courses being 
removed. 


Here, if 8, = the number in the complete pile, 
and 8, = the number in the removed courses, 
8, — 8, = the number in the incomplete pile. 


99. To find the number of balls when the base is rectan- 
gular, and not square. 

The pile will now terminate in a single row at the top. 

Let / be the length of the top row. 


Then, the nth row, reckoned from the top, will contain 
l + n — l balls, and its breadth will be n. 


Then, number of balls in the lowest or nth layer 
= (¿ + % -- 1) Na 
Hence u, = (l+ n I) n = /. n + (n — I) n. 
Therefore (Art. 94) 
U. =Z. n(n +1), (z - SCH +1) 


ibn A —— 


„ or, tace U, = Ñ, 
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= 4 n(n + 1) (31 + 26 - 1)! 
zin + 1) Í3((+n-1)-2 + 1) 
= ¿n(n + 1) (324 - % + 1), 
when /, is the length, and n the breadth, of the lowest row. 


Method of Differences. 


100. Suppose we have to find the sum of the series 
3, 6, 11, 18, 27. 38, &c. 


Taking the differences of each two consecutive terms, and 
then the differences of each two of these differences, and so 
on, until the differences become a series of identical terms, 
we have ; 

Series, . . .. 3, 6, 11, 18, 27, 38, Ee, 
Ist order of differences, . 29, b, 7, 9, 11, de. 
2nd order of differences, . 2, 2, 2, 2, &c. 

It will be seen that the nth term of any of these series is 
the sum of rts lst term, and the first (n — 1) terms of the 
succeeding series ã E (A). 


Thus, in the 1st order, 
Un = d + 2(n - 1). 
Therefore, by Art. 94, U, = 3 +9 z 8 


SD z or,sinceU, = 0 


Q8, 423.* LE 1 +2. &-2)0-n l) 


Hence, by (À) — : the given series, 
2313.27 249.6 2107 
e 
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, na * (^ — l)n (n — 2) (n - ln, 
a Ue 3.178. l pure s 3 


or, since U, = 0, 


n(n — 1) n(n — 1) (n — 2) 
S. os q ee + 2, ů— 5 , 


1. 2. 3 
N, e | 
= s (n + 3n + 13). 
We shall in the next article give the general theorem. 
101. Ful, us, us, £c. be a series, and di, da, dg, c. the first 


terms of the successive order of differences, the differences in tha 
rih order being identical, then we have 


8, = * ( — 1)g , n(n — 1) (n-2)5 L.... 
Mage Ae ] 2 39 
n(n-1)....(n-7), 
* jr +1 d. 


In the (r — 1)th order, we have v, = d,_, + (n = I) d- 


Therefore U, = 7 r-1t ne ina, ; and therefore, sinca 


| 
U, = 0, S, = Fd, Ed. 
Therefore $,. , = t i bd. + EA FD 


In the (r — 2)th order, we therefore have 


n — 1 (n 2) (n 1) 
e eo 


1. d. IIT dus + 


(n= Un y _1 + Ee e 


Theref = 
erefore U, q a + 173 3 


and therefore, since U, = O, 
an (n - l)n (n = 2) (n - Un, 
Deg ver C BAGUE v. m MENO 


dd oe y easily show therefore by induction KMonk, — 
—II, K 
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For the (r — p)th order 


(n-p) (n-p41)....(n-1)n 
angue ve eC CIT! n a 


Put p = r, then for the series preceding the 1st order of 
differences, that is, for the given series, since d, = 21, we havo 


_ 2 (n-1)n (1-2) (n -I) n 
S, 1111 3. % T 


(n-r).... (n- I) n 
1.2.... ( TI dns 


el 


„ ACT... (0-9), 
Le +1 m 
Ex. XV. 
Find the generating functions of the following six series: 
1. l + 8 + 22 + 502 + 106 - Lee 
. 17 3% T Ba Va — .... 
. 2 + 13w + 3982 + 612 — 222% — .... 
3 + 11 + 572 + 309% + 16832 + .... 


9 11 — 522? + 1929 22 + 2352 K 
6. 67 16 72 25 % f 1722 - 33 at 142 —977a65-.... 


* E @ bo 


Sum to n terms, and to infinity, the following eight series: 
7. š 13 + 69a — 337 a + 170 · -.... 
8.6 — 33x + 29 2 — 1707 2 + 120210 -.... 
9. 1- 22-722 — 80 + 37 — 1425 7 2115 .. 

10 1-7 w+ 2227 — 700° .-2112*—637:5-.- 191925 --. 

JJ. 2 — II + 34% - 271 + LA - «c 
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12.1 + 4% + 10% + 3125 — Mat TT. 

13. 3 + 14 » + 36 æ + 69 @ + 113 + 168 a 
2094235 + .... 

14. 4 + 29 x + 13122 + 491 2? + 1679 xt + 5459 a 
+ 17231 x* + 

15. Find the scale of relation of the recurring series 

1? + 22 + 32 + 42 + 
16. Find the generating function of the series 
a + (a + bjx + (a+ 25) ＋ (a ＋ 300 vL... 


17. If 4 qi, dz, . . . form as A. P., and 0, b, ö 
form & G. P., show that the series 
o + + + S . . is recurring. 


18. If 1 + pæ + pæ is the scale of relation of the series 
Qj + ae + G4? + ag! + ...., show that 
an (a — Ga 1d A Al + Gai (A 10042 — us +1) 
+ Ano (a 1 = Onlin + 2) = 0, 
Sum to n terms the following ten series: 
19. 1.3.5 2 2.4.6 4 3.5.7 +.... 
20. (x + 1) (z + 2) (x+ 3) + (22) (23) (u+4)+.... 
1 1 1 
21. 3 velum m Rd m. 
T od 7 10 " 
' 37374 ^ 8.4.85 4.8.6 """* 
3 3 
23. L 21,2 * 1, AE 


2 3 


1 
n (a + b) A 2 5) (a + T 


14 


+ . 2 „ „ 


6.250 (735 CEYUM ° 
25. 1? + 9? + 5? + 
26 17 + 82 + 53 + 


113 ALGEBRA. 


E CES NE 
223.9 1.2.9.4 ^ ^ 
EL . 
FD 

l m-n (meu) (m-- 1) 
— m mm- I) mm 1) (m- 2) 

1 1.3 1 1. 3.5 1 

sat 2.4.6 4 8.4.6.8 45 

31. Find the number of shot in a triangular pile, each 
side of whose base contains 10 balls. 


32. There are 12 balls in the length, and 8 in the breadth 
of the base of & rectangular pile, and it terminates in a single 
row. Find the number of balls. 


33. Find the number of balls in a rectangular pile when 
m, n represent respectively the number in the length and 
breadth of the base, and there are p layers. 


+ tom- n + lterms. 


+ . . to infinity. 


34. Ife + {(1 - x)? - cx} be expanded in a series of 
ascending powers of z, show that the coefficient of x” is 


Sl ` (m 0) 
ril ES 945 Š 


062 = 1) (2 — 4) (P — 9) 
c 4. 


35. Show that 


1 1 n(n - 1) 1 1 

— — = — — —. — § —— — &c. sek, 

m^ 5 map 1.2 m+2p ds m + np 
Ka 


m (m + p)....(m + np) | 
36. If p, be the coefficient of the (r + 1)th term c: 
(1 + ax)", where n is a positive integer, then 
Pry 2m „ %% . PPS En + 1), 
Po D Pa Par 2 
and (p, + Pi) (m + Pa) (Pa + Ps) + +++ . (p. —1 + Fa) 


= Pas > + > - (n 4 I. 
153 ) 
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CHAPTER XII. 


Scales of Notation. 


102. An ordinary number as 6437 may be thus written : 
6.10 + 4.10 + 3.10 + 7. 

We call 10 the radix of the decimal system of notation. 

And generally, if r be the radix of any other scale, and 


Po Pi, Po +++ Pn—1 the n digits commencing with the one 
at the right hand, we may express a number N thus: 


N = p, "1 + Daa 2 *.... + Déi + DÉI + Pp 

It is easy to see that in order to express all numbers in 
any given scale, it is necessary and sufficient to have, besides 
zero, one digit less than the radix of the scale. 

Thus, in ordinary notation, we have 9 digits. 


Hence also, for the duodenary scale we shall require 
characters to represent fen and eleven. It is usual to re- 
present them by ¿and e respectively. 


Ex. Express 1420 (senary scale), and 17e 3 (duodenary 
scale), as common numbers. 


1420 (senary scale) = 1.6? + 4.6? + 2.6 + 0 = 372, 
1te3 (duodenary scale) 21.12? 10. 127 11.12 + 9 3303. 


108. To transform an integer from any scale of notation to 
any other scale. 


Let N be the number, and r the radix of the scale in 
which we are to express it. 


We shall therefore have 

N = Pp y? + Pagar”? T . .o + pa? + PI + Po. (1), 
where po, Py Po, &c., are the digits whose values are required, 

From (1), dividing each side by r, we have 


Quotient = p, 28977 + p éi, & pir X Pr A 
and remainder = py T 
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We obtain then the first or right hand digit by dividing 
the given number by the proposed radix, and taking the re- 
mainder. 


Again, dividing each side of (2) by 7, we get— 
Quotient = p, 1^7? + p, a Tic... + Da, (3), 
and Remainder = p, 
Hence, we obtain the second digit by dividing the first 
quotient by the radix, and taking the remainder. 


And so we may proceed until we have found all the digits. 
We have therefore the following rule :— 


RuLE.—JDvide the given number by the proposed radix, 
then the quotient so obtained again by the radix, and so on. 
Then the successive remainders are the respective digits re- 
quired, commencing with the right hand one. 


Ex. 1. Transform the common number 3526 into the 
ternary and septenary scales, 


3526 


| 3526 


GER, eg 


391. 


S ei cC 2 


3 
3 
3 
3 
3 43 
3 
3 
3 


T | 


Hence 3526, in the common scale, is expressed by 
11211121 in the ternary scale, and by 13165 in the sep- 
tenary scale, 
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Ex. 2. Transpose 35et from the duodenary scale to the sep- 
tenary scale. 


First method. 
Expressing 35et as a common number, we have 
30e 3. 12 + 5,12 + 11. 12 + 10 = 6046, 
Then, as in the last example, 
7 | 6046 


Therefore, the number required in the septenary scale is 
23425. 


Second method. 


We may proceed to divide the given number, 353; ab 
once by 7. Thus— 


eq ei ei si N 


"The operation requires a little explanation Dividing 35 
by 7, we get 5, and 6 over; for 35 in the duodenaxy wee 
is 3 x 12 + 5 or 41 in the common scale. 
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Then dividing 6 e by 7 we get e, and 6 over, for 
6e=6x12+ 11 = 83. And so on. 
In the next examples, the student is recommended to 
work out, as above, the process for himself. 


Ex. 3. The numbers 357 and 76 are in the duodenary 
scale ; find their product. 


357 
76 


1896 
2031 


21et6 


Ex. 4. Find the quotient of 1420422 divided by 241, bota 
numbers being in the senary scale. 


241)1420422(3502 
1203 


2134 
2125 


Ex. 5. Find the area of a room which measures 27 ft. 9 in, 
by 10 ft. 10 in. 


Expressing these in the duodenary scale, we have 
23:9 
16: 


lel6 
1176 
239 


37676 = 316-16 sq ft. in the duodenary scale. 
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This expressed in the common scale 
= (3:12* + 7:12 + 6) sq. ft. (7 x 12 + 6) sq. in. 
= 522 sq. ft. 90 sq. in. 

104. To transpose a given proper fraction from any scale of 
notation to any other scale. 

If we transform the numerator and denominator each 
into the new scale, we transpose the fraction into the new 
scale. 

It may, however, be required to transform it into a frac- 
tion having the form of a decimal in ordinary notation. 
Such fractions are called radix fractions. 

We proceed to investigate the method of doing this. 

Let F be the given proper fraction, 

And let 91, 92, 93, &c., be the digits of the radix fraction, 
commencing from the left, 

We then have 

F = EH + da + de + d eene (1). 
where 91, Q> qs, &c., are integers whose values are required. 

Multiplying each side of (1) by r, we have 

- !. 2 
Fr . GE (2). 


Hence, the first digit, o, of the radix fraction is found by 
multiplying the given fraction by the proposed radix, and 
taking the integral portion, 


The remaining fractional part is 2 + a + &c., and it is 
2 


therefore evident that the second digit q, of the radix frac- 
tion is found by multiplying this by the radix. And so on. 


Hence we have the following rule for bringing a given 
fraction to a radix fraction. 


RuLr.—JAfultiply the given fraction by the radix, and the 
integral portion of the product is the first digit. Multiply the 
fractional part by the radix, and the integral portion of the 
product is ¿he second digit. And 80 on. 


154 ALGEBRA. 


Ex. 1. Transform :8125 from the common scale to the 
scale whose radix is 8. 


8125 
8 
6.5000, qu = 6. 
8 
4:0 5 . 92 = 4. 


Hence the required radix fraction is 64. 
Prof. — 64, in the scale whose radix is 8, = + 
= ‘75 + 0625 = '8125, | 


Ex. 2. Transform 713-44 in the scale eight to the scale 
SIX. 


6 713 44 
— 6 
6 114....3 = Py — 
p 3:30, — q, = 3. 
6| 14. . 4 py; 6 
6 2. U =p, 23 257005 = 2. 
NCC 6 
; 2 = Py it 
1. 5 p 73 = ] 
6 
3:0 $9 du = 9: 


Hence the number required is 2043-3213. 


105. 4 number whosé radix is r is divisible by r- 1, when 
the sum of itè digits is so divisible. 

Let the number N be such that 
N = Pai") + PaT? + . + Dun t pr + p... (I), 
where Po fy Pa +» . Pa- Are the digits commencing at 


tho right hand, 
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We have 

N = pai, (77? — 1) + pp 2 (07? — 1) +... 2 (0? — 1) 
+ gi(r — 1) + (Pai + Paca . . + Po + Pi + Do): 
Now each of the quantities 7^7! — 1, 7^7* — 1,. 


72 — 1, 1 — 1, is divisible byr — 1. Hence the whole of 
the right sido of this equation is divisible by r — 1, if 


(vn 1 + Paca... Po + Py + Po) is so divisible; t.e., 
N is divisible by r — 1, when (v. 1 1 95a 4. + Da 
+ 2, + Po), the sum of its digits, is so divisible. 


Con. Hence also, a number whose radix is r, will leave the 
same remainder when divided by r — 1, as the sum of its 
digits leaves when divided by r — 1. 


106. A number whose radix is v is divisible by v + 1, when 
the difference between the sum of the digits in the odd places 
and the sum of the digits in the even places is so divisible, 


We have | 
N= pyr i Pnn n U e H por? + py p... (I). 
Dl (-B- p- (Carme 
+ p. (° + I) + = 1) Tp + 1) | 
+ ip — Pi T Pz — Pr... . + (-1)7? Lai 


Now (Vol. I., Art. 30) each of the quantities r +1, >° — 1, 
* ＋ I . „ 77) — (- 1)*-1, is divisible by + + 1. 

Hence the whole of the right side of this equation is 
divisible by r + 1, if (p- I p- Da. (- 1) p, 15 
is so divisible. 

But a pi p - : LLJ" 1% 1 is the 
difference ous the — of the digits in the odd and 
even places. 

Hence N is divisible by r + 1, when the difference be- 


tween the sums of the digits in the odd and even AS 
so divisible, 
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Cor. Hence, also, when a number, whose radix is r, de 
divided by r + 1, it will leave the same remainder as the dif- 
Jerence between the sums of the digits in the odd and even 
places will leave when so divided. 


Ex. XVL 


1. Express the common numbers 654 and 387 in the 


senary scale. 

2. Transform 372 and 516 from the denary to the septenary 
scale, multiply the results together, and divide the pro- 
duct by 516 (septenary scale). Express the quotient in the 
denary scale. 

3. Transform 4163 from the septenary to the scale whose 
radix is eight. 

4, The number 86 expressed in another scale is 95. Find 
the radix. 

5, The number 172 W in a different soale i is 124. 
What is the radix. 

6. If the number 516 be divided by 2, the quotient when 
expressed in another scale has the same digits as the original 
number. Find the scale. | 

7. Transform 79:875 from the denary scale to the scale 
whose radix is 8. 


8. Express 4521 (senary scale) in the duodenary scale. 
9. Find the area of a room measuring 52 ft. 9 in. by 30 
ft. 7 in., expressing your result in the BEES scale. 


. a. 919 x 10342 den 
10. Simplify BE x 210 , the number being in scale 


six, Give your answer in scale seven. 


11. The number 52614 is in scale seven. Find its square 
root in that scale. 


12 Reduce ‘32 (scale six) to a vulgar fraction in the 
same scale, 
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13. Show that 1331 is a cube number in any scale above 
three. 
14. The difference between any number and the number 


composed of the same digits in reverse order is divisible by 
r — 1, where r is the radix of the scale. 


15. Show that the difference between two numbe:s having 
the same digits is divisible by r — 1, whatever be the order 
of the digits in the second number. 


16. Given a system of weights 1 lb., 3 lbs., 3? lbs., Ee, 
(one of each kind) ; show how to weigh 1135 lbs. 


17. If $ (n) represent the remainder after dividing a 
number n by r - 1, show that 


$ 1% O). %% = $ (p9) 

18. If the digits of a number n be added together, the 
digits of the result added together, and so on, until the sum 
is represented by one digit; and we represent the final result 
by F (n), show that 

F(n).F(p).F(g)....and F(npq....) 
are either equal or differ by a multiple of (r — 1). 


19. If a number whose digits are Pp, pi, p», is a perfect 
square in any scale, find the relation between Ge Pi, Pa. 


20. Show that if the sum of two numbers is a multiple of 
the radix, the sum of the last digits of their cubes is equal 
to the radix. 

21. Every number having its digits repeated in threes, 
and being in any scale of the series— four, seven, ten, thirteen, 
dic.—is divisible by 3, and the quotient contains a factor, the 
sum of whose digits is equal to the radix. 

22. The sum of the numbers (scale s) represented by the 
permutations of any three digits of the scale amongst each 
other, is always divisible by the number (s 1) of the scale 
whose radix is (s 4- 1). 

23. Every number less than 2" *! can be expressed by the 
sum of certain terms of the series 

F 
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24. Every number less than 3"+* can be expressed by 
terms of the series 


1, Op OG ů 
the coefficients of the terms being either + 1. 


CHAPTER XIII. 
Properties of Numbers. 


107. By the term number in the present chapter we mean 
a positive integer. 

Owing to the extensive nature of the Theory of Numbers 
we shall be able to give in this work only the more 
elementary propositions. 

A. Prime number is one which has no divisor except itself 
and unity.. 

Two numbers are said to be prime to each other when 
they contain no other common divisor than unity. 


108. If a number a be prime to each of the numbers b and 
c, dt is prime to their product be. 


For suppose a, b, c to be each broken up into their 
elementary factors. 

Then a contains no factor except unity, which b contains; 
and neither does it contain any factor except unity, which c 
contains. 

Now, bc when broken up into elementary prime factors 
cannot contain any other such factors than what can be 
found in 6 and c. 

Therefore a contains no factor common to bc other than 
unity. | 

Hence a is prime to 6c. 

Con. 1. Hence if a be prime to any number of quantities 
b, e, d, &c., it is prime to their product bcd, Are, ; and if a 

v and to any quantity b, it is prime to each of the factors 
OF 0, 
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Con. 2. If a be prime to ë, it is also prime to 600. 
that is, to any power of b. 


Cor, 3. If a be a divisor of bc, and be prime to b, it must 
be a divisor of c. 

Con. 4. If š is a fraction in its lowest terms, then “ d is in 
its lowest terms. 


109. 7f 55 be a fraction in its lowest terms, and 
then will c and d be equimultiples of a and b. 
For zis the fraction ` reduced to its lowest terms. 


Now in order to express š in its lowest terms we have to 


divide numerator and denominator by the greatest common 
measure z, suppose. 


c 
We must therefore have ~ = a, ore = am; 
o 


and 2 = D ord = bx. 
x . 


110. Jf N be an integer, and SIN a surd, we cannot express 
the latter by a EE l | 
For suppose N 3 C, We then have N = - d (1). 


Now if 2 ` be not in its — terms, we may so reduce it. 


Then we shall have 2 s in its lowest terms, and also a fraction. 
Hence in (1) we have, an integer = a fraction, which is 
absurd. 


111, Any number is prime if it cannot be divided by some 
number equal to, or less than, its square root. 


For every number N which is not a prime is composed of 
two factors, as a and 0, so that we have 


N = ab. 
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Now if a = b, we have a = b = VN, so that N is 
divisible by AN. 

Again, if a > b, we have b < JN; 

And, ifa < b, we have a < M. 

Hence, for every number not prime, there always exists a 


divisor, either equal to, or less than, its square root; and 
therefore, every number not having such a divisor is prime. 


Ex. To determine whether 101 is a prime number. 


We have y 101 < 11. 


Now, as 101 is odd, we need only try the prime divisors 
3, 5, 7; and we find it is not divisible by either of them. 


Hence 101 is a prime number. 


112. No rational algebraical formula can contain prime 
numbers only. 
For, if possible, suppose that the expression 
p + qz + r + S + KM. 
expresses prime numbers only. 
Suppose that when x = m, the expression equals P; and 
when z = m + nP, the value of the expression is Pi. 
Then we have 
P = p + qm + rm? + sm? + Go . (1), 
and P, = p + q(m + nP) + r (m + nP) + s (m + nP)š + Ee 
= (p + qm + rm? + sm? + dc.) 
+ (qn + 2rmn + 3 smn + de.) P 
+ (rn? + 3 8mm + &c) P? + «e. 
= P + terms containing P as a factor. 
Hence P, is divisible by P, and therefore not prime. 
And hence the algebraical expression 
p + qo + rx + 822 + de, 


cannot represent prime numbers only. 


REMARK. There are several remarkable algebraical formule 
which represent a large number of primes, 
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Thus a + x + 41, by making z< = O, I, 2, 3, &c. 39, 
will give a series of forty numbers, all primes, 
x? + m + 17 gives similarly seventeen primes. 
225 + 29 gives twenty-nine primes. 
2" + lis prime forn = 1, 2, 4, 8, or 16, 


113. The number of primes is infinite, 


For suppose p to be the greatest prime number. Then 
the product of all the prime numbers up to p is 


2.3.5.7....p. 


And this product is divisible by each of the prime numbers, 

Hence 
(2.3.5.7....9) + 1 

is divisible by none of the prime numbers 2, 3, 5, 7,.... p. 

Now, if this quantity is a prime, it is a greater prime than 
p; and if it be a composite number, it must have a prime 
factor greater than p, since none of the prime numbers 2, 3, 
5, 7,.... p will divide it. 

Hence, in any case, there exists a prime number greater 
than any supposed prime p. 


114. Va be prime to b, and each of the terms of the series 
b, 2 b, 3b,.... (a — I) b 
be divided by a, all the remainders will be different. 


For suppose any two terms of this series, mb and mib, to 
have the same remainder, where m and m, are of course each 


less than a. | 
Then their difference (mb — mib) will be divisible by a. 


But since mb — m,b = (m — mi) b, it is composed of two 
factors, one of which is prime to a, and the other of which is 
less than a. It therefore cannot be divisible by a. 


Hence no terms of the given series can leave the sama 
remainder when divided by a. 
SIT, L 
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Cor. 1. Since all these remainders are less than a, and 
they are all different, and since there are (a — 1) terms in 
the given series, it follows that the series 


1, 2, 3... . 4 — 1 
represents the remainders, not regarding their order. 
Con. 2. If a be prime to 5, the terms of the A. P. 
Ka c, 2 0 T c, 35 1 c.. . . (a - 1) 5 + c, 
when divided by a, will give for remainders the series 
1, 2, 3... . . (a — 1), 
no regard being had to their order. 


Fermat's Theorem. 
115. Jf n be a prime number, and N be a number prime to 
n, then N^ 7! — 1 is divisible by n. 


We shall give two demonstrations of this important 
theorem, 


First proof. 
By Art. 114, Cor. 1, the terms of the series 
N, 2 N, 3 N... . . (n —- 1) N, 
when divided by z, give for remainders (disregarding their 
order) the series 
1,2,8,...., (n — 1). 

Hence, assuming 91, Q5 Jas . . . . , 4. 1 88 the quotients 
cor responding to these remainders, we must have 

N.2N.9N....(n-1)N 

= (14 qm) (2 ＋ gn) (3 ＋ n) .. . . (n— 1 +q, in); or, 
Nu. 1. 2. 3. . . (2 - 1) 1. 2. 3. . (n-1) + terms 
containing n as a factor 

= 1. 2. 3... . (n — 1) + Mn, suppose. 
(N= I). 1. 2. 3. . . (Q - 1) = Ma. 
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Now n, being a prime number, is prime to each of the 
factors 1, 2, 8, ....,(n — 1). And hence 


— 
1.2.3....(n-]1) , 
since N^-! — 1 and n are integers. 
Hence we have N^-! — 1 = Pn, when P is integral. 
" N"7!- 1 is divisible by n. 


Second. proof. 
We have N” = ((N - 1) + 11" Z 
(N - 1 + n(N - 19714... | 1627 1 Du 1) — 
. +n(N-1)+1. 


Now every term i the second side of this identity, ex- 
cepting the first and last, is divisible by x. 


For the general coefficient A T TES. 


is an integer, 


integer, and is so divisible, since r is < n, and z is prime, 
Hence we have 
N" = e — 1)” +1 + Pon, where P, is an integer. 
~ N"- NZ(N-1)-(N- l1) P 
or,putting dE N-1,N-2,....,2,for N, we have 
(N - 1) — (N -1)=(N - 2) (N- 2) + Pin, 
(N- 2) (N- 2) = (N- 3)" (N- 3) + Pan, 
&c. = &c. 
o ue 2 = 1"—1+P,_, 
where P,, P,, &c., are integers. 
Hence adding these equations, we have— 
N"-N=1*-1+4+(P,+P,+P2+.... P, al 
— Pn, suppose, where P is an integer. 
Or, N (N~ — 1) = 
Now n is prime to N, and therefore P is integral. 


N 
Hence N*^ — 1 is divisible by n. 
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Extension of Fermats Theorem. 


116. If n be prime to N, and ꝙ (n) represent how many 

numbers there are less than n, and prime to it, then 
N?(") 1 ¿s divisible by n. 

%%% C ĩð m ͤ 8 (1). 
be the p(n) numbers which are less than n and prime to it. 
Then if the series be multiplied by N we have the second 
Series 


GN. DIN ,, ` EE (2). 


Now it may be shown, as in Art. 114, that if the terms 
of the series be severally divided bv n, we shall have for 
remainders, neglecting their order, the series (1). 


Hence, as in Art. 115, assuming 9, q,, g, &c., g, as the 
quotients corresponding to these remainders, we must have 
aN. N. N . . N 
= (a + qn) (Ó + n) (o gan) .. . . (m + gm) ; or, 
abe. . . m. NM) 
— abe. . . . m terms containing n as a factor 
=abc . ... m + Mn, suppose. 


n 1N9?U) Ia. . . m= Mm. 


Now each of the quantities a, b, c.. . ., m is prime ton 
and less than a, Hence n is prime to the product abc... . m. 


Therefore N) _ 1 is divisible by n. 


Con. Fermat's theorem follows at once from this. 
For suppose n a prime number, then the numbers less than 
n and prime to it are 
1,3,3,....,(n- 1). 
Hence, here A (n) =m - 1. 
Hence, if n be a prime number, and » be prime to N, 
N*-! —1 is divisible by n, 
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Wilson's Theorem. 


117. Jf n be a prime number, then 
11 — 1771 


is divisible by n. 
Let a represent one of the numbers of the series 
CCC (1). 


a is therefore prime to n. 

Multiplying each term of this series by a, we have the 
second series 

a, 2 0, 3 a. . (n — l)a............... (2). 

Now (Art. 114, Cor. 1) if the terms of this series be divided 
by ^, we have for remainders, not regarding their ordcr, the 
series in (1). 

Hence some one of the numbers in series (2) give unity 
for a remainder when divided by ». 


If we represent this number by ma, we have 


ma — 1 divisible by n = by», suppose (3). 
Now m cannot be equal to a, except 
@ = 1, ora n 1..................... (4). 


For suppose we have m = a, we then have from (3) a? — 1 
= bn or (a + 1) (a — 1) = bn. 

Now n is a prime number ; 

Hence either a + 1 or a — 1 is divisible by n. 

But a is less than 2, and hence when n divides a + 1, wə 
must have a = n — 1. 

And so, when n divides a — 1, we must have a = 1. 

Hence, leaving out the numbers 1 and » — 1, we may say 
that it is always possible that any one of the numbers 

2,3,4,....,(n — 2), 

may be multiplied by some other number of the same series, 
50 as to form a product of the form bn + 1. 


* 
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Suppose then we multiply these numbers so as to form such 
products as bn + 1, bm + 1, dc. By multiplying together 
these products we have 

2. 3. 4. . . . (n - 2) = (bn + 1) (bn + 1)........ i 
= Mn + 1, 


where Mz represents the terms having z as a factor. 


Hence, multiplying each side by n — 1, we have 


1.2.3....(n- 1) (Mn + 1) (n — 1) 
Mim — I) /n —1; or 
1.2.3....(n- 1) +1 = ÍM (a - 1) + 1}n. 


Hence | x — 1 + lis divisible by m. 
Cor. Hence (1 . 2. 3....— J + 1 is divisible by 


n, when n is prime, and > 2, the upper or SE sign being 
taken as n is of the form I m +lor4m-l 


0 70 -— 1 0 ° E 
Since —.— 18 integral, we have 
ad 


1.2.3....(n — 1) 


STE Hee e 


1.2.3. n= 22)... eg a em] s 


1. 2.3. 5 (Ma- (-1 F 1, T9 ED 


where Mn represents terms containing n as a factor; 


- (1.2.3... 253) Ma z ^3 (1.2.3... 87 5 


or, adding unity to each side, |n — 1 + 1 
E ae = 2-1 1 
- (1.2.3... 27) Mn + (71) (1.2. 3.) 1 


Now we have just shown that ¡n-— 1 1 is divisible 
by z, 
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Hence ( — 1) — (1 r — ) + 1 is divisible 
by n. 

Now ( - 1) Ex + l, according as n is of the form of 
An + lor 4o - 1. 


Hence the truth of the proposition. 


118. Fa, b, c.. . „l are a series of numbers prime to 
each other, and ꝙ (n) represents how many numbers there uro 
which are prime to n and less than it, then 


$(3be....1 = (a). (b). $(c).... ó (D. 
First, suppose N = ab. 
We may arrange the numbers from 1 to ab in 6 columns 


thus : 


1, 2, Ipai , . . d, 
a 4 1, a +2, a ＋ 3,5 a+k,...2a, 
2a +1, 2 a +2, 2a+3,... 2a + k, . .. Za, 


(b-1)a+1, (6—1)a+2, (b-1)a+3....(b-1)a+k,...ab. 
If we consider any column as the one commencing with 
k, we see that all the numbers in it are prime to a, or all 


the numbers contain some factor common with a, according 
as k is prime to a or not. 


Hence the number of columns which contain all the num- 
bers of the column prime to a. is equal to the number of 
quantities in the series 1, 2, 3, . . „, . . . a, which are prime 
to o And no other column contains any number prime 
to a. 


Hence 4 (a) 1s the number of columns containing numbers 
prime to o out of all the numbers from 1 to b (1). 


Again, by Art. 114, Cor, 1, if the numbers in any column, 
as that commencing with *, be divided by 6, the remainders, 
when 4 is prime to b, will form the series 


33 
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Hence in every column there are as many numbers prime 
io b as there are of such numbers in the series 1, 2,3,.... 
(b - 1). 

Therefore ꝙ (b) is the number of quantities in each column 
which are prime to ö -U (2). 


Hence from (1) and (2) we conclude that— 


The number of quantities in all the columns which are 
prime to a and prime to ö, and therefore prime to ab, is 


$ (a) . $ (b). 
Therefore $ (ab) = $ (a) . $ (b). 

If NS abe. . . . , we have 

$ (abe. . D) = $(a).$(bc....1) 
p (a). (6). d(c... 7) = dc. 

0 . 6 ) . 0 . . . 6 0. QED. 

Nore. It will be seen that we en bes unity as prime 

to a, b, c, de. 


lI 


119. To find the number of positive integers which are less 
than N and prime to it. 


Suppose NS ab.. . . , where a, b, c. . , I are prime 
factors. 


Now the number of positive integers which are less than 
a? and prime to it is found by subtracting from a? the num- 
ber of quantities in the series 


a, 2 a, 3 a, . „o 1g or a, 
The number of these is evidently a? ~}. 
Hence we must have ¢ (a?) 2 a? — a?—', 


or $ (a?) = a? (1 _ 3r and so 
$(5) = (1 - ). 


d (c”) e (1 _ J 
&c., 


&c. 
g(t) e 


il 
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Hence, multiplying, we have 


dark, p (5%). (%% . 9 (Ë) 


=a... t. (I-) (1-7) 0-1)... (1-3). 
=N. (1-1) (1-5) (-g) . (1-7). 


But by last Art., 
(N=) 24a). $6). 40 . A) 
Hence $(N) = N(1-1) (- D (1-2)....(1-3) 


G 


120. To find the number of divisors in a given integer. 
Suppose N = a?b’c”...., where a, b,c.... are primes. 
Now N is divisible by every power of « not greater 
than a?. 
Hence, including unity as one of its divisors, N is divis- 
ible by every term of the series 
L, $95 05 
And so it is divisible by every term of each of the series 
1, 06,0, .,., 0% 
1:6 €, su 5€ 
&c. 
N is therefore divisible by every combination of the terms 
of these series. 
Hence N is divisible by every term of the product 
(ltata+....ay(1+b+ 8 +.... +0) 
(+c+O+.... FO) aw es 
and by no other quantity. 
Now the number of terms of this product is found by 
putting a = b = c = «e = 1. 


Therefore, number of divisors of N, including itsclf and 


unity 
=(p+1)(¢+ D)(r+ V.... 
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Cor. 1. Since every divisor has a corresponding divisor for 
a quotient, it follows that the number of ways in which N 
may be broken into two factors is half tho number of 
divisors. 

(i.) When N is not a perfect square, 

One at least of the indices is odd, and therefore 


l (p+ 1) 2 ＋ 1) (r 1) 
IS even. 


Hence, number of ways in which N may be broken un 
into two factors 


=$(p+1)(¢+1)(r+1).... 
(ü.) When N is a perfect square, 
All the indices, p, q, 7, . . . . are even, and therefore 
(p +1) (¢+1)(r4+1).... 
is odd. 


But JN is a divisor, and hence, since N = JN. VN, 
there is one way of resolving N into two factors, by means 
of one divisor. 


Hence, number of ways in which N may be resolved into 
two factors 


=${(p ) ( +1 (r+)....4 1j. 

It must be remembered that (N, 1) is one of the pairs of 
factors. 

Cor. 2. The sum of the divisors of any number N, includ- 
ing among them itself and unity, 

= the product (l+a+a7+....+a@") (14+b+8+.... +5) 

(ltetcót....40).... 
4 71 bpt? 1 Ctl? 1 
"` mpal zal ° 990 


Cor. 3. If n be the number of prime factors, a, b, c, &c. 
(not including N or unity), in N, 
The number of ways in which N may be resolved into 
Zoo factors prime to each other -=. 


WILSON'S THEOREM, 171 


For we must have a? in one factor of any pair; and so 
we must have 6, c", &c.; and we cannot have any lower 
powers of a, 6, c, &c., in any of the factors which are prime 
to each other. 


Hence the number of ways in which we may resolve N 
into two factors prime to each other is the same as that of 
the number abe. .; 


We have therefore, by Cor. 1, making there p = q =r 
= «e, = 1, 


Number of ways in which N may be resolved into two 
factors prime to each other, 


= 4(1+1)(1 + 1)(l + 1).... ton factors = 2*-1, 


Ex. XVII. 
1. If any number divide each of two other numbers, it 
will divide their sum and difference. 


2. If two numbers be prime to each other, then will their 
sum and difference be prime to each of them. 


3. If a square number be multiplied by a square, the 
product will be a square. 


4. All numbers belong to one of the forms 3 n, 3 n + 1. 
5. Every square number is of the form 5” or 5 + 1. 
6. Every cube number is of the form 7 » or 7 & + 1. 


7. A number which is a perfect square will divide by 5 
without a remainder, or will leave 1 or 4 for a remainder. 


8. Show that n(n? + 5) is divisible by 6, when 2 is an 
integer. 

9. Show that n (n? — 1) (n? — 4) is divisible by 120, when 
n is an integer. 

10. All even square numbers are of the form 162 or 
4 (t> + 1), and all odd squares of the form 8n + 1. 


11. Every number of the form 47 + 1 is the sum of wwo 
sguares, 
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12. If the difference between a and b is divisible by p, a 
is said to be congruous to b, for the modulus p. Hence 
show that if a = b (mod. p), and c = d (mod. p), then 
a + c = b + d (mod. p). 

13. If a= b (mod. p), then a” = b" (mod. p), and ma = mb 
(mod. p). 

14. If ma = mb (mod. p), what is the condition that a= 5 
(mod. p)? 

15. If the congruence 4 (x) = 0 (mod. p) is satisfied by 
æ = a, show that every number of the form a + mp is also a 
solution, and that among these numbers there always exists 
one, and only one, between the limits 0 and p — 1 inclusive. 


16. If ax + b=0 (mod. p), how many solutions are pos- 
sible in the three cases: (i) when a is prime to p; (ii.) 
when a and p have a common measure, which will nos 
divide ó ; (iii.) when a, b, p have a common measure? 

17. If p be a prime number, show that 

(x + 1) (œ + 2(2+3)....(2+ p- 1) 
= — 1 (mod. p), 
and hence deduce Wilson's theorem. 

18. If 2" — 1 be a prime number, then will 2^7! (2" — 1) 
be a perfect number—that is, a number which is equal to the 
gum of all its aliquot parts, or its divisors. 

19. 1£3.2^ — 1, 6. 2"? — 1, 18. 2%” — l are prime num- 
bers, show that 

anti (18 . 2°" — 1), and 2^*!|3.2^ — 1) (6. 2" - 1), 
are amicable numbers—that is, numbers each of which is 
equal to the sum of the divisors of the other. 


20. Any power of the sum of two squares may be sepa- 
rated into the sum of two squares. 
21. If a, b, and n are positive integers, and b less than 
2 a — 1, show that the integral part of (a + ve — L)" is an 
odd number. 
22. It 7 be a prime number, and m be odd, show that 
77" + 4 cannot be a perfect square. 


WILSON'S THEOREM. 173 


23. If $ (N) is the number of integers not greater than N 
and prime to it, and 1, d, da, &c., are all the divisors 
of N, then 

$(1) + $d) + % +.... = N. 


24, If p be the G. C. M. of m and n, then x? — 1 is the 
G. C. M. of x” — 1 and a” - 1. 


25. If p be a prime number, and a one of the numbers 
1,2,3,....p — 1, then a + kp contains square numbers 


p— 1 


= Du 
or not according as a ? — l,ora 2 + 1, is divisible by p. 


26. With the notation of Ex. 23, show that, when N is 
an odd number, @ (2 N) = e (N). 


27. Find the sum of the positive integers which are less 
than a given number (N) and prime to it. 


28. Show that the sum of the squares of these integers 
N? 1 1 1 Na : 
-50-26-56 -1)..«20-2) 0-5 0-9... 


and that the sum of their cubes 
2 


N 1 1 1 
SE EE EE BEE TEEN 
where a, b, c, .... , are the prime factors of N. 
29. Tf p be a prime number, then the congruence 
gëf + aa" 7! + amm-3 L .... + Gn 0 (mod. p) 
cannot admit of more than m solutions less than p. 


30. The congruence z? = 1 (mod. p) has always e (p — 1) 
roots, where p (n) represents the number of integers less 
than n and prime to it, and where p is a prime number, 
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CHAPTER XIV. 
THEORY OF INDICES, IMAGINARY QUANTITIES, 


Indices. 
191. In the first volume of this work we have not alto- 


gether omitted this subject; we shall here complete the 
theory as far as space will permit. 


J. Positive integral indices, 


It is convenient to conceive of a”, where m is a positive 
integer, as the result of multiplying unity by m factors each 
equal to a, 


Thus  a”=1l(a.a.a.... to m factors). 


II. Negative integral indices. 


Here, reme-nbering that negative is the reverse of positive, 
we shall be quite consistent if we allow a—™ to represent 
the result of dividing unity by a, and the quotients succes- 
sively by a for m operations. 


Thus, a2 1, (@.a.a.... tom factors = - 


We get from this a” x a7” = 1. 

Now, by assuming that the formula a” x a" = a™t*, 
which we know holds for positive integral indices, to also 
hold when 

n = = m, we have a” x 47^ 2g"-" = a; 
and we conclude that a? — 1. 
We have no need, however, to assume the principle at all. 


For, referring to our definitions of a” and a , it at once 
follows, since a” represents the result of multiplying unity 
by a, and the successive products by a for m operations, and 
that a” * represents the result of dividing unity by a, and 
the successive quotients by a for m operations, that 


e? represents unity neither multiplied nor divided at all by a; 
that is, a” is consistently interpreted to mean wnity. 
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Hence, whether m be a positive or negative integer, or 
zero, a” admits of the same interpretation, provided we 
remember the. algebraical meaning: of positive and negative. 


Again, the law that a” x a” = a™t” holds good if either 
m or n, or both, be negative integers. 


For, suppose n = — p, when pis a positive integer, we have 
m n "m -p m i a” 
a” x a" =Q" x c q x — = —. 
` a?” a? 


© — e ex sg 


If m > p, then 4. = dn = q+, 
m of E E 


— 1 


m - 
If m « p then — = SC ag (p — n) - que? Se art”, 
E " a 


ar" 


Hence a” x a” = a^*", when n is negative, 
And it may be similarly shown when both are negative, 


Fractional Indices. 


192. If m and n are any integers, it follows at once from 
the above that 


(a”)" = qa = am x n 
Hence, om or amx" is the correct symbol for the «th 
power of a”. And therefore a”*"or a^ will consistently 


represent the nth root of a”. And this is true whether a 
and z be either one or both positive or negative. 


2. E 2. 
(i) We shall now show that a? x a‘ = aq ++, where p, q, 
r, 8 are integers, and thus show that the law a” x a^ e d 


holds when m and z are fractional. 


p 1 
We have al = Sa? = Y (aP) = Wan..................... (1). 
and a= Ja = Y J (2). 
p * E 
nop xa = Ya" x ar = atte 


- ptor £ + 
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pr pr 
(ii.) We shall now show that (ar). = a", where p, g, r, 8 
are integers, and thus that the law (a”)" = am" holds when 
m and n are fractional. 


We have (as) 7 = * (s) ; 


or by what has Just been proved, 


Hence it has been universally established that the laws 
(L) amat = a" t”, and 
(iL) (a")" = a”, 
are universally true, whether m, n be integral or fractional, 
positive or negative. 


Imaginary Quantities. 


193. An expression of the form a + b V — 1 is called an 
‘imaginary quantity, a and b being real quantities. If we 
allow that b / — 1 vanishes when 5 = O, then the whole 
expression vanishes when a = 0, and 6 = 0. 


Conversely, when a + b V — 1 = O, we must have a = O, 
= 0, 

For, transposing, a = 5 ~ — 1; or, squaring, 

a = b(- 1) =- b; or, 
a+ = 0. 

And the only values of a and b which satisfy this 

equality are 
a = O, b = 0. 
194. Ifa + b / — 1 = e + d VI, then à = c, and b = d, 
For, transposing, 


(a - e) +@ - dy J -1-0Q. 
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Hence, by the last Art., a — c O, or a = c. 
and 5 - d = O, or b = d. 

195. Der.—Two imaginary expressions are conjugate when 
they differ only in the sign of the coefficient of ,/ — 1. 

Thus a + b I and a- 5 — are conjugate expressions, 

It follows, therefore, that 

(i.) The sum of two conjugate imaginary expressions is 
REAL. 

Fo (a+b J/-1) + (a- b J 1) = 2 a. 

(ii) The difference of two conjugate imaginary expressions 
is IMAGINARY, 


The square root of the product of an imaginary expression 
by its conjugate is called its modulus. 


Thus, since (a + b J I) (a - b I) = a? + l, 
we call Ju? + 0? the modulus of a +b I, or of a — b l. 


126. If M (p) and M (q) represent respectively the moduli 
of p and q, then 


M (p) . M (g) = M (pa) 
Suppose p = a + b — 1, 
and 9 = c +dy-1. 
Then M (p) = Ja? + P, and M (g) = Ve + Ë. 
Therefore M (p) . M (9) = J(a* + 8) (E  d)........ (I). 
But pg = (a + b JI) (c d /I) 
= (ac — bd) + (ad + bo) Y — 1. 
. M(pg) = V — bd)? + (ad + bc)? 
= Mats B) (B + dh. . . GE (2). 
Hence from (1), 
M (p) . M (g) = M (pg). 
127, The addition, subtraction, multiplication, or division 


of quantities of the form A + BVI gives a result of the 
same form. 
$—IT, M 


178 ALGEBRA. 


Leta +b/—-lande +d J| -1 be the quantities. 
(i.) Addition and subtraction. 

(a+bJ—1) + * ( d =I) = atc) + (b + a) i. 

(ii.) Multiplication. 

(a + b —1) (c + d —1) = (ac — bd) + (ad + be) y — 1. 

(ii) Division. 

a+by-1 (a r DVI) e - dy -1) 

c +d -i (+ d J-l (c- dd -1) 

_ (ac + bd) + (bc — ad) Y —1 


c ＋ d 
d ＋ bd. be — ad 
"ex Ln 


198. To find the powers of J — 


Every number must be of the form 4 m, 4 m + 1, 4m + 2 
or 4m + 3. 


Now (Hh = ((J-1)]*7- (- 1)" = 1. 
Lue (Vi. (JI) 21.71 = JT. 
(Ai = ( (aT) = 1(-1) = -1 
(II = (I. (=) (4-1) 
1(-1)J-1-- J-T. 


199. To find the cube roots of unity. 


These will evidently be the three values of x which satisfy 
the equation a? = l,ora* - 1=0 


We have 


(z — 1) (Z + z + 1) = 


Therefore x — 1 = 0, and a? + x + 1 = O, will both 
furnish solutions. 


From the former, x = 1; 


And from the latter, z = 4 (- Y X 4-3). 
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Hence the cube roots of unity are 1, 1(— 1 + J - 3). 
We may verify this result by cubing these quantities, 
In each case the cube is unity. 
Cor. Similarly, the cube roots of — 1 are 

- 1, 2 (1 EN - 3). 


And so, the fourth roots of 1 are + 1, + /-1 ; 
and the fourth roots of — lare + - 


Miscellaneous Examples. 


1. Show that abc is > (a + b e) (a + e — 0) (Š + c — a), 
except when a = 6 = c. 

2. If the number n be divided into any two parts, the 
difference of the squares of the parts is n times the difference 
of the parts. 

3. Find to five places of decimals the value of x from the 
equation 

2 l 4 
Sea Soe `” 
4. Show that 
(a? + 0 (c + d?) (e + f?) 
= (adf + bef + bed — ace)’ + (bce + aed + acf — bdfy. 
5. Prove that 
25 {(y - zy + (e - ay + (z — 9j 
x {ly - + (z - æ} + e — y?) 
= 21 1% - 35 + (« - ay + (e + Ma 
6. Clear of surds the equations 
Je + Zut Jz = O, and 
Jo + y + ds + yu=0 


7. Find x and y from the equations 


9 
e+ fe , and 
y y 


2 ax T SE INL = 324, 
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8. Prove that 
n(n? — 12 a(n? — 12) (n? — 22 
dc — —9 )+ 12. 22 35 LE 


When n is & positive integer. 


9. Show that the sum of the squares of the coefficients of 


(1 e + xr 
2 An QE n(n - I) FAs ie OS ate 
cap tt E | 


10, For what values of & is x + => or < 4; and find 


the least value of (l + 2) (2 + 2) i 
3 + 2 


11. If a, B be the roots of the quadratic ax? + bx + c = 9, 
I 4 4 
show that the equation whose roots are 3 and E is 
afe — 5 (b — Babe + 50) et acf = 0. 
12. What is the interpretation of the expression 7 


13. Show that unless a = b = c =...., then 
bed...» e Ae EEN 
(b-a) (c-a) (d- ).. (a- ) (-) (d-) 
+ de, = 1. 


14. Sum the series 1? + 27 + 32 + ,... + 27 
15. Show that 
1 % - y + y - 2 + (6-07 
-i(-3!(-2!4 te gë -N + (y dote ar, 


16. Show that 
a? t? bn 2 ep ti 


(= OG a) G 50 0 @G@ Ga 
is always equal to the sum of the homogeneous products of 


7; dimensions of a, b, c. 
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17. The integral part of (1 + ,/3)?"+? is divisible by 
2571. 


18. If E*=y + Bee: + Z, hws E us 


19. Resolve into factors the expression 
1 + a + (l + a) a + (1 + a) (1 + ai) .. 
+ ia + ao) (1 + a). (1 + a, 1) d,. 
20. Show that 
b b — = Ge 
är db +f? — Jab — a? = ,/2a. 
| I J73y (-1- TB 
21. Show that (LE) ¿(23 5) =, if n 
be a multiple of 3, and is equal to — 1 if n be any other 
integer. 
22. Show how to sum the series ar + d < "t 


+ Oman” *?" c., when the sum of a, + op + oe 
+ . . is known. 


1 
23. If (a + 5 /-1)' = c + d J — 1, then 


1 
(a - b /- 1)" = c - d 7-1. 
24. If al, dy ag, &., a, be unequal, and m < n - 1, 


then 


(a, a (a, - m "CEPS K (a-n) (420 * (a- a,) 


+ .. . + + = 0. 
(a, — a) (a, SEN . . (a. — 041) 
25. II — bc — 4% — bd — then each of 


a-=-b-c+d a-b-d«c 


= (a + b + c + dh 
26. Resolve into partial fractions 
22 + m + w 


them 
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27. Find the number of homogeneous products of n 
quantities a, 6, c, & c., of r dimensions. Hence find the 
number of terms in the expansion of (a + b + c Ke.) “, 
n being integral. 

28. Find a factor which will rationalize at — 0%, and 
extract the square root of 37 — 920 J. 


29. If a = by? = er, and + 4 
ax* + by + ei = (at + BÉ + diy. 

30. If a debt a at compound interest is discharged in 2 
years by annual payments of = , Show that 


(1 + r) (l — mr) = 
31. If x = ANS 0075 a, find ge value of z when 
À = 9284 metres, 8 = 32 metres, a = 5:2 kilometres. Of 


what dimension is x? 


zd , Show that 
a -- 


82 — 


32. Show that pitir lies between the greatest 


and least of the fractions slk m ` , but differs from the 
average value of those quantities. 


*. ＋ 1 xr- 1 


33. If u, = E show that 
ATCP e 
n 


34. Show that the minimum value of 
(a + SÉ + 2). is (Va + Em, 


35. If 10* = 2, and 2 ás a continued fraction. 
36. Calculate T from the following formula: 


when A = 3503:6 sq. ft, Š = 13:532 sq, ft, m = 548, 
g = 82:1998 ft., H = 6:3915 D 
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97. Reduce to its simplest form 


(yz - ax)? — (ac — y) (ab - 9) — 
(bc — 2%) (yz — ax) — (uz — by) (ay — ez) 


88. If p and q are each less than 1, show that 
log (1 Pi POPI and < P 


log (I — 9) q q - PY 
39. Ifa = SE = a — show 


a) + ab + 0? 
that ＋ y = Y + z. 


40. Prove that 


a + ab + * 


ee - z — 1 ) 

^ Vm (z^ + 1)"/ 
where S,, f(m) denotes the sum of r terms of the series 
whose mth term is f (m). 


41. Show that the integral part of (5 + ,/24)" is odd if n 
be a positive integer. 


1 
log, z Sd 


49. Ir A = Bl and 2. DE ef 2 = 1, then 
ge y 2 a D c 
A B C AZ ＋ B +O 
at Rt e e +: 


43, Write down the coefficient of /" in the expression 
1 - 3 (cé — 1) + 4 (e' - 1 - de 
1 r IN 
ja (e 1) dec, 

44. On a sum of money borrowed, interest is paid at the 
rate of 5 per cent, After a time £600 of the loun is paid 
off, and the interest on the remainder reduced to 4 per cent., 
and the yearly interest is now lessened one-third. What 
was the sum borrowed ? 

45. fy = wm — 42° TI — 427 + dc, find em 
terms of y by the method of indeterminate coefficients. 

. 46. Show how the solution of the equation az + by = c 
in positive integers may be obtained by the progeries & 
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continued and converging fractions. Solve 17% +19 y = 250, 
in positive integers. 


47. In the equation a" + pa^! paT? + . . . + p, = 0, 
find the value of a8 + a*y + Dat By + d&c., where a, 
P, y are the roots of the ME” 


P» a 
M XN Wm E MS 555 G-9G-B ^ 
5 Czech: pa) P= 7) = d pg i 
(a — E (a — y) * (8-3) 12 (y- 35-5" 


show that LN — M? = 08? + o*y! - ay (a + B + y. 
49. Sum to z terms, and to infinity 


o n q 
(1 + x) (l + ax) (1 + az) (1 + an 
ann 


ta + ar) (1 + ax) = 


50. Show that the result of eliminating x, y, z from ths 
equations 
ax + by + cg = O, 
ar + 6% + cz 
ase + by + c = O, 
is the same as the result of elimination from 


I 
> 


dj + ay + az = Q, 
be + by + be = O, 
€2 + cy + cz = D 
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PLANE TRIGONOMETRY. 


CHAPTER I. 


FUNCTIONS OF THE SUM AND DIFFERENCE OF ANGLES. 
MULTIPLES AND SUB-MULTIPLES OF ANGLES. 


1. To express the sine and cosine of the sum of two angles 
in terms of the sines and cosines of the angles. 

We shall first take the case where the sum of the angles 
in question is less than a right angle, 

Let Z AOP = A, Z POQ = B. 

Then Z AOQ = A + B; and considering OA as the 
TW By” OQ is the bounding line of the compound angle 

+ D). 


0 WW A. 

In the bounding line OQ take any point Q, and from Q 
draw QR perpendicular to OP, and meeting it in R; also 
draw QM, RN perpendiculars to OA, and RS perpendicular 
to QM, and therefore also parallel to OA. 


Then Z SQR = 90° — Z SRQ = ZSRO = L NOS = FP. 
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Now, sin (A + B) 
E 2 QM SM AO RN+QS 
a aa? OQ > 
EN, Qs 
0Q OQ 
_EN OR. QS QR 
OR OQ QR OQ 
sin AOP. cos POQ + cos SQR . sin POQ 
sin A cos B + cos A sin B. 


Again, cos (A + B) 
OM ` ON — MN 


cidad = og mum” 


ON SR ON SR 
~~ OQ OQ OQ 
ON OR SR QR 
OR'OQ QR OQ 
= cos AOP . cos POQ - sin SQR . sin POQ 
= cos A cos B — sin A sin B. 


T 


2. To express the sine and cosine of the difference of two 
angles in terms of the sines and cosines of the angles. 


Let Z AOP = A, Z POQ = B. 


Then Z AOQ = À - B, and OQ is the bounding line of 
the compound angle (A — B). 
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In the bounding line OQ take any point Q, and from Q 
draw QR perpendicular to OP, meeting it in R; also draw 
QM, RN perpendiculars to OA, and RS perpendicular to MQ 
produced, and therefore also parallel to OA. 


Then: ZRQS nats ZQRS=ZPRS=Z AOP - A, 
i QM SM-QS RN-QS 
Now, sin (A B) =sin a A0Q = "Ei EE OO 
_ RN _ Qs 
OQ OQ 
RN OR QS QR 
OR OQ GR OQ 
= sin AOP. cos POQ - cos RGS. sin POQ 
= sin A cos B — cos A sin B. 


And cos (A — — B) 
OM _ ON + NM 
= COS SAO = 3 
os A00 "oo 0 
= ON + RS ON , RS 
"og "oo" 0 
ON OR, RS QR 
~ OR OQ QR'OQ 
= cos AOP. cos POQ + sin RQS , sin POQ 
= co8 À cos B + sin A sin B. 
It is easy to see that the two formule just obtained may 


be obtained from those in the last article by putting — B 
for B.. 


We will collect for reference the results of this and the 
last article : 


Sin (A + B) = sin A cos B + cos A sin B......... (1). 
Sin (A — B) = sin A cos B — cos A sin B......... (2). 
Cos (A + B) = cos A cos B — sm RW. Qu. 


Cos (A — B) = cos A cos A sin RWS Wa. 
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3. By means of these formule we may easily obtain other 
useful formule. 


We have, 
(1) + (2), sin (A + B) + sin (A B) = 2 sin A cos B......(5). 
(1) - (2), sin (A + B) - sin (A - B) = 2 cos A sin B...... (6). 
(3) + (4), cos (A + B) + cos (A — B) = 2 cos A cos B. (7). 


(4) — (3), cos (A. — B) - cos (A + B) = 2 sin A sin B. (8). 


(The student will be careful to remember that first side of (8) has 
its terms in an order the reverse of the other three.) 


Put A + B = C, and A- B = D; 
Cr DB C-D 
p susti 


and fv A = 9 9 9 
then we have, from (5), (6), (7), (8), 

; ; CT D. C-D 
sin C + sin D = 2 sin o 008 . . . . (0), 
° ° C + D ° C SES? D 
sin C sin D = 2 cos g Ain — 2 enn» (10), 

cos C cos D cos : D cos € 3 H on 
cos D — cos C = 2sin C : D sino D e (12). 


Again, we have, 

Sin (A + B). sin (A ~ B) 

(sin A cos B + cos A sin B) (sin A cos B — cos A sin B) 

sin? A cos’? B — cos? A sin? B 

sin? A (1 — sin? B) — (1 — sin? A) sin? B 

= sin? A- sin? B = cos? B — cos? À ........... — MEET 
And cos (A + B).cos (A — B) 

= (cos A cos B — sin A sin B) (cos A cos B + sin À sin B) 

= cos’ A cos? B — sin? A sin’? B 

= cos? A — sin? B = cos? B — sin? AKK (14). 


The formule obtained in this article are extremely useful, 
and are often referred to in trigonometrical transformations. 


n H H 
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Thus (i.), 
sin 70 + sin5 6 = sin (6 0 + 6) + sin (6 0 — 6); or, by (5), 
= 2 sin 6 0. cos 0. 
Or, at once by (9), 
Sin 70 + ein 5 0 = 2sin 018 0 80 
= 2 gin 6 0. cos 0. 


Again (ii), 
cos 0 — cos 3 0 = cos (2 0 - 0) — cos(20 + 0) ; or, by (8), 
= 2 sin 2 0. sin 0, 
Or, at once by (12), 


cos Ó cos 30 = 2 sin = 2 sin 2 0. sin 6, 
And so (iii.) 

sin (a — B) + sin (B — y) + (sin y — 5) + sin (8 — a) 
24 Ë + É y Ya s Jed EE ES 


30-0. 30-0 
MES. HM MEC 


= 2sin— 3 Y x 
[e (Et tren 


or, by (8), 
= fein ff T Y ang Bt yY- ê in P 2 8 
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4, It will be remembered that formula (1) of Art. 2 was 
obtained in Vol. I. of this work by a less direct method, and 


we there found formule for cos B tan — &c. 


We shall now obtain these formule, with others, from the 
results of the last Art. 
We have sin (A + B) = sin À cos B + cos A sin B, 
and cos (A + B) = cos A cos B — sin A sin B. 


Put B = A, then since A + B — 2A, we at once have 
sin 2 A = sin A cos A + cos A sin A 
err (1), 
and cos 2 A = cos A cos A sin A. sin A 


= cos? A — sin" A 
= 2cos?A — 1 | — EE (2). 
= 1 — 2 sin? A | 
And so, if we put à for A, and therefore A for 2 A, we get 
sin A = 2 sin cos 3e ere TTT CHE 
l A a A 
end cos A = cos? 25 sin? g 
A 2A 
2 cos J — 1 = 1 — An —€— (4). 


5. To find tan (A + B), cot (A + B). 
o 
" cos (A + B) cos A cos B + sin Asin B 
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And so— 


cot A cot B y 1 
cot (A. = B) = "cot B € cot A TT . 6 00 (2). 


Cor. 1. Put B = A, and take the upper sign, then, 
tan 2 A4 = 2tanA 


1 tan? A e. p9<0090t0009000000 Ss @veetaeseeeseseeaovee (3), 
9 = cot? A — t, ., : 
and cot 2 A Zet 4 . (4) 


Again, put : for A, and therefore A for 2 A, then, 


2 tan 5 
ten A = . . . ...... G). 
1 — tan? — 
2 
cot? À _ 1 
and cot A = TTT (G). 
2 cot =. 
2 


Cor, 2. Put A = 45°, then since tan 45° = 1, we have, 
1 + tanB 
°+ B) = 22 
tan (45° + B) ru 
6. To expand sin 3 A, cos 3 A, tan 3 A, cot 3 A, 
sin3 A = sin (2 A + A) = sin 2 A cos A + cos 2 A sin A 
= 2 sin A cos A. cos À + (1 — 2sin? A) sin A 
= 2 sin A (1 — sin? A) + sin À — 2sin* A 
E E E (1). 
cos (2 À + A) = cos 2 A cos À — sin 2 A sin A 
(2 cos? A — 1) cos A 2 sin A cos A. sin A 
2 cos? A — cos A — 2(1 — cos? A) cos A 
= 4cos* A 3 cos A.............. — diios (2). 
sin 34 _ 3sinA — 4sin* A. 
c 


cos 3A 
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wo 


or, dividing numerator and denominator by cos! A, 
g in A 1 _ , SPA 
—À ee cos A co A cos A 
OM NN E 
cos? A 
_ dtan A (1 + tan? A) — 4tan A 
4 — 3(1 + tan! A) 
3 tan A- tant A 
— I — 3tan?A ———Á—— Hr € ope 
l . 
cot 3 À = mn J A x, by (3), 
1 - 3tam A 
3 tan A — tant A^ 
or, dividing numerator and denominator by tan? A, 
1 _3 ]. 
tan* A tan A 
= 1 
" tan? A š 
cot? À — 3cot A 
~ 93cotA -1 cot? A L 1 6001000000066 a (dy 
Cor. Put“ for A, and therefore A for 3 A, we have 


3 

ein À = 3 sino — 4 ein- 2, 
A A 

m sA _ A 
cos A = 4 cos? e 3 cos, 
3 tan  — tan? A 
tnA= 3 3. 
A 9 

— 2 

1 — 3tan 3 

cot? A = II 

et A = 5 — 
oco — 1 


9 
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9. To extend the formule of Arts. 1 and 2 to angles greater 
than a right angle. 

We shall take the case only when A is greater than a right 
angle, (A + B) being less than two right angles, Other 
cases will form good exercises for the student, and will not 
offer much difficulty. 

Let Z AOP = A, Z POQ = B; 

oe Z AOQ = A + B. 


0 


Take any point Q in OQ the bounding line of the angle 
(A + B), and draw QR perpendicular to OP. From R and 
Q draw RN and QM perpendiculars to AO produced, and 
from R draw RS perpendicular to MQ produced. 

Then Z SQR = 90° — Z SRQ = Z PRS 

= ZPOM = 180° — Z AOP = 180° — A. 

Now, sin (A + B) = sin AOQ 
OM SM - SS RN SQ 
OQ OQ (OQ ` 

RN SQ RN OR SQ QR 
OQ OQ OR OQ QR OQ 
= sin AOP. cos POQ - cosSQR.sin POQ 
= sin A cos B — cos (180° — A) sin B. 
Hence, since cos (180° — A) = cos A, we easily get 
sin (A + B) = sin A cos B + cos A sin B. 

And in the same way we may obtain expressions iot 

cos (A + B), and the sine and cosine of (A — N. 


O 
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10. To find the trigonometrical ratios of 189. 
Put 0 = 18°, then 5 0 = 90°, 
and .. 20 = 90° — 30 
~. sin 20 == sin (90° — 30) = cos 3 0, or 
2 sin 0. cos 0 = 4 cos? 0 — 3 cos 0; 
or, dividing each side by cos 6, 
2 sin 0 = 4cos* 0 — 3 
= 4(1 — sin? 0) — 33 or 
4 sin? 0 + 2 sin 0 = 1, or 
sin? 0 + sin 0 4. 
Solving this quadratic for sin 0, we have— 
+y5-1 
— 
Now, as 0 = 18°, the sine must be positive, and we must 
therefore take the upper sign ; 


sin 0 = 


Hence we have sin 18" = on 


From this result, remembering that cos 18” is positive, 
we get— 


cos 18° = * — pom SS NIO +25 i 2. 


And hence we may easily obtain the values of tan 18°, 
cot 18°, dic. 


11. 7o find the trigonometrical ratios of 36", 
We have, 
cos 36° = cos 2 (18°) = 1 — 2 sin? 18° 


-1-2( Y- 1 2 2 Ead 


And hence, . 
sin 36° = ji - (31) S —— W. 
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Cor. Since sin 18° = cos 72°, sin 36° = cos 54°, Ze, we 
may arrange the results of the last two articles, thus : 


sin 18° = 2 L = cos 72, 


cos 18° = IUE = sin 72°, 
sin 36° = N10 - 2V5 = cos 540, 


4 


cos 36° ES = sin 54. 


Inverse Functions. 


19. When the sine, cosine, tangent, &c., of an unknown 
angle are given, ib is sometimes convenient to express the 
angle by an inverse function. 

Thus, by sin”? s is meant the angle whose sine is 8 ; 

by cos”? c - e cosine is c ; and 
by tan- 1 5„, 5 tangent is t. 


13. To show that 


tan”? t, + tan 1 s= tanta, 
— Yi 


Let tan”? ü = A, and ex D — tan A. TQ (1). 
Also, let tan”? t£, = B, and ~. t = tan B. 


, 


Hence, by Art. 12, 


A + B = tan-1 tan A + ten B 


I —tanA.tanB 
Or, substituting from (1), 
TEL + t 
tan - 1 f, + tan”*£, = ant 2 a 
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Con. Hence also, 


tan”*t —tan”*f,= tan”? qum d l 


and 2 tan”? fi = tan”? 


14. To show that | 

sin-!s, + sin~!s, = sin 1 Ji — s + s, Vl — st: 

Let sin 61 = A, and .. 8 =*smÁ (1). 
Also let sin- 1% = B, and .. s, = sin B. 

Then we have, | 


cos A = VI — 8,3, and cos B = VI . . (2). 


Now, | 
sin (A + B) = sin À cos B + cos A sin B; 


hence, by Art. 12, 
A + B = sin-1 sin A cos B + cos A sin B}. 
Or, substituting from (1) and (2), 
sin- 13 + sin-la, = sinc! (s VI — ad + &, JI — sip: 
Con. So we get, 
cos? 8, --cos7!84 = cos? fas, — JI — 82.1 — ak 


15. We shall now give a few examples of questions solved 
by the aid of the preceding formule. 


Ex. 1. Show that 
sin A + 2sn3A +sin5A — an 3A 
sin 3 A + 2 sin 5 A T sin 7 A sin5A 


[As the required expression is to contain sin 3 A in the numerator, 
and sin 5 A in the denominator, we shall not alter the terms con- 
taining these quantities in the given expression. We observe that the 
first and last terms of the numerator may be thrown into the form 


sin (3A — 2 A) + sin (3 A + 2 A), 


where we have the sum of the sines of the difference and sum of two 
angles, We therefore apply the formule of Art. 2. And a similar 
plan may be pursued in the denominator. Thus N 
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sin A + 2 sin 3 A 4 sin 5A 
sin 3 A 2 sin 5 A + sin 7A 
_sin(3A 2 A) + sin (3 A + 2 A) + 2 sin 3 A. 


ein (5 A — 24) ein (5 Á + 2 À) + 3sin 5 A! 
or, by Art. A 
_2sin3 A cos 2 A + 2 8in 3 A 
2 sin 5 A cos 2 À + 2sin5 A 
2 sin 3 A (cos 2 À + 1) sin 3A 
Zen 5 A (cos2 A + 1) sin 5 A 
Ex. 2. Prove that 


cos A cos 5 A 
sin 5 A — sin A 

š sin 3 A 
[Our result is to be tan 3 A or a} we must then try 
to transform the denominator so as to contain the factor cos 3 A. 
Throwing it into the form of the difference of the sines of the sum 


and difference of two angles, we shall easily get the required result. 
And a similar method will apply to the numerator. Thus: 


cos A — cos5 À cos (3 A — 2A) — cos (3 A + 2 A) 
sin 5 A — sinA sin (3 A + 2A) — sin (3 A — 2A) 
_ 25sin 3 A sin 2 A 
Š cos 3A sin 2 A 
Ex. 3. Show that - 
l 4 tan7!4 — tan”? sty = 45°, 
By Art. 13, Cor., 


= tan 3 A. 


= tan 3 A. 


- a 1-1 
tan~?1 — tan”? = tan”? = tan”12 
KR i-x1Q0) ^" 
tan”? 3 — tan”? 1 = tan: 375 = no) 7, 
l + 3 (5) 
— fe 
tan 1p, - tan 13 tan”? Ue) = tan”? 4%, 


P 
tan“! — tan”? = tan. anch a 
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Adding together these equations, and reducing, we have, 
tan] — 4 tan^! j = tan (- hy) = tan shy. 
ge iransposing, 
4 tan^!4 — tan” Lake = tan”? l. 
Now tan”* 1 is the angle whose tangent is unity, and 
therefore tan -11 = 45. 


Hence we have 
4tan“?1 — tan”? 41, = 45° 


Ex. 4. Eliminate 6 from the equations, 


(a + 0) tan (0 — $) = (a — D) tan (0 + ) . . (I), 
acos? ó + D cos 2 0 = % 02662). 
From (1), 


a+b _ tan (0 + $) _ sin (0 + ¢) cos (0 — $) 
a—b dan (0 — - cos (0 + ¢) sin (0 — $) 


Hence, 


a sin (d + d) cos (0 — $) + cos (0 + d$) sin (0 — 4) 


a 
— — — — —— we 


b sin (6 + $) cos (0 di — cos (0 + ) sin (0 — $) 
_ 3 + $) + (0 ). ein 2 6 
SEKR 
. b sin 2 0 = a sin 26. . (3). 
We have also from (2), 
b cos 2 0 = c — acos 2 Q.. ..............(4). 
Squaring (3) and (4), and adding, we have, 
L? (sin? 2 0 + cos? 20) = a sin? 2 $ + (c — a cos 2 0)“, or 
1? = a? (sin? 2 d + cosg? 2 $) + c? — 2 ac cos 2 $. 
. Ó = a + cC — 2 ac cos 2 d, or 
2 ac cos 2 $ = a? + c — D^, the relation required. 


Ex. I. 


Z. Ifsina= ^s > and sin B = y, men Sm (o — BY = 


J/3 -1 


ANA 
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2. If sin a = 3, and sin D = 1, then cos (a + B) 
8/3 -1 
= 15 


3. Show that cos 2 x = E and sin 2% = 4, when 


sin c = Ja së 
249 
4. When cos z = 3, and cos y = v3 + 297 „then cos (z: = y) 


1 
N 
5. Ik sin a = (/ — J2), show that 
tan (45° + a) + tan (400) „ — 3: 


6. Given sin 72 = 
tan 36° = /5 — 2,/5. 
7. Given sin 18° aE 1 j show that 


sin 9° — Je avi - 410 + 2 JB wi cos 9° = NL + N10+2V5 
88 | 8 - 
8. Find the trigonometrical ratios of 7°}, 22°}, 974. 
9. Ifa Th show that 207% ERC 
slo sin 5 a 
10. If sin a = 4, sin B = +, sin y Af, show that 
sin (a + 8 + y) = 1. 


11. If tan A = 


, and cot B = z, then 


Y 
* — * K 


1 
—1 
tan (A - B) = 
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Adding together these equations, and reducing, we have, 
tan”*1 — 4 tàan^! 4 = tan^!(— 4,1,) = — tan”? zły 
Or, transposing, 
4 tan 11 — tan" l 245% = tan 1. 


Now tan - 1 is the angle whose tangent is unity, and 
therefore tan7!1 = 45°. 


Hence we have 
4 tan”? — tan^! 51, = 45%, 
Ex. 4. Eliminate 0 from the equations, 

(a + Ü) tan (0 — Q) = (a — b) tan (0 T ) (1), 
a cos? ó + D cos 2 0 = Cri): 
From (1), 

& +b _ tan (0 + 4) = sin (9 + 4) cos (0 — $) 

a—6 ten(0—d4)- cos (9 + ¿) sin (0 — $) 
Hence, 
sin (9 + ) cos (9 — $) + cos (0 + ¢) sin (9 — $) 
sin (9 + d) cos (0 — 4) — cos (0 + ) ) sin (0 — — di 


D sin! (0 + 9)+(0- A} sin 2 0 


— — - — æ. 


| 
C 
Ki 


G _ 
b 


— — —  ..— — > — 


sin] (0 + $) - (0 - )) sin 2 $ 

„ b sin 20 = asin 29... .............(9). 

We have also from (2), 
b cos 20 = c — a cos 2 . su (4). 

Squaring (3) and (4), and adding, we have, 

L° (sin? 2 0 + cos 20) = a? sin 2 $ + (c — a cos 2 $)”, or 
L? = a? (sin 2 % + cos? 2 d) + c? 2accos 2 P. 
n ba = a? + c — 2 ac cos 2 d$, or 
2 ac cos 2 $ó = a? + c? — b, the relation required, 


Ex. I. 
3 (Es a Gs and sin D = 3, wen en (a — 8) = 


AL 
= 2 


2 NA 


MULTIPLES AND SUB-MULTIPLES ÓF ANGLES. 901 


2. If sin a = y, and sin B = 1, then cos (a + $) 


8/3 - 1 
= 15 
3. Show that cos 2 x = e and sin 2% = +, when 
sing = 9-1 
242 - 
J3 + 1 
4. When cos z = ¿, and cos y "8 ¿—» then cos (z — y) 
_ 1 
* 


5. If sin a = (/ — 2), show that 
1 
tan (45° + a) + tan (45 — a) = is = "i 
6. Given sin 72° = V5 + V5 


— 949 
tan 36° = /5 — 2/5. 


, Show that 


7. Given sin 18” = LE 1 show that 
in 9° I N EE - 255 cos 9° 105 
8 y 8 | 


8. Find the trigonometrical ratios of 7°}, 224, 374. 


9, If a = 7, show that 2574 = sin 9a 
s7a sin 5 a 
10. If sin a = 4, "em i£, show that 


sin (a + Ë + y) = 1. 
11. If tan A = 


l P and cot B = c, then 


1 
men 
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49. Sin? A. dnb E C ein P s C 


OA in C- A 
2 2 
A + B in K B 
2 2 
= (sin A — sin B) (sin B — sin C) (sin C — sin A). 
B T C, B OC 


4 sin? B sin 


+ sin? C sin 


43. Sin A. sin — sin 3 
+ ein B. sin Ct gin € A 
| 9 9 . 
+ sin C. sin 2 d B ain 7 B o 


44. Cos (2 A. + B 
= cos (A + 2 B) sec (A — B) — sin (2A + B) tan (A- D). 
45. Sin 2 (a — B) + sin 2 (8 — y) + sin 2 (y a) 
nf 
46. Cos 2 (a — B) + cos 2 (B — y) + cos 2 (y — a) 
= 4 cos (a — B) cos (8 — y) cos (y — a) - 1. 
47. Tan (a + Ü + y) 
= Sin 3 a sin (B — y) + sin 3 Bsin (y—a) + sin 3 y sin (a — D) 
cos 3 a sin (9 — y) + cos 3 B sin (y — qp p 
48. — 1 — —1 NP S 5 
2 sin æ 2 sin q 2 sin ae — NETT + * 
„ 1 „ even; 
x sin na — cos » + 1. 


- 1 - 
and = “08 N x sin n 1-4 „ odd, 


x cos ne + sinn + l.a 
where n is the number of quotients of the continued fraction. 


If A, B, C are the angles of a triangle, show that : 
49. Cos A + cos B + ‘cos C 


= 4 sin sin y sino + 1. 


50. 


51. 


53. 


54, 


55. 


56. 


57. 


58. 
59. 
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Sin A + sin B + sin C 


A B C 
= 4 cos — cos — cos . 
9 2 2 


A B au 
Cot =; + cot > + cot — 
A B C 
= cot I cot I ot . 
: Sint 4 sin’ 5 + duc 
q 2 
. A D 
= 1 — 2 sin | sin 2 sin y 
A a B C 


Cos? — CIN P 


= 2 + 250 ein sin Ç - 
Sin 2 A + sin 2 B + sin 2 C 
= A sin A. sin B. sin C. 
Cos 2 À + cos 2 B + cos 2 O 
= 4 cos A cos B cos C — I. 


LR p E A Rm the 


= 4 cos me? cos í gum 
. B C 
Sin et sin 2 + sin y 


+ 4 sin 2 t P gin 4 + C gin B + C == 


4 4 4 
Cot A cot B + cot A cot C + cot B cot C = 
A B A C 
Tan -y tan > + tan J tan 2 
B C 
tan — tan — = 
ibus Dog 


St 
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60. Cos 2 
nA. + sin B + sin C) (sin A + sin B — sin C) 
4 sin B sin C 
A 
2 
61. Tan” —- 


_ (sin A + sin C — sin B) (sin A + sin B — sin C) 
(sin A + sin B + sin C) (sin B + sin C — sin A) 
62. Cot mA cot mB + cot mA. cot mB 
| + cot mB cot mC = 1. 
IfA + B + C = 90°, show that: 
63. Cos 2 A + cos 2B + cos 2 C 
= ] 4 sin A sin B sin C. 
64. Tan A + tan B + tan C 
= tan A tan B tan C + sec A sec B sec O, 
5 Cos B + sin C — sin A _ 1 + tan B 
Cos A +sinC sin B 1 + tan 2A 
66. (Tan A + tan B + tan C) (cot A + cot B + cot C) 
= 1 + cosec A cosec B cosec C. 
If a, B, y be in A. P., show that: 
67. Sin c — sin y = 2 sin (a — B) cos B. 

68. Tan  _ sin a + sin y tan (a + y) 
Tan (G — y) sina = siny tanj(a — y) 
99. 
Tan e + tan y 


+ $ tan 8 


"CN + 1 cot f. 


cot e + cot y 


70. Ife + B + y = 180°, and the sines and cosines of 
a, B, y be in A. P., prove that: 

(1) Sin 4 (a — B)sind y = sin 4 a sin 3 (B - y). 
(2) Cos B = 4 cos $ a sin 3 f cos 1 y + 1. 
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Prove that : 
71, Tan- 4 + tan"! $ = tan! 4 + 2 tanc! 3 = 45° 
72. Tan 4 + tan”? 7 = 135°. 


73. Sin-: 1l. + cos”? 


WE J10 
74. Tan 1 + 2 tan”? + tan”? i + tan! 4 = 45° 


= 45°. 


5. V cos a + cos Ü 
75. 2 tan (tan 4 tan ) COS ee rey: 


i tan 0 + tana 
W l + tan @ tan e 


= 2 tan-! Í tan (45* — 0) tan (495 — a)]. 


77. If 1+ cos A + cos B cos C20, where A+B+C=0, 
show that either A, B, or C is an odd multiple of 180", 


78. HA + B + C = @ * , 


—— 


1 £2 cos A cos B cos C = cos? A + cos? B + cos? C; 
but, if A + B + C = (2+ J) Z, 
1 + 2 sin A sin B sin C = sin? A + sin? B + sin? C. 


79. Show that, unless A = 2 zi J 


T; 
sin (n—7) À + 2 sin nA +sin (n+r) A sin nA 
sin (m—7)--2 sin mA A sin (m7) A sin mA 
and explain the reason for the exception. 


80. Given & = a cos ( + a), y = b cos (o + 8), 
gz = c cos ($ó + y), show that 


Zen (8- y) + Zen (y-a) + Ž sin (a-8)=0, 
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81. If the tangents of the angles of a triangle are in 
geometric progression, so that tan A = 7 tan D = 2° tan C, 
show that ` 

tan C = (y. and that sin 2 C = r sin 2 A. 


82. Eliminate 0 from the equations, 
a cos (0 + a) = x, and b cos (0 + B) = y. 
83. Prove that in any triangle, 
(cos A + cos 4 B + cos š C) (cos 1 B+ cos 4 C- cos 1 A) 
x (cos y C + cos 4 A- cos 3 B) (cos A + cos } B —cos}C) 
= 4 cos? A cos! y B cos? y C. 
84, Transform the equation, 
a° cost} A + fB*cos* 4 B + y cost] C 
— 2 aß cos? A cos? y B — 2 By cos? y B cos? y C 
~ 2 ya cos 4 C cos 1 A = 0, 
into the form | 
(la + mB + ny) (asinA + B sin B + y sin C) 
= p (By sin A + yasin B + af sin C), 
determining the values of J, m, n, p. 


85. If 1, E a &c., be successive convergents to ,/2, 
1 2 


then will 
Zen 27 ＋ (- 1)“ tan E 


A 


86. Given cos 0 = E cos p = m ` cos (0 + 4) 
= sin D sin y, then 
tan“ d = tan? B + tan” y. 
87. Given that tan 3 0 = (2 + 4/3) tan 0, show that 
tan? 3 0 = l. 
88. ries Sr = tan? y B, and tan B = 2 tan $ : then 
will 2 = 4 7 
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89. If a cos j + a) = bcos (z + B) = c cos (z + y); then 


a asina + bsin f 


2 
Seen ous ^ 9ab d — e 
cos (a — B) = ab ¡any acosa + b cos 


90. If sin (8 + ei + sin (2a — B + 2) 
= (cos? 8 — cos’ a) sin (a + 2 x) — sin a (sin? $ — sin? a); 
then will 8 
sec æ = sin (a + B) tan (a — 8). 


91. If sin 5 = get? and 0 + $ = a, then 


= lui 


tan 4 (9 - g) = 2 — y tan + < 


92. If tan 0 = m tan ¢, and 0 + $ = a, then 


0 mtl. _ 
sin a = —— sin (9 Q). 


93. If {1 + m cos (z + 2)}sin y = (1 + m cos 2) sin (z + y), 
then tan } x = cot y + m cos (y — 2) cosec y. 
94. If 2 tan (x — y — z) + tan z = tan (x — 2), then 
sin y — sin ( y) cos a 
sin (æ — y) sin 2 


95. If sin 0 = cos? a — sin? a /1 — c? cos? 6, then 


1 - tan 5 +(1 + tan 5) tan a y1 — c2 sin? a, 


96. If tan a = tan? 4 6, and cos 2 0 = 4 (2 w^ - 5), 
4 . 4 dk 


then will cos a + sin a = E 


tan z = 


97. If cos 5 = (1 — z sin $) tan a, 
and e — sin ó = cos $. tan f, 
then will a—B= ¢. 
0—1I. d 
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98. If m — cosec 0 = sin 0, n = sec 0 — cos 0, then will 
2 2/ 2 ° 
m5 n3 (m$ 4 n3) = de 


99. If sin? 0 = sin (a — 0) sin (8 — 0) sin (y — 0), 
where a+8+y=180", 
then will cot 0 = cota + cot B + cot y, 
and cot? @ = cot? a + cot? B + cot? y + 2. 


100. If cos ($ — 0 + a) cos (0 — a) = cos ($ — 0 — a) cos (0 + a), 
show that each of these quantities 


= 3] cos $ + cos 2 a. cos (2 0 — dit, 


CHAPTER II. 
CIRCULAR MEASURE. GENERAL VALUES OF ANGLES. 


Circular Measure. 


16. We have explained how angles are measured by 
degrees and by grades. There is another method of 
. measuring angles, and one much used in the higher branches 
of Mathematical Analysis. The fundamental proposition we 
have to establish is as follows :—J/ the vertex of an angle be 
taken as centre, and an arc be drawn cutting the lines forming 
the angle, then the angle 18 measured by the ratio which the length 
of the arc intercepted between the lines bears to the radius. 


We shall first prove the following preliminary pro- 
positions. 


17. The circumference of a circle bears to its diumeter a 
constant ratio. 
Let two circles be drawn with centres O, and O.. 


And inscribe in the former à polygon having any number 
of sides A,B, B,C, CD, do 
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Also, inscribe in the latter a similar polygon A,B,C,D; &c, 
Join O,A,, Oi Bi, &c. 


Then evidently, 


And so, 


Hence, by addition, 
AB, + B,C, + de. _ A,B, + B,C, + de 
A40, 202 


Now, suppose the sides of the polygon to diminish in- 
definitely, and their number to increase indefinitely. 


Then, the sum of the sides of the polygon in each circle 
will be the circumference of the circles. Hence, we have, 
eircumference of A,B,C,D,&c. _ circumference of A,B,C,D, &c. 

rad. A101 rad. A202 


Hence the circumference of a circle bears to its diameter 
a constant ratio. 


It is usual to represent this ratio by the symbol z. 
IIence the circumference of a circle = 2 rr, 


The value of = will be computed farther on. Its value is 
3:14159...., converging fractions to which are 
1 22 333 355 
3’ 7’ 106’ 113’ 
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18. To find the angle whose arc is equal in length to the 
radius of the circle. 


Let & circle be drawn with centre O 
and radius OA, and let the angle AOP 
be such that its arc AP is equal in 

A length to the radius. 


Then we have 
Are AP = r.................. (1). 


Now (Euc. VI. 33) angles at the centre are as the arcs on 
which they stand ; and hence 


4 AOP arc AP as 
4 right angles ^ circumference of circle’ 


— — — AP 


360° 2rr 27 


. 40 = 360 _ 180° 


2 7 T 


Now, by the last article, m is a constant quantity; and 
hence the angle corresponding to the arc which is equal in 
length to the radius has the constant value = 


T 


, whatever 


be the radius of the circle. 


If we take this angle as a unit or standard of. reference, 
then any other angle may be expressed in terms of this unit. 

Suppose a given angle A to be @ times this standard 
angle. 


Then 0 is called the circular measure of the angle A. 


Con. 1. Hence if 0 be the circular measure of an angle A, 
wo have 


A = Gol 0 = 57°-29577 x 6. 


Sometimes it is convenient to express the angle at once in 
seconds; we then have, since 5729577 = 206265” nearly, 


. angle = 206265” x 6. 
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Cor. 2. Number of grades in angle A 
= 200 6 = 63-66197.... x €. 


19. The circular measure of an angle is the ratio of the 
length of the arc to the radius ; or, 
_ are P, 
circular measure = ian p 
Let AP be an arc which is equal in 
length to the radius ; A 
And let AOP“ be an angle whose 
circular measure is required. 


Then, by Art. 18, 
Ciroular measure of 2 AOP’ = bru ; or (Euc. VI. 33), 
are AP’, 
arc AP ? 


But arc AP = radius, and hence 


Circular measure of 2 AOP’ = Y 


radius 
Cor. If a represent the length of the arc, we have 


a 
0 = , or a = r6. 
r 


It is sometimes convenient to represent an angle by its 
circular measure ; thus, since 


circular measure of 180° = zT 


rT 
E 
it is convenient to use r instead of 180". 
We may then write 
sin A = sin (z — A) 
cos A = cos (T — A), de, 
In the same way we allow the Greek letters 6, $, V, &c., 
to represent the circular measure, and the angles themselves, 
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The student wil have no difficulty in this respect, when he 


considers that the unit of circular measure is 180 


20. When 0 = 0, the limit of each of the ratios 9 d , and 


tan 0 . 
— 18 Unity. 


0 


Let OA be an initial line, and 
T AOP any angle, the arc corresponding 
to which is AP, 


Make an angle AOP’ equal to 
AOP. 
Join PNP’; it will cut OA at 
A right angles in N. 
Draw the line TT' touching the 


circle at A, and meeting OP and OP' 
produced in T and T. 


, Then it is easily seen that PN 

T = NP, and TA = AT’ in magnitude. 
And further, 

PNP, arc PAP’, TAT’ are in ascending order of magnitude. 


But PNP' = 2 PN = 2r sin 6, 

arc PAP! = 2 arc PA = 270, 

and TAT’ = 2TA Arx tan 0. 
Hence, 


2 r sin 0, 2 70, 27 tan 6 are in ascending order of magnitude. 
`. sin 0, 0, tan 0 37 7 (1). 


Hence also, 
sin H sin @ sin 6 
sin 0 p tan @ 


1, = 0 cos 0, in descending order; 


are in descending order; 


or, 
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But (Vol. I., page 345) the limit of cos ó is 1, when ó = 0, 


Hence tne limit of sin * = 1, when 0 = O, 


ENTM ] did 
é cos d 0 


= ] x 1 = 1, when ô = 0, 


Cor. Hence, when d is small, we have, 
sin d = 6 very nearl 
and tan = 6 d dh 


And further, when ó is very small, 


sin af sinnd nð _ sinnô sin 9 


— — g — — Lcd 


sin d nô sin d gier ger: 


91. To find the areas of a regular polygon and a circle. 
Let AB be the side of a regular 
polygon of n sides ; 
And let O be the centre of the cir- 
cumscribing circle, whose radius is 7, 
suppose. 
Then, since the angles about a point 
are together equal to 2 7, we have, 
¿ AOB = 27, A B 


7* 


area of A AOB = y AO.OBsin Ts sS dnt 


2 7 


And since the polygon consists of » such triangles, 

we therefore have | 
d a 

area of regular poli ygon of a = = n (1). 


24 


To find the area of a circle whose radius is 7, we may 
conceive the circle to be the limit of the regular polygon of n 
sides, when 7 is indefinitely increased. 
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We then have, when n is infinite, 
area of circle whose radius is r 


an sin 27 
_ mr 27 n n 
^ EN 
— m 2 1 
2 x“ | 
= gar 6000000009000 000000000008000000000000090000006000000000000900000 (2). 


General Value of Angles. 


99. To find a general expression for all angles having the 
same sine; that ts, to show that, when n is integral, 


sin d = sin {nr + ( 190). 

We have, sin 0 = sin (x — 6), and sin 0 = sin (2 v + 6); 
and we may increase or diminish the angle on the right side 
of these equations by any multiple of 2 z. 

We may therefore write 

sin 0 = sin ((2n + 1) 7 - e], 
and sin d = sin {2 nr + 6. 
We observe that when 6 has a negative sign, the multiple 


of 1 is odd, and when 6 has a pue sign, the multiple 
of = is even. 


Moreover, (— 1)"is — or + according as is odd or even. 


The expressions (2 n + 1) — 0, and 2 nr + 6, are then 
both included in the single form 
nr + (- 1)" 4, 
where z is any integer. 
Hence, for all integral values of n, we have 
sin d = sin {nr + ( yet. 
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98. To find a general expression for all angles having the 
same cosine; that is, to show that, when n is integral, 


cos d = cos (2 nr + 6). 


We have cos 6 = cos (+ 0); 

And we may increase or diminish the angle (+ 0) by any 
multiple of 2 1, without altering the value of the cosine. 

Hence, adding 2 nz, where n is any integer, we have 

cos d = cos (2 r + 6). 

24. To show that tan 0 = tan (nr + 0), where n ts any 
integer. 

We have tan à. = tan (r + 6); 

Hence it follows that the tangent of an angle is not altered 
by adding r to the angle; 

And since we may write the above equation thus : 

tan (T + 0) tan ê, 

it follows that the tangent is unaltered, if we subtract = from 
the angle. 


Hence we conclude that any multiple of t may be added 
or subtracted without changing the value of the tangent. 


We therefore have 
tan d = tan (nr + Ó, 
where n is any integer. 
Cor. We may easily gather from the results of the last 
three articles, that 
cot d = cot (nr + 0), 
sec d = sec (2 nr + 0), 


coscc d = cosec (nr + (- 1)" dt. 


It would be a useful exercise for the student to illustrate 
these results geometrically. 
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Ex. II. 
1. Find the circular measure of 1°, 15, 1, 1”. 


2. The circular measure of the sum of two angles is 4^ Tr, 
and the greater angle exceeds the less by 17% Find the 
angles. 


3. Find the length of any arc of 45? in a circle whose 
radius is 100 feet. 


4. Show that the radius of & circle is 35 feet, when the 
length of any arc of 60? is 362. 


5. The semi-diameter of a disc whose distance P d, is found 


to be 10’ ; show that the area of the disc is nearly. 


de a 
(10 ën 


1 3 
6. Show that sinó < 0, and > 6 — s ; and hence, prove 


that 
sin 107” = 000048481368. 


7. Prove that at a distance of 3 miles, a length of 5 feet 
will subtend an angle of 1” nearly. 


B. If h be the height of a mountain, r the radius of the 
earth, and d the distance which a person can see from the 


mountain top; prove that d = 4/2 rh nearly, 


Solve the following equations: 
9. Sin + cos 0 = wä, 

10. Sin 0 + sin 3 0 = sin 2 0, 
11. Sin 5 6 — sin3 6 = sin Á 
12. Sin mô = cos 220. 

13. Cos 0 — cos 2 6 = 1. 

14. Tan 5 0 + 38 = 0. 


15. When Anja tangent of half an angle is found from the 
tangent of the whole angle, it has two values, W hy is this? 
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16. Show, if « bo one value cf ó which satisfies the 


equation sin d = sin a, that the three values of sin : will be 
e 0 N T a ° T a 
ein 3, sin (3-3) -sin(3 + 3) 


ó ——t : 
17. Having given that 2 sin; = V1+ sin á + A/1— sin 6, 


where either sign of the radicals may be taken, explain the 


meaning of the four values of sin : thus obtained, by means 


ad 


of the formula 
sin ó = sin {nr + (- 1)" 0?. 
18. A sector, whose angle is ó, is cut from a circle, and 
formed into a cone. Show that the vertical angle of the 


cone is sin”? LA g 
OT 


CHAPTER III. 


INSCRIBED, ESCRIBED, AND CIRCUMSCRIBED CIRCLES OF A 
TRIANGLE. QUADRILATERALS. 


Thé Inscribed Circle. 


95. Let O be the centre of e 
the inscribed circle of the 
triangle ABC, and let the circle 
touch the sides in a, D, c. 


Then Oa, Ob, Oc are perpen- 
dicular to the sides, and 
Oa = Ob = Oc = r. 


Let S represent the area of ,, 
the A ABC. Ë 
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Then, 
8 = ABOC+AAOC+AAOB 
= jar + br + Yer = 1 (z + b + c) r =s. 


(-26-56-9 ...... (1) 


8 
Since S = 4 bc sin A, and s = 4 (a + b + c). 


We may evidently also write, 
TR O uec. ain B 


Cor. 1. Since the angles A, B, C are bisected by the lines 
AO, BO, CO respectively, we have 


X) = sing À or AO = APA im A 0 1 A 


or, by (2), 
AO 27 _ cos y A; and so 
+b+c 


2 ab 
CO = PE COS $ C. 


Cor. 2. Since Ab = Ac, Be = Ba, Ca = Cb, we have 
2 Ab + 2Bc + 2 Ca = G + Ó + c = 28, or 
Ab + Be + Ca = s, or Ab + Bc + Cb = 8; 

orb + Bc = s; A Bc = Ba = 6 5. 


And so, 
46 = Ac = g a, and Ca = Cb = s — . 
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The Escribed Circles. 


26. An escribed circle is one which touches one side of a 
triangle, and two others produced. Every triangle has there- 
fore the escribed circles, 

We shall denote those which touch the sides a, b, c 
respectively by 74, 7s) To 

Let the sides AB, AC of the A ABC 
be produced.  Bisect the exterior angles 
at B and C by lines meeting in O. 

Then it may be easily shown that O is 
the centre of a circle touching the side 
BC and the sides AB, AC produced. 

Let it touch these lines respectively 
in a, b, c. 

Then we have Oa, Ob, Oc perpen- 
diculars to BC, AC, AB respeetively, and 

Oa = Ob = Oc = Ya 


NowS = AABC 
= AAOC + A AOB - A BOC 
= Pr b + $r- Yr = 16 re- hr. 


A. 


= (8 — a)ry 
.. _ X 
°° fa — Hop e . eee e (I). 
and 80 75 = S 6 % %%% % %% %%% % %% %%% %%% %%% %%% %%% % %% %%% %%% %%% (2) 
8 6 I 
S 
T. "e = 5. 00. erer e. e. re. (3). 
Con. Hence, 
111,1_(8-0+(8-b+(8-c)_ 8 _ 1 
Ozta na di har 
(rr ss P ui 


VES 
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The Circumscribed Circle. 
27, Let O be the centre of the circumscribed circle. 
e Then AO = BO = CO = R, 
suppose. 


Now (Rue III. 20), 
Z AOB = 2 Z ACB = 2 C. 


Draw OD perpendicular to AB, 
then evidently 


B Z AOD = r AOB = C. 
And AD = 4 AB = 4c 
AD 20 
Now AO 0 ain G ™ 
C š 
R = sn P Hence we may write 
a b c 
Benk Tei ß 36 T * (1) 
m a abc abc 
And am n TT nA TS e 
abc abc 
= — = 7 TS ==> o... 0.0.0». (2). 
48 — 4 vs(s a) (s = b) (s — c) 


Con. Since (Art, 24) r = — we have 


abc S abo abc 
4S s 48 2(a@+6+¢) 


28. The distance between the centres of the circumscribed 
c and inscribed circles is NR? — 2 Rr. 
Let O be the centre of the circum- 
scribed circle, and o the centre of 
the inscribed circle. 
Join AO, Ao, Oo, then 
Oo? = 
AO” + Ao! - 2 AQ, Ao, cos OAo...(1). 


to 
to 
Go 
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Now AO= R; and, by Art. 25, Cor., 


_ 1 
"e sin + A 
Also, Z OAo = ZOAB - ZoAB = (900 - C) - yA 
= y (B - C) 
Hence, from (1), 

2 2 * = 9 
Oo? = R? + 11 Ge FA mya” cos 4 es H PUES (2). 
| ro 8 C 8 8-0 

O Ve. , 


and cos š (B - C) 
= cos? B. cos $ C + sind B. sin 1 C 


(=b) , /s(s- c) (s — a) (s — c) s—a)(s—6 
TED, JED SHED, ¡ERE 


dE iM dnm - 284 ing A; 
e cos $ (B - ©) _ s-a 


sind A a. 
Also (Art. 27, Cor.) Rr = j. 
Hence 
bl aded E A ESA 
48 a 
R a, or, by Art, 27, Cor., 


28 
Oo? = R — 2 Rr. 
Cor. Similarly may we show that the distances of the 


centres of the escribed circles from the centre of the circum- 
scribed circle are respectively 


JR? + 2 Rr, VR? + 2 Rr, JW A SN. 
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Quadrilaterals. 


29. To find the area of a quadrilateral which can be 
inscribed in a circle. 


— p Let ABCD be the quadrilateral ; 
" Then (Euc. III., 22), 
A + C = 180, 
and B + D = 180. 
C Let us represent the sides AB, BC, 
— CD, DA respectively by a, b, c, d. 
p Join AC. 
Then area ABCD = A ABC + A ADC 
2 ab sin B + $ cd sin D. 
But sin D = sin (180° — B) = sin B. 
Hence area ABCD = 3 (ab + cd) sin B ......... sses... (1). 
Now, from the triangle ABO, 
a + bó — AG = 2 ab cos B.. . . . . . . . (2). 


And from the triangle ADC, 
ord -AC 


il 


2 cd cos D 
-—- 2 cd COS B eeesessece (3). 


(2) - (3) then 
a+? — è — d' = 2 (ab + cd) cos B; 
I a + Ó — e a 
^ cos B = MEN ET `: 
Hence sin? B 
2 . 52 — 62 — n , 
= 1 — C iub reip , or, arranging, 


_ (b+crd-a) (a+c+d—b) (a+b4+d-c) (ab e—d) 
4 (ab T P 
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Let 25 =a + b + c + d, we then easily get 
sin? B V, 4(s - a) 25 b) (s — c) (8 — d) 


or 
+ cd) Y 


: 2 -——— 
sin B - ab AJ (8 — a) (s — b) (8 — c) (s - d). 
Hence, substituting in (1), we have 
Area ABCD = NG - a) (s — b) (a — c) (a — d). 


Cor. 1. Let d = 0, that is, let the quadrilateral become 
the ^ ABC. | 
Then S= s (8-a) (8 — 0) (s—c), where 28 = a + b + o 
Cor. 2. We may find the length of the diagonal AO 
thus : 
From (2) 
AC! = a? + 0 — 2ab cos B 


= at = rbd. 
a + Gi E 17 177 2 cd) 5 


= (ac + bd) (ad + bc) 


ab + cd 


e AO = (ac + bd) (ad + be) 


ab + cd : 


And eo, BD = /e + bd) (ab + cd) 


ad + bo 
Hence, AC. BD = ac + bd, 


Cor. 3. We also easily find 
; = [e-29(6-280. 
* ASEDIO oos $ O, 


cot pA JE eg 
. [CIO A CI _ 
tan y A = y ae "e 
P 


Ii. 


or, simplifying, 
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Cor. When the quadrilateral is inscribed in a circle 
we have 
| 2w = 180°, or w = 90°. 
Hence, 
S* = (s — a) (s — b) (s — c) (s — d) — abed cos? 90°, 
or S = J(s — a) (s — b) (s ch (s ch, as in Art. 29. 
31. To find the area of a quadrilateral described about a 
circle, 
It is easy to show that a + c = b + d. 
`. 8 = (aT c + a + c) =G + cor b + d. 
.8—-a=c, 8 — b = d, s c =a, 8 — d 5. 
Hence (s - a) (s — b) (s - c) (s — d) = abcd. 
Then, by Art. 30, 
S? = abcd — abcd cos! o = abcd sin? o, 
* S = yabcd. sin o, 


where 2 w is the sum of two opposite angles of the 
quadrilateral. 


CHAPTER IV. 


SUBSIDIARY ANGLES. 


32, When a trigonometrical formula is not adapted to 
logarithmic computation, it is usual to introduce what is 
called a subsidiary angle into the expression in order to 
put it into the form of a product of factors. 


Since the value of the sine and cosine of an angle ranges 
from zero to unity, it follows that if a be not greater than 5, 
it is perfectly legitimate to assume either 
a 


b 


y Or cos $ = Se 


sin d = A 
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Again, since the value of the tangent may range from zero 
to infinity, 16 is always legitimate to assume, for any real 
values of a and b, that 


tan $ = 7. 

huida 
Still as will be seen farther on, certain assumptions, 
although legitimate, are objectionable in particular cases. 


We shall not, however, enter upon this subject in the present 
chapter. 


39. To adapt to logarithmic computation the formula 
c = a? + b? — 2 ab cos C. 
(1) We have 


= at + P 2 ab (Sco T — 1) 


2A 
= (a + b) — 4 ab cos 5 
" 4 ab A. 
= (a + by E - epa oo zi Sieg (1). 
Now assume 
° 4 ab A 
sin” 6 — (a + by cos? ° „ % % % % %%% %%% 0050... (2) 


is assumption is allowable, for (a + 6)? is never less 
than 4 ab.) 


We then have 
c = (a + b) (1 — sin? 6) = (a + LP cos” 0. 


"- € = (a + 5) cos 0, the form required ................ (3). 


It will be seen that 4 may be obtained from (2) by means 
of logarithms, and then c from the equation just found. 


Thus, from (2), 2 L sin 4 
= 2log 2 + loga + log b — 2 log (a + 6] + aN 
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And from (3), 
log c = log (a + b) + L cos 0 — 10. 


(ii.) Or thus: 
c = ＋ b2— 2ab (1-2 sin’ 9) 


H 


(a — b + 4 ab sin E 


_ 2 4ab C 
= (0 OP rect mes ) — (4). 
Now E = P sin2 i may have any positive value, and 
hence there 1s some EA 0, such that 
d hab .C 
d = —— — ÁÀ 0... (9). 
tan? ô (a — B sin” G (5) 


Then, from (4), 
= (a — 5) (1 + tan? 0) = (a — bY sec? ó; 


= (a — b) sec 0................... (6). 


We then have, from (5), 
2 L tan 6 
= 2 log 2 + log a + log b — 2 log (a — b) + 2 L sin Ç; 


And from (6), 
log c = log (a — b) + L sec ó — 10. 


(iii.) 
=(¢ + 6) (cos € g + sm =) — 2 ab (cost 7 — sin Š 
= (a + by ein G + (a — B)! cos? 2 


= (a + by sin? — Ç 2 01 + (— SE cot! 9 i — era 
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= (a — 0) cos? © 1 11 + C tan? 9 


Either of these expressions may now be easily adapted to 
logarithmic computation. 


94. Adapt Ya + b + va — b to logarithmic computation 


Since 6 is not greater than a, we may assume cos $ 
Then 


Va + b + Na - b = Jal. JI + cos + dl — cos 4 ht 


= Ja Í V3 cos $ + A/2 sin in Sp = =2 Ja sin (45° + +5). 


35. Given the formula 


(cos A cos a — cos ó) cosh cos &“. sin a. sink 
= tan / (sin ô — sin 0’), 
to find h in a form adapted to logarithinic computation 
We have 


cos Ó sin a d cos ó s . cos 6 cos A — sinh | 
cos Ó sin a f 
= tan / (sin $ — sin 6’). 
Put cot $ = cos Ô cosa — cos Ò 


ee 1 
cos Ó sin a (1) 
then 


cos 6° sin a (cot ¢ cos h — sin 4) = tan / (sin 6 — sin ó); or 
cos Š sin a. Sate Sp) 
sin $ 
= tan l. 2 cos 3 (8 + ö“) sin y (8 — 8). 


* eos (p +h) = 2 — cos 4 (ò + 0) sin 1 (à — 2), 


the form required. 
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Ex, III. 
Miscellaneous Exercises. 


1. Adapt a + b + c + d + &c., to logarithmic "p 
2. Solve the equation sin 5 à = cos 2 0. 


3. If t, represent the sum of the products of tan a, tan B, 
tan y, &c., taken together, show that, when there are n 


angles, 


tan (a +B+y+...k) 
e , n even; 
1 — ½ 4. ls D, 
soils fe da. iod 
1-42 Tl —... (713 4. 


4. In any triangle 
(b + c) sin} A sin y (B-C) = (b — c) cos y A cos y (B- C). 
5. Show that 
sin 3 A —cos3A  2sin2A -1 o 
ein J A r o A Ita ~ 4} 
6. In any triangle the gësch from the angles 


upon the opposite side are inversely proportional to the 
sides. 


7. If tan 2a = P and tan 2 8 = p dr. 
PQ + 7 pq tors 
8 


sD asorat 
then tan (a — p) ZU > 


and tan (a + B) = pex 
8. If tan u = tan a cos b, and tan v = tan b cos a, 
then sec (w + v) = sec a sec b + tan a tan b, 


and tan (u + v) = tan a sec b X sec a tan b. 
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9. If D be the middle point of BC in the triangle ABC, 
DE be drawn perpendicular to AC, and EF perpendicular 


to BC, then C = 4 sin”? — 
10. The lines jeining the angles of a triangle to the 
middle points of the opposite sides, meet in a point. 
11. Show that 
(1.) log sec 20 = 2 (tan” 0+3tan0 + } tan? + del. 
(iL) 2 log sec à = tan? Y tan! ô + ] tan* 0 — de. 
12. Show that 


1 1 
G) tan 0 + n $s 2 n g oc 
1 1 


(ii.) 2 cot 0 + eee OE 


2cot 0 + 2cot + 


13. If the sides a, b, c of a triangle be in A. P., show 
that the area is to that of an equilateral triangle having the 


same perimeter as d 1 - TE to unity. 


14. The area of a sector of a circle is half the product of 
the radius into the length of the arc. 
.15. Given that 
a! cos a cos B + a (sin a + sin B) + 1 = O, 
a? cos a cos y + a (sina + sin y) + 1 = 0, 
show that 
a? cos B cos y + a (sin B + sin y) + 1 = O, 
and cosa + cos B + cos y = cos (a + B + y), 
where D and y are unequal and less than v. 
16. Show that 
1 " sec? $ v 
a ＋ bcosæ (a + b) + (a — b) tam 1 z 
17. If a point O be taken either within or without a 
; sin ABO. sin BCO . sin CAQ 
W za CBO. en ACO . SEO ` 
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13. In any triangle ABC, show that 
tan 3 A. tan 3 B. tan 3 0 = Ë. 
21 


19. If / be the length of the line drawn from the angle A 
to the opposite side so as to bisect the angle, then 


cos 1 A = Sak 


20. If p, g, r be the perpendiculars upon the sides of a 
triangle from the opposite angles, show that 


a bc _ pqr 
VS. ar IS I a 
21. If cos (a — 6) cos (6 — c) cos (c — a) = 1, then 
cos 3 (a — b). cos 3 (b — c). cos 3 (c — a) 
= 1 — b). cos 2 (b — c). cos 2 (c — a) + 1. 
If & point O be taken within or without an equilateral 


Bd? A BC, and upon BO an equilateral triangle OBD be 
described so that the angles ABO and CBD are equal,then will 
_ BO? + CO? - AQ? 
cos DOC = --- 2 50 CO 


23. In the ambiguous case where a, b, A are given, and 
b > a, show that if CI, C, are the values of the third angle, 
and ou c, the values of the third side, then 


(i.) C, + C, = 2 tan”? (cot A). 
(ii.) The distance between the centres of the circum- 


scribing circles of the triangles = Cy + Ca 
Zen A 


91. If the centre of gravity of a triangle be joined to the 
angular points, and R., R., R. be respectively the radii of 
the circles circumscribing the triangles thus formed, then 


Re I (5, - „) Re R ( ) Re R. (a -L)- 0. 


25. The area of the triangle formed by joining the centres 
of three circles of radii 71, 72, ? Which touch each other 


externally is ri rav, (ri T, Y 3. 
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26. 1f the middle points of the sides of a triangle be joined 
to the opposite angles, and 7,, 7,, 73, &c., be the radii of the 
circles inscribed in the triangles thus formed, and R,, R,, R,, 
dic., the radii of the circumscribed circles, 


then R, R, R. = R, R, R, 


and l. 1 4 d E ct + 1 
1 73 Ty Ta . Te 
27. If r be the radius of the inscribed, and *,, 7, 7, those 
of the escribed circles, then ee + E + -. 
r T. % 7. 
23. If R be the radius of the circumscribed circle, show 
that 
7 ＋ 7, 1 T. r= 4 R = (ra t 770 (r, + r.) (r. + Ta) 
Tals + TW, + Toa 


20. If Pa p, p, be the perpendiculars upon the sides 
1 1 


a, b, c, then — — 4 
Ya Po Pe Pa 
30. If a point P be taken either within or without a 
iriangle, and perpendiculars Pa, Pb, Pc be drawn upon the 
sides, show that the area of the triangle formed by joining 
the centres of the circles circumscribing the triangle Pab, 
Pac, Phe = 1 8. 
31. Two circles have a common radius >, and a circle is 


described touching this radius, and the two circles; show 
that the radius of the circle touching the three circles is 


Ar. 


' A tan C tan B 
32. In any triangle, if "ra E T show that each of 
in 9 
these quantities = LE 


33. If tan 4 a = tan? Ly, and tan y = 2 tan BB, show that 
a, B, y are in A. P. 


31. Show, by the binomial theorem, that 
(1 + ysin0 + ¿sin 0 + de.) (1 — ẹsin @ + $ su? d — Exp 
= sec 0. 
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35. If a, B, y be the distances between the centres of the 
escribed circles respectively, and a, Bu yo be the distances 
between the centre of the inscribed circle and the centres of 


A B B C 
the escribed, then Š = cot , DG = cot 2, Y = cot = 
escribed, € co 5? B, co 75 d cot 5 
96. Show that the area of the inscribed circle is to the 
area of the triangle as z : cot & cot i cot 7. 


97. The area of a triangle = /rr,r,r, 


38. If vers 1 * — vers-1* = verg-1(1 — b); 
a a 
e_ | 20 


39. Show that 

4R = (z, +75) (Ta +1.) (y + r.) = TE. ms 
rar T T Ir. T Të, a/a (c = a) Lo ES B) Lo = y 
when 2 oe = a + f + y. 

40. Three circles touch each other externally whose radii 
are a, b,c. Show that the tangents at the points of contact 
meet in & point, and that its distance from each of them is 

abc } 
P + 5 + 2 | 


CHAPTER V. 


HEIGHTS AND DISTANCES, 


86. In the first. volume of this work we have explained 
at some length the methods to be followed in the simpler 
cases of heights and distances. We shall work out an 
example or two involving more complicated considerations as 
specimens of the general course to be pursued. First, how- 
ever, we shall explain the Vernier Scale, the Sextant, and 

the Theodolite, 
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The Vernier Scale. 


97. The vernier scale consists of a small scale CD which 
slides along the edge of any ordinary graduated scale AB. 


MI Jt ] = 
ALL ITT 0 O TID DP-ÜÍÓbEPBÉEPREPEELPLITIPTEILILELTIE 
* 


JENSNNRNRRE 


Fig 1. 
With a straight scale, the vernier is straight; and with 
a graduated portion of the arc of a circle, the vernier is a 
small circular arc. 

Suppose the scale AB to be divided into equal divisions 
(say inches), AE, EF, &c., and each of these divisions again 
into tenths of an inch. Then it would be possible to express 
any length in inches and tenths of an inch by the scale AB 
alone. 

Let the length of CD be nine of these small divisions, and 
suppose we wish to measure the exact length of a line ac in 
the diagram below. 


(ei CW 


Fig 2. 

We see, by the scale AB, that its length is something over 
one inch and two tenths, By means of the vernier CD we 
can express this excess in hundredths. 

Let the æth division of the vernier correspond with a 
division of the scale AB, as at f. 

m ; l ,9. 9. 
Now each division of the vernier = 45 of jj = von in. 
Also bc + cf = de. 


9 1 
Hence bc + 100 vnd W 
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. 1 
ae. (6 100) 100 


Hence we learn that the excess over the length given by 
the scale AB is as many hundredths of an inch as corres- 
ponds to the division of the vernier which concides with a 
division of the scale. 


We have supposed here the divisions of the vernier to be 
reckoned from the left. If, as in some verniers, they are 
reckoned from the right, we must take 11 divisions of the 
scale instead of 9, and divide it into 10 equal parts. 


In that case, if the xth division correspond with the scale, 
we have, remembering that the divisions of the vernier are 
reckoned from the right, and that each division of the vernier 


= 1 o 11 in. 11 in 
10 10 100 
1 
10-a)-- = — 2. 
bc + (10 a) 100 (11 Ee 
E ME 
. bc 100 


In the case of a graduated arc of a circle, where the arc is 
marked for degrees, then, if 59 divisions of the scale corre- 
spond to 60 divisions of the vernier, and the vernier is read 
from left to right, and if the æth division of the vernier 
corresponds with a division of the scale, we should learn that 
the arc ought to be increased to the amount of x” above the 
scale reading. 


The Sextant. 


38. The sextant consists of a graduated arc AB, whose 
centre is C, formed upon a plate ABC. An arm CA carries 
a mirror fixed at its centre C in a plane at right angles to 
the plate. The am is moveable about an axis through C, 
carrying the mirror with it, and terminates in an index 
which moves along the arc AB. When the index points to 
zero, the mirror © and the zero point are in the same 
Vel taal plane, 
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D is also a mirror, the lower half only of which is 
silvered; it is immoveable, and fixed parallel to the position 
of C, when the index points to zero. i 


Fig. 3. 

Let A be the zero point, and suppose the index to be at 
A, The instrument may be used either to observe the 
altitude of & star, or to obtain the angle which two stars 
subtend at the observer's eye. 

Let H. and S be two stars. If we require simply the 
altitude of S, we may suppose H to be a point on the horizon 
in the same meridian as 8. 

We shall now explain however the general principles 
involved in taking the angle subtended by any two stars. 

H and S are both so distant that they may be supposed 
to emit parallel rays. 

Let H be observed, by an eye placed at E, by direct 
vision through the centre D of the lower mirror. 

Now hold the instrument so that a pencil of rays H C 
parallel to HD may, after impinging upon the centre C of 
the upper mirror, be reflected sq as to fall upon the lower 
mirror at D. 

Then FCH'and ACD aro respectively the complements of the 
angles of incidence and reflection with respect to the mirror C. 
^. Z FCH' = Z ACD, 

according to the law of reflection. 

Again, CDG is the complement of the angle of incidence 
upon D. 

Now, as the mirrors are parallel, Z ACD = Z CDG. 

Hence Z FCH! = Z CDG. 
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But since CH' is parallel to NH, we have also 
Z FCH' = ZCNH = ZNDM. 


Hence, ZCDG = ZNDM. 

But CDG is the complement of the angle of incidence of 
the pencil CD upon D. Hence, by the law of reflection, 
NDM is the complement of the angle of reflection. 

Therefore, the reflected ray will proceed along the line 
DNE. 

Hence the eye will see the object H both by direct vision, 
and by reflection, when the mirrors are parallel, or when the 
index points to zero. 

Let the arm be now moved until the star S appears by 
reflection to coincide with H. 

Suppose the index to point to L. 

Then SCH' is the angle subtended by the beni stars at 


the eye. 
Hence a pencil of rays SC will, after reflection, proceed 


along CD, and thence along DE. 
— Z8CK = Z DCL, 
since they are respectively the complements of the angles of 
incidence and reflection. 
Now, Z8CK = Z POH + Z FCK Z SCH’ 
= £ FCW + Z ACL - ZC SCH, 


C DGA Z ACL 
Z FCE - Z ACL. 
Then, equating these, we have 
4 FCE Z ACL = Z FCH + ¿Z ACL - Z SCH. 
, £ SCH' = 2 Z ACL. 


Hence the angle subtended by the two stars is twice the 
angle through which the index has been turned. 

It is usual to graduate the arc AB by dividing it into 
twice the number of degrees it actually contains, so that the 
reading from the instrument gives the true value of the angle 
required. 

A vernier is attached to the graduated arc to enable the 

observer to take the reading with greater exactness, 


And Z DCL 
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The Theodolite. 


39. This instrument is used for taking the angles of 
elevation of objects, and the horizontal angle between the 
objects. . 


It consists of a vertical circle carrying a telescope, whose 
axis is in the plane of the vertical circle, and moving about a 
horizontal axis, so that the line of vision can be directed to 
any point in the plane of the vertical circle; and also, of a 
horizontal circle carrying. the vertical circle and telescope, 
and moveable in a horizontal plane, so that the vertical circle 
and telescope can be brought into any azimuth. 


If the line of vision be successively directed to any two 
objects A and B, then an index upon the vertical circle gives 
the angles of elevation of the objects; and the difference of 
the indications of the index on the horizontal circle gives the 
horizontal angle between the objects. | 


The horizontal circle carries another, called a vernier 
circle, which has a horizontal motion independent of the 
horizontal circle. "There are generally two verniers upon the 
horizontal circle, to enable the observer to correct for centre- 
ing and graduation. Two readings are made, and the mean 
of the two will give the corrected angle, The vertical circle 
also carries a vernier for a similar purpose. 


Before proceeding to use the instrument care must be taken 
that it stands firm, that the horizontal circle is truly horizon- 
tal, that the line of collimation is properly adjusted, and 
that the vertical circle moves in a truly vertical plane. 


The theodolite often carries a compass, so that if the zero 
of the horizontal circle corresponds to the magnetic meridian, 
the horizontal angle between the object and the zero point 
gives the bearing of the object. 


Ex. 1. Two places B, C, inaccessible from each other, are 
distant a from another place A on the side of a hill. From the 
lower place C there are observed the horizontal angle (a) 
between A and B, and also the elevations (A, p) of A and B. 
Find the distance DC. 

0—11, Q 
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Draw CD, CE horizontal, meeting verticals through A, D 
respectively in D, E. 

Join DE, which is also horizontal ; and draw AF parallel 
to DE. 


n 


D 


Then we have: 


AB = AC = a, 
Z DCE = a, 
Z ACD = A, 
Z BCE = p 


Now AC? 
= ABP = AF + BF" 
= DE? + (BE - AD) 
= (EC A DC — 2 EC. DC cos ECD) + (BE - AD)’; or, 
a* = BO! cos? p + AC? cos? A 2 BC. AC cos A cos p cos a 
+ (BC sin p — AC sin A); or, simplifying, 
= BO + AC - 2 AC. BC cos Acosp.cosa — 2AC. BC sinAsin pe 
= BC? + a? — 2 aBC (cos À cos p cos a sin À sin p). 
Henze 


BC =2 a (cos A cos p cos a + sin A sin p); or, arranging, 


=2a f cos (A - p) cos? ó — cos (À dE 
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Ex. 2. An object A on the top of a hill is just 
seen from a point C behind the summit of hill B. A 
distance CD is measured along the road, and the following 
observations are made. At D the elevations of A, B are 
observed respectively to be a, B; and the angles ADC, 


ADB, ACD are found to be y, ô, e. Find the heights of A 
and D. 


Draw CE, DE horizontal, and AE, DF vertical Join ` 
DF, 


We have : e 
CD - a, 
Z ADE zo 
Z BDF = f, 
Z ADC = y, " 
Z ADD - 6, E 
Z ACD = e. 
Now D 


AE = AD sin ADE 


-- CD. = Si sin ADE 


Sg dein e. sin a sin a 
sin {180° — (y h)) 


. Bin € 


' sin ly + €) 


Again 
BF = BD sin BDF = CD. En sin BDF. 
=A sin € sin g=. sin B sine 
sin [180* - (y - y-8:9] ` sin (y + € — ó) 


Ex. 3, Given the elevations ot an Ajek from Unes 


244 PLANE TRIGONOMETRY. 


points in a straight line in the horizontal plane, to find the 
height of the object. 


A. Let A be the object ; C, D, E the 
three points in the straight line CE. 


Draw AB vertical, meeting the 
horizon in B. 
Let CD = a, DE = b......... (1). 
c Z ACB = a Z ADB = £ 


3 


Z AEB = y; and let À be the 
D height required. 


We have 


BC = N cot q 
BD = A SC NEE (2). 
BE = À cot y 


_ CD? + BD? - CP 
Now cos BDC i — 9CD.BD ” 
BD? + DE - BE? 
And cos BDE = — D DE 
But cos BDC = cos (180° — BDC) = - cos BDE. 
CD’ + BD? CB BD' + DE’ - BE r 
.2 CD. BD B 2BD.DE Í 
DE (CD? + BD? - CP) = CD (BD! + DE? BE)). 
Or, substituting from (1) and (2), we have 
b (a? + * cot? B. — A*cot!a) = — a (K cot? B +b- 7 cot? ); 
or, A 1a cot?  — (a + b) cot? 8 + b cotꝭ a = ab (a + 0), 
IL ACCION m" 
N a cot? y — (a + b) cot? f + b coti a 
Ex. IV. 


1, An object was observed from the deck of a ship to 
have a bearing of a” from the N.; and after a and b hours 
sailing in the same direction at a uniform rate, its bearing 
` was found to be G and y” respectively. Find the direction 
of sailing. 


— 


Hence, 
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2. A staff at the top of a tower subtends to the eye of a 
spectator on the ground an angle 0, and on going a feet 
nearer to the foot of the tower, it was found to subtend the 
same angle 0. "What is the distance of the tower ? | 


3. Three observers in a straight line, the middle one of 
which is at a distance a, b respectively from the other two, 
observe the elevation of a bird to be a, B, y respectively at 
the same instant. Find the distance of each observer from 
the vertical through the bird. 


4. There are two hills, the height of the second being A. 
From the top of the former the angles of depression of two 
objects in a straight line with both the hills and in the 
horizontal plane are a, and D. From the top of the second 
hill they are a, and 8, Find the height of the former hill. 


5. A gun is fired from a fort A, and the intervals between 
Seeing the flash and hearing the report at two stations B, C 
are £, t, respectively. D is a point in the straight line BC 
whose distance from A is required, having given v the 
velocity of sound, BD = a, DC = 6. 


6. From a certain point on the slope of a hill the elevations 
a, È of two objects on the hill are observed, and angle y they 
subtend at the eye. If J be the length of the hill in a direct 
road from the foot, find its height. 

7. Two ships are sailing uniformly with velocities u, v. 
At a certain instant their distances from the point of inter- 
section of their courses was a, 6, respectively. Show that if 
d be their minimum distance from each other, and 0 the 
inclination of their courses, then 


(av — buy sim @ = P (v) + e — 2w cos 0). 


8. The shadow of a column whose height is / is found to 
be a in length. When the sun has attained double his 
altitude, it is found to be b. Find the relation between 
a, b, À. 

9. From a ship a point of land was observed to bear a° 
from the N., and after sailing a miles in a N.W. direction 
the bearing was D from the N. Find the distance of the 
land from each point of observation, 
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And so from (2), when 0 = O, we have 1 = ú, 
We may therefore write 
sin 0 = 0 + a40 + a;@ A, (3), 
and cos G = 1 + aQ + aP + .... (+). 
(3) + (4), then 
cos 0 + sin 0 = 1 + 0+a0 + a,@' + a, + a, +.... (5). 
Put 0 + 4 for 0; then, arranging, 
(cos 0 + sin 0) cos $ + (cos d — sin 0) sin $ 
= 1 + (044) + a, (0 + $ + a, (0 + 4 + a, (0 + ) 
O e a eer ee (6). 
But from (3), (4), and (5), we get | 
(cos 0 + sin 0) cos $ + (cos 0 — sin ) sin - 
=(1 + 0 + 4. + af + a + 40° + ....) 
(1 + cd + at +....) 
+ (1 — 0 + a£ — a,@ + a — 4% h.) 
(0 + a @ + a@ + ....)................ (1). 
Equating co-efficients of like powers of 0¢, 0%, &c., in 
(6) and (7), then 


1 
2 a, = — 1, s š Aa — — 1 2 
SE 1 
3 a3 = Ge . 4 = — T273 
4, (ts, . G = l . 
š 1.2.3.4 
5a, =a 8 
2 182 3.4.5 
& c. = Ke. 
Hence from (3) and (4) we get by substitution, 
unn, kd 2 2 5 0" boe 
and D EE 8 


1.2 1.23.4 
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1 
50. To show that if 2 cos 0 = x + > then 


] 
2 - lsi = Xx 


SC 
x 


and also that 
1 
2 cos n = x? + A and 2 J- I sin no = x = 


We have 2 cos 0 = x + : ; Or, squaring, 
1 2 
4 cost 0 = SCH By. 
COS € + -) ; or 


— 4 (1-cos* 0) = € + dE 4 ; or 


- Asi 0 = (z - 1). 

. & 
—-— 1 

ER l sind = x - > 

Hence also, 
— 1 

2 (cos 0 + V1 sin 0) = (os -) + (a — d = 2a. 
cos 0 + = 1 sin 0 = %......... iD): 

And so, cos 0 Tan = 5 — (2). 


From (1), by Demoivre's Theorem, 
cos nO + = 1 sin 20 = z"; 


and from (2), cos n0 — /- Í sin n0 = L, 


From these two equations, the required results at once 
follow. 


261 


MISCELLANEOUS PROPOSITIONS. 


F 


(+ o aa ° 


: EY 


T - — = 
(r ea la (a) 


wire} «(T + 3 eqs sr ue) o[pprut oy} 


(1) ur suni I + u ore oam SB UL, 
"uoa? og u 327 (1) 


mt) * I— w | "ut, : Js qot . EE P + geU- yo = 


(1 -U)u (1 - wv 
MH 
G SÉ = % urs I er) ` "out 
x * 
E — v = 9 urs I V g aop} pue Í + % = 9 $09 ID 
“Lobaqur 


samsod v e u uyn “y Jo cofdiunus fo saursod 10 sours fo gu. % Ut Q ,UIS pundxe oL “IG 


OMETRY, 


WS 
ah 


PLANE TRIGO 


eet pw + 
e G I 


(1+ B) - 9« 


204 0 . — 


0 (p % soo U +o (ë — t) soo — gu soo gom (T = N L 
5 
dt en 
"TER „(I - uu” | 
0 (p — w) 800 5 e + 0 (6 — % sog'u — guso ç = 


, NE CNN PULSES 
pid le 


f — 


8 ta = ame A(T -).6 


BILIS Sm 
jo pue pue $uruutgoq om uon quezstpmbo surt) Surjoe[[oo (I) wolf emu OABY ou 


263 


MISCELLANEOUS PROPOSITIONS. 


BON 
. -u 6 I 
0 509 a — ++ °° °° + 
€ a ^ - u) u 
1 


0 (y — 2) soo Et. + 0 (G — w) soo t + gu soo = 0 ,802,..G 


‘ppo et u u94 (n) 


C 


— 


ER 4) ( - 


9 ( - u) so (Mu + 0 (g — v) soo w + gw soo = Y 800 uo 


1X 2 ° + 


“as et u 7% fl (1) 
: quq, er 988] eq? ur 88 Ápjoexo AOqS ÁBUI OM 
`D fo so) dignas fo sausos Iy} fo SULI? ur g S00 pupdxo OF "eg 
gue EE a E EE 
F SE 
G 


@ (p o- u) u av t 0 (ë — u) usu — guus = g om s (1 —) 1-08 


987) AÍÑoqs Apenas Ávur Ə A. 
'ppo eq u % (m) 


PLANE TRIGONOMETRY. 


264 


BP dis $ ¿ue + I 
— o $ ue + 1 Lp 13% 


(o soo + 1) + (o 800 


E=pli 
( son — I) + ( 800 + T) = Lang 
L- 8 


Woy} ^1oyeururouop pue J0619Umu JO eouaroprp pus ums oy} Sure, 


‘om ‘Suisse 40 


(dE D E 


© 805 (I - apus ae 


ES Lass? 


Laf LP Ir gn. I 
I- Lang I 
“(g€ PY) ae OA 
o + pp us" o K uw E + oç urs m $ u9 =v — ? 
20? pun Tam + 727 urs of uo Š — 75 urs m f uo 
201? Q01/8 07 y ue) * M $09 


SS 


p uv /7 “eq 


I 


265 


MISCELLANEOUS PROPOSITIONS. 


0 
| AH 
earisod «1o8ojur Zug xo ‘osoz oq Luu w uoqa ‘zu = g Áq poysryes sero = 9 urs uonunbə oul 


y fo gu 0 us siozonf oosponb fo )9npoad oy? otu? g soo pun g ums 200824 OF "Vi 


"j[nso1 panubo 
puooos oq 408 oA. “ uj * SC = um uriq; om ur uoryeubo uoALs oq} Surqyy Aq Ar puy 
U9 T us o $ uy $ — 26 us Š ue =0-) 


gursodsunn “90us y 
See 1 5 ufs o É „um C ufs fm 7 
gem / 68 Aq opp yous Surptarp 10 
- 5 ug [ — C um $ + 7 ug I- E fm - L — 26 = 
op — GI t- A 19) 9 $ ue £ + D 12-9? 1- A189) 9 $ uw — [ — 26 = 
fom TIA fm E is e 0 Eum — 
Ki: + 1- 21-20 $ gÉ A1 2 = o É uw) + LIS = 1-/?8 


vom Surpuedxa pus ‘apis do JO SUYILIBÍSO] Sure, 


PLANE TRIGONOMETRY. 


266 


m LAS 
iE er 


2 ) ( 1) ( 0% e VID + = 0 um 
903 ou (1) mo yng 


89 —„—————ꝗvy——̃—ꝓ— m ü g n b T = 
rg 7) (z 6 -) (2-)0=1 
‘0 = unn q = Ss souls “SAB on Q = Q USA on er uonenbo om pus 


Utt Ge = 6) Gres - 6) (z ) = im 
uaa eq Agur (T) uoryunbo oyy əoutç; 
- SUI V eururiojop Zem eu 
"peuruiro4op eq 07 Áyryuenb qu'ejsuoo euros sr v ee 
() ————ð—.. ( . 6. (ee — 0) (66 — cc) (e - ai go 
eo Ge + 0) (25 - 6) (25 + 0) (4 — y) (z + 9) gn = g wg 
‘suoryenby jo L10], oq Aq *o10jo1oq], 


| “uor3enba 
eq JO suotqn[os o[qrssod Ápuo oan queseadez “op ‘ne F "c T % # “0 = @ sanea 979 uH 


267 


MISCELLANEOUS PROPOSITIONS. 


(5) . eee sG , G d 


ebe ee ae "TI" 


Oé a -) GA. ) 71 
oN 9A O = 0 TOYA ‘T = 0 $09 eours "om = 0 má - 
‘POUTULIOZOP 9Q O) qu'*€j8u09 IUOS SI V e 


el eee. TD = - 6) (x - e) (E — 9) p= 


EEE 


'suoryenbq jo Loa, om Aq ‘tozaroq, 


"uoryenbo 
oq? Jo suonmn[os e[qrssod X(Tuo om quəsərdər o 2 9 rf PP: + * + =  sen[eA oq? VUH 


AHD 10 SATYISOA 
0 du. Auv 10 “019Z oq ÁeUr u UTA d (1 + 1 8) = g Aq poysnes st q = 0 800 uoryenbe out 
9 800 cof woi82..da9. 91/7 guy q; 


1) % o us 
(g) ou Surynzysqns “esuoF[ 


A 


268 ^ PLANE TRIGONOMETRY. 


But from (3) 
cos 0 


* 4. TT... (1-45) 0-45) (1-55). 


Hence, substituting from (4), 
= (1 - E TT 22) bot B . (B). 


Cor. From the result for sin 0, we may obtain Wallis’s 
expression for =. 


In (A), put 0 = “Z 5 , then since sin 7 = 1, and 2 = 2, we 


have 


55. To resolve x^ — l into factors. 
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d 
*. * = (cos 2 mr ty — 1 sin 2 mur)" 
2 nur — 2mm 
(i.) Let n be even. 
Then by giving m al. integral positive values from 0 to 25 
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we get + 1 for each of the first pair of values, and — 1 for 


each of the last pair. For all other values of m, the values 
of x are different. 
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limits O and P such that 


2 2 2 a 2 
cos = TI sin =F Cos EA LUE. MN [| I sin . 


Then we have cos * = cos 2, 


and sin ET = * sin Ll 
Hence (Art, 21), we must therefore have 
SEET, LE 
where r is any integer. 


or, Pet 


p ; o 279- 
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But p and g are by supposition each < >> and are different, 


Hence 2 + 2 x T cannot be integral. 


Hence the n values of x obtained from the equation 
* + I sin Kee 


cos 2 m 
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W = 


by giving m all integral values from 0 to > are all different, 


It must be remembered that we get really (n + 2) values, 
the first pair of which are equal, viz. + 1, and the last pair 
equal, viz. — 1. 
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Theory of Proportional Parts. 


68. The increment of the sine of an angle ts in general 
approximately proportional to the small increment of the angle. 


Let the angle A receive an increment A, then the incre- 
ment of sin A will be 


sin (A + AN = sin A. 
Denoting this by A sin A, we have 
Asin A = sin (A + A) — sin A 
sin A .cosh + cos A. sin — sin A: 
= gin . cos A — (1 — cos ) sin A 


EY fı USA] 


in A 


ind cos A fı » tan 3. tan A. 


If A be a small increment, we may put sink = A 
And unless tan A be very large, that is, unless A be very 


nearly 90°, the value of tan 2 tan A will be also very small, 


and may be neglected. 
Hence, unless A be very nearly a right angle, we have 
Asin A = A cos A, very nearly. 


Hence, in determining any angle from its sine, we may 
adopt the principle of proportional parts, unless the angle 
be very nearly a right angle. 


69. The increment of the cosine of an angle ts in general 
approximately proportional to the small increment of the angle. 


We have 

À cos A = cos (A + h) — cos A 
cos A cos À — sin A sin À — cos A 
— sin I sin A — (1 — ca (Ñ N 


lI 
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e s ain ; ein A 1 1 + 1 LEA cot A | 
sin À 
= — gin h sin A (1 + tan 7 cot A) 


Now, when A is very small, cot A is very large. 
Hence, when the increment A is small, we find that, 
Unless A be a very small angle, 

Acosh = — À sin A, very nearly. 


1t will be noticed that the cosine diminishes as the angle 
increases. 


70. The increment of the tangent of an angle is in general 
proportional to the small increment of the angle. 
We have 


A tan A = tan (A + h) — tan A 
sin (À + À) sin A ein (À +h - - A) 
cos(A +h) cosA cos (A + À) cos A 
RM E 
cos (A + À) cos A 
_ tan A 

cos? A (1 — tan A. tan A) 


Hence, as before, if A be small, and A be not nearly 90°, 
we have approximately 


À à 
X = À see A. . ... (1). 


And so we may show that, 
Unless Á be a very small angle, 


A cot A = — h cose? A...... (2). 
Also, that, 
When A is neither very small, nor nearly equal to 90°, 
Asec A = Asin A sec? KA...... q . (3), 


and À cosec A = — h cos A comed N... . (AA. 
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71. The increment of the values of the logarithmic trigono- 
metrical ratios is in general proportional to the small increment 
of the angle. 


(i.) AL sin A. 
We have sin (A + AN = sin A cosh + cos A sink 
= sin A + Å cos A, approximately. 
` sin (A + h) = 1 + heot A. 
sin A 
Taking the logarithms, we have 
log sin (A + A) — log sin A = log (1 + Acot A). 
But log sin (A + A) - log sin A = Lsin(A + -L sin A 
= ALsin A. 
And 
log (1 + hoot A) = p {hoot A — 1A cot? A + bei 
= ph cot A, approximately. 
Hence A L sin A = ph cot A, 
except in cases to be discussed in the next article. 
So we may easily show that 
(ii.) AL cos A = — ph tan A. 
And also that 
(iii.) A L tan A = 2 wh cosec 2 A. 
(iv.) A L cot A = 2 N cosec 2 A. 
(v.) À L cosec A = — ph cot A. 
(vi. AL sec A = ph tan A. 


72. The limits of our space compel us to omit the purely 
trigonometrical investigations as to the amount of error, and 
the cases of failure in the principle of proportional parts. 

To the student who is acquainted with the Differential 
Calculus we will indicate how this may be done by Taylor’s 
Theorem. 


We have, by Taylor’s Theorem. 
sin (A + A) = sin A + Acos A y sin (A + Oh), 


where 0 is some proper fraction. 
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7 
Hence A sin A = Acos A — 13 sin (A + Oh) ........(1). 


Hence, by taking Á sin A = h cos A, the error is less 


2* 
than -—-—. 
1.2 


9 8 P, | 
Again, when A is a small angle, 1-3 sin (A + Oh) is 


extremely small. 


But when A is nearly equal to 90°, 
sin (A + 0h) is very nearly unity. 


h? 
Hence the value of — 173 sin (A + 0%) is sensibly compara- 
able with A cos A, as cos A is then very small. 


Hence the differences between the sines of angles which 
are nearly 90° are very small, or, as it is called, 4nsensi- 
ble; and the second term of the series in (1) cannot be 
neglected, so that the increments of the sines are not propor- 
tional to the increments of the angle. "They are in this case 
said to be irregular. 


We hence conclude that : 
The differences of consecutive sines, when the angle is 
nearly 90°, are insensible and irregular. 


And so we may show that for cosines they are insensible 
when the angles are very small; for tangents they are 
irregular when the angles are nearly 90^; for cotangents 
irregular when the angles are very small; for secants 
insensible when the angles are small, and irregular when 
nearly 90” ; and for cosecants irregular when the angles are 
small, and insensible when nearly 90”. Irregularity accom- 
panies 4nsensibility. 
Again, by Taylors Theorem, 
log sin (A + h) 


3 
= log sin A + A cot A — E cosec? (A + Oh), 


where Ó is some proper fraction. 
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. AL sin A = n cot A — E cosec? (A + Oh). 


Hence, if we may neglect the second term, we have 
approximately, 
A L sin À = ph cot A. 
When A is very small, cosec? (A + 6h) is very large, and 
the second term may not be neglected. 


Hence the differences of consecutive logarithmic sines are 
irregular when the angle is very small. 


Again, when A is very nearly equal to 90°, 
cosec (A + Oh) is very nearly equal to unity. 


2 
Hence the value of D oseo? (A. + 0h) is comparable to 


ph cot A, for cot A is then very small, 


Hence the differences are insensible when the angles are 
nearly 90°. 


And in a similar way it may be shown that the principle 
of proportional parts fails for every logarithmic trigonome- 
trical ratio, when the angle is either very small or very 
neariy equal to a right angle. We may express these 
results as follows : 


— —— 


| Angles 
Angles Small.“ | early 90”. 
Logarithmic : 
(I.) Sines and cosecants,  ...|irregular,...| insensible. 


(2.) Tangents and cotangents, | irregular, ...| irregular. 


(3.) Cosines and secants, ...| insensible, | irregular. 
| 


73. Hence, when an angle is very small ov weoxvy SS , VS sss 
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impracticable to use the principle of proportional parts in the 
case of logarithmic trigonometrical functions taken from 
ordinary tables. 

We sometimes however require to know the number of 
seconds in a very small angle. The methods which may be 
followed will be now explained. 

First Method. 

Tables are constructed for a few degrees to intervals of a 
second, instead of to intervals of 10”, or of a minute. 

Here A must be less than one geet and the greatest 


3 
value of © eweg (A + 0h) is 7, Where h is the circular mea- 
sure of one second. It is therefore small enough to be 
neglected. 
Second Method. Maskelyne’s Method. 


"E 
We have sin a = ann I Z nearly. 
2 2 
And cosa = 1 — Ty to... = 1 - J nearly. 
I + 
. sna a a? 
ds =1-% = (1-5) „ nearly. 


(cos ayi, nearly; or sin a = a (cos a) z. 
Let a be an angle containing n”, then 


Circular measure of the angle = n sin 1” 
or a= nsin”, 


- Bin a = n sin 1” (cos a) , or 
sin n” = n sin 1” (cos n ); or, taking logarithms. 
Lena = log» + L sin 1” + 4 (L cos n” — 10) 
= log n + L sin 1” - 4 (10 — L cos m). . .. (I). 
And therefore 
log n = Lain” + } (10 — Leos”) LSin 1“... (2). 


Since the angle n“ is small, we may, in finding n from 
L sin a or in “finding L en w from n, make vss of on 
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approximate value of L cos n” from the tables; for its varia- 
tion is very small when the variation of n is small. 


We may find a similar value for the tangent of a small 


angle. tana? = ( -£)0- 2). 
D- 


EELER -i = (cosa) 


G, 


Hence, as before 

L tan n” = log n + L tan 1" — 2 (L cos n” — 10). 
Third Method—Delambres Method. 
Delambre constructed a table for every second to a degree 


for log 22 + L sin 1”. 


We have, if < be the circular measure of an angle of n”. 
sin a sin n” 
log EI $ = log Sinn 
n sin 1 


= Lsin n” — log» — Lain 1”. 


. Lama = log n + (log = “ + Lsin 17............ (3), 
and log n = L sin n” — (log = - bun 1) snis (4). 


Suppose the L sin of the angle is known, and we 
require to find n. 

We can find approximately, to the nearest integer, the 
value of n, and then making use of this to obtain from the 


tables the value of (log Ens + Lsin 1^), we can atonce find 


log n, and then a from a table of logarithms of numbers, 

By making use of the approximate value of n we are of 
course liable to error. That the error is not "axe Wi ve 
seen as follows: 
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We have 
sin a ei? oi ° 
— = 1 — wF —— «Qs T oy 4 o = eod 
e 1.3.3 + 1.3.3.4.5 l — se nearly. 


ll 


*. logis = = = plog (1 - a 


{-<-4(&) - &c. 


bs ZEU + hy — a} + dei + Ain at} + 4e. 
- - 2 18 * n @ very nearly. 


81 
A logi, 


| 
< 
d 
IE 
8 


sin a 


Hence, the variation of log is much less rapid than 


that of a, and the error will therefore be insensible 


74. Since, Art. 70, A sin A = À cos A, 
and A cos À = M sin A, 


we see that the differences for consecutive sines vary 
approximately as the cosine, and the differences for cónsecu- 
tive cosines vary approximately as the sine. 

Now, when the angle is < 45°, sine is < cosine. 

and " 3 > 45°, stne is > cosine. 

Hence, for angles less than 45°, the differences for consecu- 
tive sines will be greater than the differences for consecu- 
tive cosines, and vice versd. 

Hence, for angles less than 45°, it is better to determine 
them from their sines than from their cosines ; and for angles 
greater than 45° it is better to determine them from their 
cosines, And the same rule should be observed in the use 
of logarithmic sines and cosines. 


j approximately, 


SECTION III. 


SPHERICAL TRIGONOMETRY. 


CHAPTER I. 


DEFINITIONS, AND INTRODUCTORY PROPOSITIONS. 


1. A sphere is a body, every point of the surface of which 
is equidistant from a certain point within it, called the 
centre. We may also define a sphere as the solid generated 
by the revolution of a semicircle about its diameter or axis. 


2. Every section of a sphere made by a plane is a circle. 

Let ABCD be the section made by 
a plane passing through the points 
A and B, of the sphere whose 
centre is O. 

From O draw OE at right angles 
to the plane, meeting it in E. 

Take any point C in the circum- 


ference of the section, and draw the 
line EC. 


Then (Euc. XI., Def. 3), OE is 
perpendicular to EC. 


Hence, EC? = OC = OE. | 
— EC = JO OV, à constant Quay , Aos 
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OC is the radius of the sphere, and OE the distance of the 
plane from the centre of the sphere. 

Hence, it follows that all straight lines drawn from the 
point E to the circumference of the section, are equal to one 
another, 

The section is, therefore, a circle, whose centre is E, 


Cor. 1. When the plane passes through the centre of the 
sphere, the section is a circle, whose radius is that of the 
sphere. 


Der, A great circle is a section of a sphere made by a 
plane passing through the centre of the sphere, and has its 
radius equal therefore to the radius of the sphere. 

All other sections are termed small circles. 


If OE be produced both ways, to meet the sphere in P 
and Q, the points P and Q, where the perpendicular to the 
plane of the section meets the surface of the sphere, are 
called the poles of the circle ACDB. 


Cor. 2. It follows from this definition that all ares of 
great circles, and all chords, drawn from a pole to the circum- 
ference of the corresponding circle, are equal to each other. 


3. The angle subtended at the centre of the sphere by the 
are of a great circle, which joins the poles of two great circles, 
ts equal to the angle of inclination of the planes of the circles. 


ik Let CD, CE be the two given 
B great circles ; 

A, B, their poles respectively, O 
the centre of the sphere, and ABDE 
the great circle passing through the 
poles A, B, and meeting CD, CE, 

c respectively in DE. 
Then AO is perpendicular to CO, 
and OB is also perpendicular: to 
CO. 
Hence CO is perpendicular to both AO and OB. It is 
therefore perpendicular to every line drawn from O in the 
plane AOB (Rue, XI.. 4). 
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Hence CO is perpendicular to OD and OE. 

Now OC is the intersection of the planes OCD and OCE, 
and OD and OE are lines drawn respectively in those 
planes. 

Hence (Euc. XL, Def. 6) DOE is the angle of SE of 
ihe planes OCD and OCE. 


Now Z AOB- Z AOD - ZBOD 
= Z BOE - Z BOD = Z DOE. 


Der. The angle between the arcs of two great circles is 
the angle of inclination of the planes of the circles. 


Hence Z DCE = Z DOE = Z AOB. 


Cor. Hence by Art. 2, any circle of a sphere is at right 
angles to the great circles which pass through its poles. 


4. Two great circles bisect each other. 


As the planes of all great circles pass through the centre 
of the sphere, it follows that a diameter of the sphere is the 
line of intersection of any two circles. Each segment of the 
great circles must therefore be a semicircle. 


5. Arcs of great circles drawn from a pole of a great circle 
to points in its circumference are quadrants. 


Let P be the pole of the great 
circle ACBD, and let O be the x 
centre of the sphere, which therefore 
lies in the plane of ACBD. 
Then PO is at right angles to the 
plane ACBD. c a D 
Draw PA, PB, ares of great A. 
circles, from P to the points A, B. 
Then, since PO is perpendicular to the plane ACBD, 


Z AOP is a right angle. 


Hence, the arc AP, which subtends the angle AOP, must 
be a quadrant. And similarly, PB is a quadrant. 


Der. Great circles drawn through the pole of a great 
circle are called secondaries to that great circle, 
0—11, U 
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Thus, in the figure, Art, 3, where C is a pole of ABDE, 
the ares CD, CE are arcs of secondaries to the great circle 
ABDE. 


Cor. Since the arc DE measures the angle of inclina- 
tion DOE, it follows that the angle between any two great 
circles is measured by the arc intercepted on the great circle to 
which they are secondaries. 


6. If from a point on the surface of a sphere there can be 
drawn two arcs of great circles, at right angles to a given 
circle, which two arcs are not parts of the same circle, that 
point is a pole of the given circle. 

Since the arcs are at right angles to the given circle, their 
planes must intersect in a line which is perpendicular to the 
plane of the given circle, and this line must pass through 
the centre of the given circle and sphere. 

Hence, the line is the axis of the given circle, and the 
point from which the arcs spring is a pole of the given 
circle, 


CHAPTER II. 
SPHERICAL TRIANGLES. 


7. Spherical Trigonometry investigates the relations 
which subsist between the angles of the plane faces of a 
solid angle, and the inclinations of the plane faces to each 

A | other. 


Let O be the centre of a sphere, 

and let a solid angle be formed at O, 

E by the three planes, BOC, AOC, 
5 AOB. 

These planes will cut the surface 

of the sphere in the arcs of great 


0 — J C circles, BC, AC, AB. 
a Then ABC is called a spherical 
| B iriangle. 


In Spherical Trigonometry the arcs of great circles only 
are concerned, and it must be understood, that when arcs 
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are in future mentioned, they are arcs of great circles unless 
it be otherwise expressed. 

BC, AC, AB are called the sides of the spherical triangle 
ABC, and are usually expressed respectively by the letters 
a, 6, c. 

If AD, AE be drawn respectively tangents to the arcs 
AB, AC, then OA. is perpendicular to both AD, AE. 

Hence (Euc. XI., Def. 6), 


Z DAE is the angle of inclination of the planes AOB, AOC. 


Hence, the angle between two sides, AB, AC, of a spheri- 
cal triangle, is the angle between the tangents drawn at the 
point of intersection of the arcs. 

It is convenient in Spherical Trigonometry to limit the 
sides of a triangle to less than a semicircle. 


8. Every angle of a spherical triangle is less than two 
right angles. 

For suppose, if possible, that a 
triangle is formed of the arcs AC, 
BC, AEB, where the angle ACB is 
greater than two right angles. 

Since the angle ACB is greater 
than two right angles, if we produce 
AC it will meet the circle ACBD 
in some point between A and B on 
the side remote from D. 

Let it be produced and meet ACB 
in E. 

Then (Art. 4), arc AFE is a semicircle, and therefore 
AEB is greater than a semicircle, and consequently the 
triangle we have supposed is not one considered in Spherical 
Trigonometry. 


9. Any two sides of a spherical triangle are together 
greater than the third side, and the sum of the three sides 
48 less than the circumference of a great circle. 

Using the figure of Art, 7, we have, by Euc. XI, 20, 

Any two of the angles AOB, AOC, BOC, are together 
greater than the third. 
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Now these angles are respectively subtended by the arcs 
AB, AC, BC. 

Hence any two of the sides AB, AC, BC of the 
triangle ABC, are together greater than the third. 

Again, by Euc. XI., 21, 

The three angles AOB, AOC, BOC, forming the solid 
angle at O, are together less than four right angles. 

And four right angles is the angle subtended at the centre 
by the circumference of a great circle. 

Hence, AB, AC, BC, are together less than the circum- 
ference of a great circle. 


The Polar Triangle. 


10. Der. If the points D, 
A E, F be respectively the poles 
D of the sides BC, AC, AB of 
E the triangle ABC, then the 
triangle DEF is the polar 
p triangle of the primitive tri- 
angle ABC. 

B C As the sides of the triangle ABC 
have each two poles, it is evident 
we may form eight triangles having 

for their angular points poles of the triangle ABC. Thus, if D, E, 
F be the other poles corresponding to D, E, F, we may form the 
triangle DEF, DER DET’, DEF, ED'F, EDF, FD'E, FDE. 
The triangle DEF is, however, the only one when the poles D, E, F 


lie towards the same parts with the corresponding angles A, B, C. 
This is the triangle meant in the above definition. 


11. 7f one triangle is the polar triangle of another, the 
latter 18 the polar triangle of the former. 

Let DEF be the polar 
triangle of ABC, then shall 
ABC be the polar triangle 
of DEF. 

Since D is the pole of BC, 
then DC is a quadrant, and 
since E is the pole AC, 
then EC is & quadrant. 

Hence the ares CE, CD, 
drawn from the yout G to 
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the great circle ED, are quadrants ; and hence C 1s the pole 
of ED. 

And, similarly, we may show that A, B are respectively 
the poles of EF, DF. 

Hence A BC is the polar triangle of DEF. 

The polar triangle is often called the supplemental tri- 
angle, from the property proved in the next article. 


19. The sides and angles of the polar triangle are respec- 
tively the supplements of the angles and sides of the primitive 
triangle. 

For suppose the arc EF to meet the arcs AB, AC in the 
points G, H, producing the arc EF, if necessary. 


Then (Art. 5), 
ZA = GH = EH - EG 
= EH - (EF - GF) 
= EH + GF - EF. 
But EH and GF are quadrants, and subtend, therefore, 
angles each equal to F And EF is the side of the polar 


triangle corresponding to the angle A. 

Hence, if a’, b’, c, represent respectively the sides of the 
polar triangle corresponding to the sides a, b, c of the primi- 
tive triangle, we have | 


A=7- d', 
And so B = 1 - &, C=r- č. 
And again, similarly, if A’, BY, C', be the angles of the 
polar triangle, 
a=r A“, b B', ce = z - C. 
Con. Hence, if a general relation be established between 
the sides and angles of a spherical triangle, we shall still have 
a true relation, if, for the angles, we substitute the supplements 
of the respective sides; and for the sides, the supplements oj 
the respective angles. 
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Thus, it will be shown farther on that 


Mun AS carl 


cos A = . : 
sin D sinc 


Hence. in the polar triangle, 


ap 8 
sin ö sin c! 
But 
A! =m a, G! = m — À, b' == — Bo 1 (. 
Hence, substituting in (2), we have 


cos (r — A) — cos (r — B) cos (r C) 


ara) sin (r B) sin (m — C) 


This is just what we at once obtain by replacing in (1) 
the angle and sides by the supplements of the corresponding 
side and angles respectively. | 


The result, when simplified, gives 
cos A + cos B cos C 
sin B sin C ° 
The proposition here established is one of fundamental 


importance. 


COS a = 


13, The sum of the angles of a spherical triangle is greatet 
than two right angles, and less than six right angles. 


By Art. 9, a+b+c<2r, 
Putr — A, z — B, 7 — C fora, b, c respectively, then 
(7 - A) + @ - B) + (z - O) < Ze 


Hence A + Ë + CO > <. 
Again, Art, 8, each of the angles A, B, C is < x. 
Hence A + Ë + C< 3r. 


¿Ay B+ CS, wn< Sa. QBS, 
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14. The angles at the base of an isosceles spherical triangle 
are equal to one another. 


Let ABC be a spherical triangle, T 
having the side BC equal to the 
side AC. 

Then shall ZA = ZB. 

First, let the two given sides be 
less than quadrants. 

At A, B draw tangents AT, 
BT. These wil meet OC pro- 
duced in the same point T, since c 


CA - CB. 
Again, draw AT’, BT", tangents 

to the arc AB, then AT’ = BT’. Ë 
Also, we have AT = BT. ; 
Hence, in the two triangles T 


ATT', BTT' the sides AT, AT' 
are respectively equal to the sides | 
BT, BT”, and TT’ is common. 


. LTAT' = Z TBT. 
But (Art. 7) these are respectively the angles A and D. 
oe Z A = Z. B, 


If the sides AC, BC are greater than quadrants, the tan: 
gents AT, BT will meet OC produced in the opposite diree- 
tion, and the proof will be similar. 

. 1f the sides AC, BC are quadrants, then (Art. 3) the 
angles A, B are right angles. 


Cor. Conversely, from the same figure it may be shown 
that if the angles A and B are equal, then the side BC is 
equal to the side AC. 

Hence, also, every equilateral triangle is equiangular, and 
every equiangular triangle is equilateral. 


15. If two angles of a triangle be unequal, the side opposite 
to the greater angle is greater than the side opposite ta the 
8. 
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Let the angle B be greater than the angle A. 
| Then shall AC be greater than 
n BC. 
At B make the angle ABD 
equal to the angle at A. 


Then (Art. 14) BD = AD. 
C — Now (Art. 9) BD+DC>BC. 


E Hence, AD + DC > BC; 
that is, AC > BC. 


And similarly, the converse proposition may be proved, 
viz. : 

If two sides of a triangle be unequal, the angle opposite to 
the greater side is greater than the angle opposite to the less. 


CHAPTER III. 


RELATIONS BETWEEN THE TRIGONOMETRICAL RATIOS OF THE 
SIDES AND ANGLES OF SPHERICAL TRIANGLES. 


16. The sines of the angles are proportional to the sines of 
the opposite sides. 


Let ABC be the spher- 
ical triangle, O the centre 
of the sphere. 

Join OA, OB, OC, and 
from any point D in OA, 
draw DE perpendicular 
to the plane BOC ; also, 
from D draw DF, DG 
perpendicular respective- 


ly toOB, OC. Join OE, EF, EG. 
Then, DEG, DEF are right angles since DE is perpen- 
dicular to the plane BOC. 
. EF? = DF - DEE 
(OD! - OF) - OD -OMA =S% - OFF, 


H ! 
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Hence (Euc. I., 48), Z OFE is a right angle. And so 
Z OGE is a right angle. 
Hence DF, EF are each at right angles to OF. 


Therefore, Z DFE is the inclination of the planes AOB, 
BOC (Euc. XI., Def. 6). 


. £ DFE = B. 
And so, Z DGE = C. 
Now DE = DF sin DFE = OD. sin AOB. sin DFE 
= OD sin csin B. 
And so DE = OD sin 5 sin C. 
Hence sin c sin B = sin 0 sin C. 
sin B sin C 
' sinb sinc 


It at once follows from the form of this result, that 


sina sinb sinc 
In the figure the sides are all less than quadrants, and 
the perpendicular DE falls within the triangle BOC. Any 
other case will be found to admit of a similar proof. 


17. To express the cosine of an angle i in terms of the sines 
and cosines of the sides. 
Let ABC bethe triangle, R 
O the centre of the sphere. 
Join OA, OB, OC. 
At A draw the lines B 
AD, AE tangents to AC, 
AB respectively, and meet- 
ing OC, OB in D, E. 
Join DE. 
Then (Art. NL Z DAE o 
= ZBAO = ? 
From the Gef? EOD, A 
we have 


DE? = OE? + OD? — 2 OE. OD cos DOE 
= OF? + OD? - 208., OD ec o. 
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And from the triangle EAD, we have 
DE = AE; + AD? — 2 AE. AD cos DAE 

= AE? + AD? — 2 AE. AD cos A. 
Hence, equating these results, 

AE? + AD! — 2 AE. AD cos A 

= OE! + OD? — 20E. OD cos a. 
-. 2 OE. OD cos a 
= (OE — AE?) + (0D? - AD) + 2AE. ADcos A 
= OA? + OA? + 2 AE. AD cos A. 

OA OA , AE AD 


e COS YA = OD ` OE + on Cog s A, 
or cos a = cos b cos c + sin b sin c cos A. 


And so 


cos b 


cos G cos c + sin Ó sin c cos B, 
and cos c = cos à cos b + sin a sin c cos C. 


From these formule, the cosines of the angles may be ex- 
pressed in terms of the sines and cosines of the sides (Art. 12). 


18. To express the cosine of a side in terms of the sines and 
cosines of the angles. 


We have, by the last Art, | 
cos a = cos 6 cos c + sin b sin c cos A. 


Hence (Art. 12), replacing A by + — a, and a, b, c respec- 
tively by r A, r — B, r C, we get 


cos (r — À) | 
= cos (m — B) cos (z = C) + sin (F- B) sin (z — C) cos (z — a); 
dr; simplifying 
cos A = — cos B cos C + sin B sin C cos a, 
And so cos B = cos A cos C + sin A sin C cos b, 
cos C = cos A cos B + sin A sin Ë cos c. 
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From these formule we have at once, cos a, vos b, cos c 
expressed in terms of the angles A, B, C ; thus 
"P cos A + cos B cos C 
sin B sin C , 
— NN cos B + cos A cos C 
sin A sin C 
‘cos C + cos A cos B 
sin A gin B 
19. To express the sine of an angle in terms of the func- 
tions of the sides. 


W COS G — cos 
sin Ó sinc 


cos C = 


. aint A — 1 _ (008 d — cos b cos c 
saint ay ) 
_ sin” b sin? c — (cos a — cos b cos c)? (1) 
———— sin? b sin? C xm - —— 90990090 0 ds eSeee0e 86000000090 0 
_ (1 — cos*b)(1 — cos*c) — (cos? a CO coe — 2cosacosbcosc) 
sin’ Ó sin? c 
_ l — cos” a — cost b — cos? c + 2 cos a cos b cos c 
sin? b sin? c | 
Hence, taking the square root of each side, and taking the 
positive sign of the radical, as sin A is always positive, we 
have 


sin A 
1 
Sue. ll cos? a — cos? b — cos? c + 2 cosa cos 6 cos c. 


Con. This result, by taking the expression in (1) and 
breaking into factors, may be easily expressed in the 


following form : 
sin A = <n} gin e Vein s sin s aj sin (s — b) sin (g — c), 


where 28 =a + b + c. 
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And so 

2 o EE s= ass 
sin g ging sins sin (s — a) sin (s — b) sin(s- 
2 Ee 
sin C = aang Vein 8 sin (s — a) sin (s — b) sin (s - 


sin B 


A B 


20. To express the sines, cosines, and tangents of EE! 


tn terms of the functions of the sides. 
We have, Art. 17, 


cos a — 
— E cos b cos c 
sin Ó sin 
Hence 
, . A GO — 
2 sin: — =] — I cos 6 cos c 
sin 6 sine 
cos (b — c) — cosa 
sin Ó sin c 
From which 
=—— 
sin A ët Den sin (s — c) 
sin Ó sinc 
And so 
PRETEND 
cos A 8 NIIL. (s — a) 
3 — — 9) 
2 sin ö sin 
Hence also, since 
sin A 
A 9 
＋ , we have 
aad 


cos — 
2 


A  [sn(s — b) sin (s — 
ae? i NT assu gp 


We have taken the positive sign of the radicals becaus 
RO p 008 — „tan ta aro always postive, 
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From the form of these results we at once obtain similar 


BC 
Formule for. PT 


The student cannot fail to see the similarity between the 
expressions obtained in the last two articles, and the expres- 


sions for sin A, sin e &c., in Plane Trigonometry. 


21. To express the functions of the sides and half sides in 
terms of the functions of the angles. 


We have (Art. 18), 


_ cos A + cos B cos C 
6" in B sin G 
And Wi proceeding as in Arts, 19, 20, we can obtain sin a, 


sin > COB ç , C., as wethe n obtained sin A, sin = cos = &c. 


We may get these results however by means of the pro- 
perties of the supplemental triangle (Art. 12). 


The student may easily see that we then get 
sina =” AJ — cosS cos(S — A)cos(S - B)cos(S - C) (1), 


sin BsinC 
. a _ _ cos Š cos (S — A) 9 
ui y din Ben "TT" e 
a _ [cos (S B) cos (S — C) 3 
„en I T EE 


8 cos S cos (S — A) ` 
tang = J- cos (S - B) cos (S — CO) ` nx 
where 2 8 = A + B + C. , 
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We have taken here again the positive signs of the radicals, 
because a is less than two right angles, and therefore 
sin a, sin > &c., are all positive. 


We can show that the expression in (1), (2), (4) are all 
real, thus : 


By Art. 13, 28 >, and < 3. 


„82 ed 


2 


Hence cos S is MM 

Again (Art, 9), a< b + ec. 

*. (Art. 12), r -A< r -B+7-C,orB+C — Ar. 
8 T 
.8 — À < 5 

Again B + C — A is always greater than — r, for B 


and C must have some positive value, and A cannot be 
greater than r. 


Therefore S — A is always algebraically > — 2 


Hence, cos (S — A) is always positive, and similarly 
cos (S — B), cos (S — C) are positive. 


Hence the expressions for sin a, sin 3 =, &c., are real quan- 


tities. 


22. To show that 
cot a sin b = cot A sin C + cos b cos C. 
We have cosa = cos b cos c + sin sin c cos A; 
also cos c = cos a cos Ó + sin a sin b cos C, 


sin C 
and sinc = Smd. 
an A 


— 
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(3) x (5), then 

cos c. sin (A + D) = cos4Ccos y (a — ü). 
And (4) x (6), then 

sin 3c. sin à (A — B) = cos 1 C. sin 1 (a — D). 


Ex. I. 


In any right-angled triangle ABC, right angled at C, 
show that 


]. 2 cos 5 = A/9 + 9 cos a cos b. 
a c+b e — b 
9. tan? 9 = tan m tan ° 
e. 2 € a 5 et e 2 Ó 
3. sin” + sin 3 — sin 5 2 sin” Ç si 3 


4. ein (c — D) = tan? F sin (c + 5). 
5. sin (a — b) cot 3 (A- B) = sin (a + b) tan $ (A + B). 


6. tan? E + 5) = tan (A + a) cot (A -a). 
tan? (T + 2) cot (B - b) eot (B + D. 


7. In any right-angled triangle, if a, B be the ares respec- 
tively drawn perpendicular to the hypothenuse and bisecting 
it, then 

— — A — cosa + cos 5 
cota = J/cot?a + cot? b, cot B = “una rama 

8. The perpendicular drawn from the pole of any circle 

upon the great circle chord, bisects the chord. 


9. If perpendiculars be drawn from the angles of a triangle 
A BC, meeting the opposite sides in D, E, F, show that 


tan BD tan EC tan FA 8 
tan tan CD tan KA UNS 
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10. If the sides BC, CA, AB be cut by the arc of a great 
circle respectively in a, 5, c, show that 


sin Ac sin Ba sin Có = sin cB sin aC sin bA. 


11. Let P be any point on the sphere, and draw through 
P arcs of great circles to the angular points, meeting the 
sides of a triangle in D, E, F respectively, then 


sin AF sin BD sin CE = sin CD sin BF sin A E. 


12, If great circles be drawn from any point on a sphere 
to the angles of a polygon, the products of the sines of the 
alternate angles are equal. 


13. In any equilateral triangle whose side is A, 


cot? — = 2 cosa + 1, 


and tan? — = 1 2 cos A: 


bo] a t°| > 


14. 1n any equilateral triangle whose sides are quadrants, 
if a, B, y be the lengths of arcs of great circles from a point 
in the triangle to the angular points, then 

cos? a + cos? B + cos? y = 1. 

15. If 8, 2 be the declination and zenith distance of a 
heavenly body, and / the latitude, show that the cosine 
sin 6 — sin / cos 2 


cos l sin z 
16. If / be the latitude of a place on the earth's surface, ó 


the sun's declination; then if 2 ¢ be the length of a day in 
solar hours, show that 


cos 15^. = tan tan ó. 
17. If A, L be the latitudes of two stars, and A their dif- 


ference in longitude, show that their distance apart can be 
found from the formula 


of the azimuth = 


sin J, cos (l, — w) 
sin w d 
where @ is the distance, and cot w = cot /, cos A. 
18. If a, L 8 be respectfully the suns Tight SEET: 


cos O = 
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longitude, and declination; and « be the obliquity of the 
ecliptic, prove the following relations : 

tan a = cos w tan £, 

tan ô = sin a tan o, 

sin 8 = sin o sin J, 

cos l = cos a cos 6. 


CHAPTER IV. 
. SOLUTION OF SPHERICAL TRIANGLES. 


25. In general when any three elements of a spherical 
triangle are given, the other three can be determined. For 


the angles and sides are connected together by six equations 
of the form 


cos A = “98 a — cos b 008€ op cong = DÉI A + cos B cos © 
sin b sinc sin B sin C 

When the trangle is right-angled, then the solution is 
generally possible if we know two other elements; and so 
also, when the triangle is quadrantal, or has one of its sides 
a quadrant, two other elements are generally sufficient for a 
complete solution. 


I.—Right-Angled Triangles. 


96. We have: 
cos c = cos a cos 5 + sin a sin b cos C. (1). 
cos c sin A sin B = cos C + cos Á cos D....... (2) 
cos A + cos D cos C = cos a sin B. sin CO. (3) 
sin c sin A 
sin GO eee (4). 
cot a sin b = cot A sin C + cos b cos C......... (5). 


cot C sin B + cos acos B = ex Gemo, (6). 
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Let C be the right angle of the spherical triangle ABC, 
Then C = 90°, sin C = 1, cos C = 0, cot C = 0. 


Hence from (1), 
cos c = cos a cos b; 


from (2), cosc = cot A cot B; 
from (3), cos A = cos a sin B; 
and so, cos B = cos 6 sin A. 
Also from (4), l 
sina = sin c sin A; 
and so, sin Ó = sin c sin B. 
And from (5), 
sin ö = tan a cot A 
and so, sin a = tan b cot B. 
And again, from (6), : 


cos B = cot c tana; 
and so, cos A = cot c tan 0. 


We may write these results as follows : 


(1.) sin e — c) = cosa cos b = tan (z — A) tan 5 -B). 
(ii.) da ( -A)- cos & COS El -B) = tan E — c) tan b. 
(iii.) sin G B) cos b cos e -A)- tan (7-c) tan a. 
(iv.) sin æ = COS € — c) cos G - A) 
= tan b tan( 7 — B). 
cos (5 — c ) cos (z — B) 


tan a tan G — A). 


(v.) sin ò 
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We can now explain Napier's Rules. 
Leaving the right angle C out of consideration, we have 
five remaining elements. 
A Again, if we read the remaining 
elements in order round the triangle 
commencing with any one of them, 
there will always be two adjacent parts, 
and two opposite parts. 

Instead however of reading A, c, B, 
we shall read the complements of the 
angles and the complement of the hypo- 
then 


8e. 
B We shall then have what Napier 
called the circular parts, viz., a, b — A, 7 65 — B, any 
E oneof which may bethestarting point, 
3 b or what he called the middle part. 


The formulæ proved above may 
then be expressed by the following 
rules, which the student can easily 
verify for himself. 

ge Napier's Rules : 

Er G (1.) Sine of the middle part 

= product of cosines of opposite parts. 
(2.) Sine of the middle part 

= productoftangentof adjacent parts. 
It will be seen that all the possible cases of these rules are 

exemplified in the formula just proved. 


27. Independent proof of the relations in the last Article. 


5 Let ABC be a spherical 
triangle having the right 
angle at C, and let O be the 
centre of the sphere. 

: In OA take any point D; 


| C draw DE perpendicular to 
49) OC, and from E draw EF 


3-5 


E perpendicular to OB. 
B Join DF, 
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Then, because C is a right angle, and DE is perpendicular 
to OC, DE is perpendicular to EF. 

We shall now show that DFO is a right angle. 
We have 

DF” = DE? + EF? = (OD? - OE?) + (OE? OF) 

= OD? — OF? 

Hence (Euc. 1., 48), DF is perpendicular to OF. 
Hence also, 
Z DEE is the pun of the planes AOB and BOC. 


. LDFE = B. 
Now Se = OF OE, *. COS c = COS G COS ö . (1). 
OD 0h pp?“ sin b= sn e sia Bi) o 
and so, sina = sinc sin A 
ers mE *. sin d = tan 5. cot B; (3). 
and so, sinb = tan a cot À 
EF EF OF, 


DF" OF DP" cos B = tan d. cot o; | neue (4). 


and go, cos A = tan 6 cot c 
From (3), sin a sin b = tan a tan b. cot A cot B; or 
1 


= Y cot A cot B. 
cos C 
cos € = cot A cot B ..................... (5). 


Again (2) x (4), we have | 
sin a cos B = sin csin A. tan a cot e = sin À tan a cos c; or, 


sin A tan a ce _ 008 ein A: or by (1), 
sin q cos a 


cos B = cos b sin A; 
TUN ERR (6) 


cos B = 


and so, 
cos A = cos a sin B 
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Con. (i.) From (I) we learn that cos c has the same sign 
as the product of the cosines of a and b. Hence either all 
the cosines of the sides are positive, or only one is positive. 

Hence, in any right-angled spherical triangle either all the 
sides are quadrants, or all the sides are less than quadrants, 
or else one side is less than a quadrant, and the other two 
greater than quadrants. 


(iL) Ether angle and the opposite side are of the same 
affection ; that is, A and a are both less, equal to, or greater 


than 3 , and so are B and 5. 


For we have from (3), sin b tan d cot A tan G 


tan À ` 
Now sin b must be positive, and hence tan a and tan A 
must have the same sign. 


(iii.) From a point of a sphere the shortest great circle that 
can be drawn to a gwen great circle is the perpendicular. 


For we have sin a = sin c sin A. 


Hence sin a is less than sin c, unless sin A = 1, or 
A = 90°. 
Hence sin c is greater than sin a, or c greater than a, unless 


A = 90°, when c = a. In this case both a and c are per- 
pendiculars. 


(iv.) The hypothenuse is acute if the sides, a, b are of the 
same affection, or the angles A, B opposite to them are of the 
same affection, but otherwise obtuse. 


For we have cos c = cos a cos b. 


0 ° T o ° T 
Hence if ais < 4 and 6 > 5 COS c is negative andc > 2 
end 


T 


° ° * mT r ° 
Also ifa is > ; and b > —,ora < , and b < , cos c is 
e 2 9 9 


o ° T 
positive, and c < 
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And hence also, by (ii), c is < — when A, D are of the 


T 

3 
28. When in a right-angled triangle we have given an angle 

and the side opposite to it, the solution is generally ambiguous. 
Let A, « be given. 


same affection, but otherwise < 


We have 
1 = ] d A, d E a NR „ 6 6 „ 6 1 e 
sing = sin c sin À, or sine = in A ( ^ 
sinb = tana cot Aal... . TT (2). 
cos A 


MER (3). 


COS dà 


Hence c, b, B are determined from their sines, and 
generally therefore we may expect two values of each. 


(i.) If sin a be greater than sin A, then C is impossible; 
and hence, since (Art, 27) a and A are of the same affection, 
we must have a < A when both are acute, and a > A when 
both are obtuse. 

Otherwise sina < sin A, and the solution impossible. 

(ii.) Zf sin a be less than sin A, then c has two values. 

Each of these values of c however gives only one value for 
b, and only one for B, since 


cot A = cosa sin B, or sin D = 


, cos c 
cosc = cos a cos b, or cos 6 = —— ; 
cos à 
cos c 
and cos e = cot A cot B, or cot D = — 
cos A 


Hence there are in this caso two triangles which answer 
the conditions, but only two. 

(iii.) If sin a = sin A, and therefore a = A (since a and A 
are of the same affection), we have 


e . T 
sinc = l = sin „, 0 = 
Hence algo, from (2) and (3), 


UN 7 
5 > 


aà 


hel 3 
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Therefore c, b, B are each right angles. And hence, since 
C is a right angle, A is the pole of a, and the two triangles 
A BO, A BC (see below) will be symmetrically equal. 


In the case where a = A = 75 we have from (2) sin 5 
$, and from (3) sin B = g. 


Hence 5, B are indeterminate. 


29. We may illustrate the above remarks geometrically 
thus : 


We have given A, a; and the triange ABC is right 


angled at C. 
n Produce AB, AC to 
meet at A. 
^ „ Then evidently A = A. 


Hence we have two 

triangles ABC, A DO 

C answering the given con- 

ditions, for they each have 

an angle equal to A, and they have a common side a, and a 
right angle at C. 


If A and a are both right angles, then evidently B is the 
pole of AC. 


Hence (Art. 5), B= ö, but the values are indeterminate, 
There is no other ambiguous case in the solution of right- 


angled triangles, as we now proceed to show. 
30. Given a side a and an adjacent angle B. 
We have, by Napier's Rules, 
_ tan @ 


cos B = tan a cot c,... tan c = ———.. 
cos B 


Also, sina = tan ö cot B. 
.. tan b = sin a tan B. 
And cos A = cos a sin D. 


Hence b, c, A are determined without any ambiguity, and 
there is no impossible cose. 
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31. Given the two sides a, b. 
By Napier's Rules, we have 
COS C = cos a cos D, 


in a = tan} cot B; ., cot B in- g 
sin a tan b cot B,. cot B Ge? 


and sin b = tana cot A, cot A = Bin D 
tan a 


Hence there is no ambiguity in determining the values of 
c, A, B, and the triangle is always possible. 


32. Given the hypothenuse c and an angle A. 
By Napier's Rules, 


cos A tan b cot c, . tanb = tan c cos A... (1). 
Also cos e = cot A cot B, . cot B = cosc tan A. (2). 
And sin a = sin c sin K 2 (3). 


From (1) and (2) we obtain 5, B without any ambiguity, 
and their values are always possible. 

In (3) there is an apparent ambiguity in the determination 
of a. We must remember however that a and A are of the 
same affection. Hence, if A be given greater than a right 
angle, we must take the value of a which is such; and so 
when A is less than a right angle, the value of a must be 
taken less than a right angle. 

Hence there is no ambiguity, and the triangle is always 

sible. 

From (1) and (2), when A, c are both right angles, we find 
B, b are indeterminate, for we have tan b and cot B each 
taking the form oo x 0, 


33. Given the hypothenuse c and a side a. 
By Napier's Rules, we have 


sin a = sin c sin A, or sin A = ZE (1). 
sin c 
Also, cos B = tan a cot o (2). 
And cose = cos a cos b, or cos 6 = xc —M—— . 
e O 
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From (2) and (3) we obtain B, b without ambiguity ; and 
from (1) we obtain A without ambiguity, since A and o are 
of the same affection. 

in, we see that the solution is impossible if we obtain 
from (1), (2), (3) values of sin A, cos B, or cos 5 greater 
than unity. 

Hence, for a possible solution, we cannot have 

sin c < sin a, cos c > cosa, tan c < tan a. 

And hence for a possible solution we must have c between 

the limits a and 7 — a. 


94. Given the two angles A, B. 
By Napier's Rules, we have 


A= in B, . cos d = e M. 
cos cos a sin D, . cosa => (1), 
B = cos ö sin A, . cosb = 999 B. — 
cos cos b sin A, .. cos See? .(2), 
GOS! 6. = Cot A Ct fr ree oO Eo abut (3). 
Hence the values of a, b, c can be determined without 


ambiguity. 

We learn however from (1), (2), and (3) that: the solution 
1s not always possible. 

For we cannot have cos B > sin A where sin A may be 
positive or negative, and the inequality is with regard to 
inagnitude only. 


DI Let A be less than a 
BL Y ` : a 
Then since cos B cannot be > cos (5 ES A), I 
T e e 
and cannot be > cos u + A) in magnitude, 


B must lie between 2 — A and 7 + À. 


(ii.) Let A be greater than 3 
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Then e A is less than 2 and we have, as in the last case, 


B must lie between > - (z - A) and š T + (= - A). 


B must lie between A 5 T and T — 


When the side or angle required is small, or nearly equal 
to one right angle, or to two right angles, we must be careful 
as to what formula we use, and proceed conformably to the 
principles laid down in Plane Trigonometry, Art. 70. If a 
convenient formula cannot be obtained by Napier's Rules, 
we may transform the formula. 


Thus, knowing that cos c — cot A cot B, it follows easily 


that m$ |— cos (A + B), 
u "n 2 sin A sin B 
and cos = REES 
2 2 gin À sin B 


And so on. 


IL—Quadrantal Triangles. 


35. A quadrantal triangle ABC, of which c 4s the quad- 
rantal side, may be solved by Napier’s 
Rules, if we take as the circular parts 
(the quadrantal side being neglected), 


g7-^5- 5A B. O- š: 


A 


Let A BO be the polar triangle; 
then 
A= r a BA 0, C r - e= 


EA v 
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Applying Napier's Rules to the polar right-angled triangle 
A B CÇ, we have 
cos @ = cosa cos Ü = cot A cot B-, 
sin a^ = sinc’ sin A’ = tan 0’ cot B’, 
sin 6’ = sine’ sin B' = tan a’ cot A, 
cos A” = cosa sin B’ = tan b' cot c’, 
cos B’ = cosb’ sin A’ = tana’ cot c. 


Substituting the above values of A’, B', &c., in these 
equations, and arranging, we have 


sin (C- Z) — cos Á cos B 
tan (7 — a) tan (5 - b), 
cos 7. - a) cos (c — 2) 


tan (2 5) tan B, 


ein B = cos (5 5) es (C — 7) 


tan (3 a ) tan A, 


sin A 


sin (5 - a) cos (5 — 5) cos A 


tan B tan (C- 7), 


sin (7 - 5) 


cos (z — a ) cos B 


1 


tan A tan (C — 7), 


These results prove the proposition, 
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DI —Oblique-Angled Triangles. 
36. Case I. Given the three sides (a, b, c). 


We may determine the angles from any of the formule» in 
Art. 17. In certain cases the particular one chosen must 
depend upon the principles laid down in Plane Trigonometry, 
Art. 70, 


97. Case IL Given the three angles (A, B, C). 


We may determine the sides from the formule in Art. 18, 
with the precautions mentioned in last Art, 


38. Cask III. Given two sides and the included angle 
(a, C, b). 


By Napier's Analogies 
cos š (a — b) C 
tan à (A T B) = cos $ (a + 5) cot 3, 
tan (A - B) ER ( — b) cot G. 


sin 4 (a + b) 2 
Hence A, B are determined. 
Then, since sinc = sina. 2 Ç 
sin A 
As c is determined from its sine, there may be some un- 
certainty as to which of the two values obtainable we are to 
take. We may generally determine this point by remember- 
ing that the greater side of a spherical triangle is opposite to 
the greater angle. 
We may, however, determine c from formule which give 
no ambiguous values. We do this in the next article. 


39. To find c without previously finding the values of A 
and B. 


, c is also determined. 


We have 
cosc = cosa cos b + sin asin b cos C 
= cos b (cos a + sin a tan b cos C) da. 
Let tan = tanb cos WO... VN. 


Ó—IL Y 
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Then, from (1), 
eos c = cosb (cosa + sin atan 0) = £25 eos (a — 0)......(3). 


Hence c can be obtained independently by formule 
adapted to logarithmic computation, and there is no am- 
biguity. Moreover the triangle is always possible. 

We may also solve the triangle by resolving it into two 
right-angled triangles by drawing from A an arc perpen- 
dicular to BC, or BC produced. 


A. A 


2 B 
D B D c 
We have, by Napier's Rules, from the right-angled triangle 
D, 


cos C = cotb tan COD; -. tan CD = tan 0 cos C.........(1) 
Hence CD is known; and then, since BD = BC < CD...(5), 
BD is also determined. 
Again, from the right-angled triangle ADB, 
cosc = cos AD cos DB..................... (6). 
Also we have 


cos 6 = cos AD cos CD, or cos AD = Ed b, 
cos 5 


cos c = ap COB P Á—— (7). 


If we compare (4) with (2), we see that CD is nothing 
more than 0 in the previous assumption. We then have 


CD = 0, and also BD = a = 6. 
- B may be also found independently of A, as follows: 
We have sin CD = tan AD cot C (8), 
and sin BD = tan AD. cot ABD .............. (9). 


, sin CD cot C 
* sin BD c N 
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sin CD sin 0 
Z^ em tan C = 5 
Wan sin PD" sin (a @) 


Here ABD is the angle B or its supplement, according as 
BD is a — @ or 0 — a, 


40. Case IV. Given two angles and the included side 
(A, c, B). 


By Napier's Analogies 


tan C. 


d ME (K B) 4. ho 
tan 3 (a + b) SECH C, 
B _ Sin (A B) t | 
tan $ (a — b) = sin} (A 4 B) an š c. 
Hence a, b are determined. 
Then, since sin C = sin A sin x 
sin c 


C is also determined. 


As in Case III., there may be an uncertainty as to which 
of the two obtainable values of C is admissible. We may 
however generally settle the point on the principle that the 
greater angle of a triangle is opposite to the greater side. 


We may also find C from formule where there is no 
ambiguity, as in the next article. 


41. To find C without previously finding the values of 
a and b. 


We have cos C = cos A cos B + sin A sin B cos e 
= cos B ( — cos À + sin A tan B cos c)...(1). 
Let en... (2). 


Then, from (1), we have cos C = 608 0 sin (A — S). (3), 


from which C can be determined without ambiguity. 
Moreover the solution is always possible. 


We may also solve the triangle, as in the last case, by 
drawing a perpendicular from A upon BC or BC produced. 


The process corresponds exactly to that in ké, SS. 
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42, Case V. Given two 
of them (a, b, A). 


We have sin B = 
Also we have tan 3 C = 
tan 3 c = 
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sides and the angle opposite to one 


cos 3 (a — b) 
min cot š (A + B).. (2). 
cos 3 (A + B) 


F (3). 


From (1) B is determined. (We shall reserve the dis- 
cussion of the cases of ambiguity till Art. 47). 


And then from (2), (3) we determine C and c. 
43. To determine C and c independently of B. 


We have (Art. 22), 


cot a sin b = cos b cos C + sin C cot A 
_ cot À . ' 
= cos b (cos C + 508 ö in B) stax (1.) 
E cot A 9 
Put tan 4 XE (2). 
Then cot a sin b = cos b (cos C + tan ꝙ sin C) 
= COS Ó cos (C — $) 
cos $ 
.. cos (C — q) = cos $ cot a tan V (3). 


From (2) we obtain $, and then from (3), having found 


C — 4, we obtain C. 


Again, cos a = cos b cos c + sin b sin e cos A 


= cos 6 (cos c + sin c tan b cos A) (4). 
Put tan 0 = tan b cos H... . NK EEN (5). 
Then, cosa = cos b (cos c + sin c tan 0) 
uon p, AL 
cos 0 
. cos (c — 0) = eow COG H e . . . (6). 


cos b 
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From this equation we obtain c — 0, and then having 
obtained 0 from (5), we get c. 


Since from (3) the value of C — $ may be positive or 
negative, there may be an ambiguity as in the last Article. 
And the same remark applies to equation (5). 


44. Geometrical illustration of CASE V. 


Draw CA = 6, and make the c 
angle CAB = ZA. 

Also draw CB and CB' each 
equal to a. 

Then we have the two triangles 
CAB, CAB’ answering the — 
conditions. B 

Draw CD perpendicular to AB’. D 
Then evidently z 

BD = DB’, and Z BCD = Z B'CD. 


From the right-angled triangle ACD, we have 


cos 6 = cot A cot ACD, or cot ACD = — : 


or tan ACD = 2; which determines Z ACD.......... (1). 


Comparing this equation with (2) of the last Art., we find 
Z ACD = ¢. 


Again we have cos ACD = tan CD cot b, 
and | l cos BCD = tan CD cot a. 
cos BCD cot c _ tand, 


— — — mcr, 


cos ACD cot 5 tana’ 
tan 6 b 
d M" D. 
cos BCD = cos AC 


which determines Z BCD or BCD’. 
Hence the two values of C are determined. 
Again, we have 
cos A — tan AD cct b, or 
tin AD = tan b cos A, which determines ND... VV. 


Hence 
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Comparing this equation with (5) of last Art. we fini 
AD = 0. 

Also we have cos b 


and cos a 


cos CD cos AD, 
cos CD cos BD: 


H dion witch 


li 


cos BD = a cos AD, which determines 


BD or B’D. 
Hence the two values of c are determined. 


45. Case VI. Given two angles and the side opposite to one 
of them (A, B, a). 


; sin B. 
We have sin 6 = - sin d 
sin 


Also we have 


tan 4C a d eot y (A + B)......(2). 


cos 3 (a + 
and tan $ e = SE VON 3 (a + 5). . (g. 


_ From (1) we obtain 6, and then C and c from (2) and (3). 
The ambiguities are analogous to those of Case V 


46. To determine O and c independently of b. 


We have (Art. 22), 
cot A sin B = cota sinc — cosc cos B 


= 008 B — — cos c) 83 (1). 
cot à E 
Put cot 0 = — cos B eo 0 oə Y10900 68 O 6 0 b 9 % % 00088 0990. 9k P 0 0 0 990060 8 a 0001 no8080 080 5) 099 „e „ess 0 ... (2). 


Then, from (1), 
cot Asin B = cos B (cot 0 sinc — cos c) 


cos B . 
a — 0 
sin g sin (c ); 


i’. sin (c — 6) = sin 0 cot RN... . . O 
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Hence we obtain o — 6, and therefore knowing 0 from (2), 
we get c. geg 


Again cos A = cos B eos C + sin B sin C cosa 
= cos B ( cos C + tan B cosa. sin C)...(4). 
Put cob o = tan B C08 E (5). 
Then 
cos A = geg, s: cos C + cot $ sin C) = Gen sin (C - Ki 
. „din ꝙ cos A 6 
e ° sin (C dis — cos B eoo % % % „% „6 06% 80259900909 — . 


Hence, knowing ꝙ from (5), after obtaining CO — 4 from 
(6), we get C. | 

Since in (3) we obtain c — 6, and in (6) we get C — $ 
from their sines, there may be ambiguities. 


It may be shown, as in Art, 44, if a perpendicular CD be 
drawn, that d corresponds to B'D or BD, and ꝙ to Z BCD 
or B'CD. 


47. Ambiguities of Case V. 


We will first take the particular case when a = b. 

Then À = B, and there is no ambiguity as regards D. 

The formule (Art, 23) now give cot $ C = cosa tan A, 
and tan A c = tana cos A. 


Now 3 C, $ c are < > and hence their tangents are posi- 


tive. But cos a and tan A, and also tan a and cos A, have 
the same sign only when A, a are of the same affection. 


Hence the solution is impossible when A, a are not of the 
same affection. 
If A = a , then cos a = O, cos A = O, tan a = 6, 


tan A = œ. 
Hence the values of cot $ C, tan $ c assume the indeter- 
minate form 0 x œ. 
C and c are therefore indeterminate, and there exe wo 
infinite number of solutions, 
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In all other cases where A, a are of the same affection, 
cot 4 C and tan $ c will be positive. There will therefore be 
a possible solution, and only one. 


We shall now consider the more general case. 
We have sin B = sin in A. 
sin a 


When sin b sin A > sin a, there can be no possible value 
of B. 


When sin Ó sin A is not greater than sin a, there will 
generally be two values of B, which we may call B aud B. 
They are supplementary to each other. Let B be that 
which is not greater than B. Now as A may be <, =, or 


> g , it is convenient to take these three cases in turn. 
We may remark 

since tan 4 C = an 0 cot (A — B), 

sin 3 (A + B) 

sin ) (A — B) 


that C, e will be always possible, and not otherwise, when 
1 (a — b), (A - B), and therefore a — b, A - B, are of 


the same sign. 


Hence we have to see that A — D, a — b, and also 
A -B,a«- b have the same sign. 


and tan $ c = 


tan 3 (a — b), 


Let A be less than a right angle. 


1. Let b <; z 

(i.) When a < b, we must Fësch < B, or D > A. 

Now the equation sin D — ES? P (1), 
sin a 


gives us D > A, since sin « < sin b when b < - 


Hence we have both D, D' > A, and a are (wo 
solutions, 
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(ii) When a = b, we have shown, since here a, A are 


each < » that there is one solution. 


(ui) When a > b, we have A > B; 

Now ifa + b = v, or sin a = sin b, 
equation (1) above gives sin B = sin A; that is B — A, 
and B > A. 

Neither of them is possible. 


Again, if a + b > v, we have, since b < sin a < sin D. 


Hence sin B > sin A, or B > A, and therefore B > A. 

Neither of these is possible. 

Also, if a + b < m, we have, since b <> sin o sin 5; 

.. sin B < sin A, . B < A. 

Hence B or + — B is > A, being greater than a right 
angle. 


The first value only of B is therefore admissible. Hence 
there is one possible solution, 


T 
2. Let ö = 5. 


and 


(L) When a < b, we have sin B > sin A. 
Hence B, B are both > A, and there are two solutions. 


(it) When a = b, as above shown, since A, a are not now 
of the same affection, there will be no solution. 


(ii) When a > b, we have sin a c ein 8, since = 7. 
Therefore sin B > sin A, and both values of B are > A, 
which is impossible. 
There is therefore no solution. 


3. in 
Let b > 2 
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(i.) When a < 0, we must have A < B. 
If a + b = v, sin a = sin b, and therefore sin B = sin A. 
Hence, the only possible solution is B' = A. 


If a + b > c, then (Art, 23), A + B > 7, and there 
can be only one solution, 


If a + 6 < r, then (Art. 23), A + B < z, and there 
may, therefore, be two solutions. 


(ii.) When a = b, as above shown, there is no solution, 
since A, a, are not of the same affection. 


(iii.) When z > b, we have, since 6 > > 
sin a < sin b. 


Hence, sin B > sin A, 
And both B, BL are > A, which values are impossible, 
since a > b. 


Hence there is no solution. 

Collecting the above results, we have : 

I. When A is less than a right angle. 

The number of .solutions is seen from tho table: 


———— Gene 


bt b = Due 
2 2 
a+b< t, two 
a<b two two Mt T, one 
d ss A one | none nuné 
a 2 b d a+b=<r, one none none 


a+b = T, none 


= once —— < me — dÜ dë, — oe 
Ó — e — qp. es — — mas 
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And by similar reasoning we obtain the following tables 
for the cases where A is equal to, or greater than a right 
angle. 


II. When A is equal to a right angle 


a+b > T, one 
a < b none none a 

a+b Z r, none 
a=b none infinite none 


a-+b< r, one 
a >b d 5) none none 


a+b = T, none 


III. When A is greater than a right angle. 


eT a+b> T, on 
a <b none none = a di 
a ＋ = T, none 


a= D none none one | 
> 4 
ab a+b E two two two 
a+b Z m, one 


| 


The ambiguities which arise in Case VI. may Ve & 
in a similar manner, 
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Ex. IT. 

1. Show that 
cos 1 (a + Ü) cos 1 (a — D) sin O = cog 4 c sin (A + B), 
and 
sin $ (a + b) sin š (a — b) sin C = sin? 1 c sin (A — B). 

2. Prove that, when a triangle ABO is equal and similar 
to its polar triangle, 

sec? A + sect B + sec? C + R = 1, 

3. Ifa + b + c = m, show that 

Ee 


cos? — + cog? 3 + cos’ y = 2, 
sin A i 
tan a PO O 
sin B sin € 
: 2 2 


4. If C = A + B, and the side AB be bisected in D, 
then CD, AD, BD are equal to each other. 


Prove that : 

5. sin a sin b sinc sin A sin B sin C — 4 Nn (see Art. 49), 
sin À sin B sin O N 
sin a sin 5 sinc m 


6. sin? a sin? ö sin? c sin A sin B sin C = 8 73, 
sin? A sin? B sin? C sin a sin ö sin c = 8 Nš, 


A B O 

2 = — — — o 

7. sin’ s = cot > cot y cot ç 
cos" S = N tan 2 tan 2 tan £. 


8. sin?} (A- B) sin? $ c + sin’ 1 (A + B) cos! 1 e = cos? C, 
sin? $ (a — b) cos? 4 C + sin? 1 (a + b) sin? ¿ C = sin? z c. 
9. cos? (A- B) sin? 1 c + cos? 4 (A + B) cos” $ c =sin’ š C, 
cos? 4 (a — b) cos? $ C + cog 3 G x b) cod X S oed ke, 
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Solve the six following right-angled triangles, C being the 
right angle: 
10. a = 62° 45, B = 135° 21’. 
ll. a = 127° 21’ 30", b = 80° 32’ 27”. 
12, e = 132? 15 17”, B = 63° 51’ 24". 
13. c = 56° 21’ 85", b = 140° 11' 38”. 
14. A = 41°31’ 48”, B = 118° 56’ 10”. 
15. A = 156° 20’ 30%, a = 65° 15’ 45”. 


16. A ship sails from the Cape of Good Hope in lat. 
33° 56’ S., lon. 18° 23’ E., and crosses the Equator in lon. 
28° 18’ W. What is the least distance which she can have 
run in geographical miles! 

17. The elevation of the North Pole is 45°, and 1 observe 
& bright star on the horizon at an angular distance of 45? 
from the north part of the horizon. What is its angular 
distance from the North Pole ? 


18. Given ó the sun's declination, and a his altitude when 
due E, what is the latitude of the place of observation! 


Solve the following triangles :— 

19. a = 35° 21! 40”, 5 = 126° 25' 32", c = 29" 24! 26", 
20. A «118? 6’ 12" B = 56° 29' 14", C- 87˙ 15’ 18”. 
21. a = 19° 54' 24", 5 = 56° 29! 16", C = 85° 31! 20”, 
22. A = 89 56, B = 61 28, = 45° 29. 

23. a = 48” 10' 18", 5 = 64" 15! 20", A = 56° 29! 10". 
24, A = 84? 15/17“, B = 29 13' 11", a=59 16' 18”, 
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CHAPTER V. 
INSCRIBED, CIRCUMSCRIBED, AND ESCRIBED CIRCLES. 
Inscribed Circle. 


48. To find the radius of the small circle inscribed in a 
given spherical triangle. 
Let ABC be the spherical 


A : 
triangle. 
Bisect the angles A, B, by arcs 
meeting in the point P. From P 
draw the arcs PD, PE, PF per- 
+ E  pendicular to the sides. Then it 
is easily seen that 
PD - PE - PF, 
and that P is the pole of the small 
S circle DEF. 
c — Also AE = AF, CD = CE, 
i BD - BF. 
Hence AE + CD + BF = A (a + 5 + c) = 
or AE + CD + BD =s,..AE=s- BC = s - a. 


Now, from the right-angled triangle APE, we have 


tan PE = sin AE. tan PAE = sin (s — a) tan Ai 


or tanr = sin (s — a) tan : T — — (1). 
Hence, by Art. 20, 
tan r = sin (s — a). NIRE i TE 


sin s sin (s — a) 


or tan r = . 1 (2). 
su 8 


We may express the radius im terms of the angles thus : 
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CIRCUMSCRIBED CIRCLE. 


Du 
| vod 7 = 0vd 7 P 
god Z = ddd 7 “Vdd 7 = dvd 7 os e4eq A 


Ut səprs esoq, 99981 ose OW “Oq səpıs om uodu 4 mot —— 
Aal UMBIP gou d jo soie oq yey} umoys Á[rs89 oq Ávur 3t uəuj 
‘paro pequosurnoaro oy} JO ejod om eq q 90 
bum usmb v mo? 
PIQULISUNILI 99 oue yorya 979.119 ¿pus NN fo spot o puf or 67 
'O[01II) peqriosSurnoilro 


| 800 S09 800 8 
(g) J 444. O Š soo ¢ af: s00 y $ 


(O — 8) 800 (q — 8) 800 (y — g) so9 S 50 MMW 
tuomoupə:r pus uornjnsqus Áq “(05 %rv) sous 


viso . 
DUS yug Pus B 
T + g) Ẹ soo — v £ soo v $us (o q) Š soo} = 


tutəroəuo, s, ss n) Aq “lo 


e 


LEM fo qua e Fu (o + 9) Eso — v Ẹ oo V f u (o + c) f un) = 


“Surpuedxo 10 y (fue [p f — (o + 9)flus = y $ uw (v — s) UIs = 4 ue) 
uwe SATU OAL 
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Hence it follows that Z PCB = S — A. 
We have from the right-angled triangle PCD, 
cos PCD - tan CD cot PC. 


tan CD 
tan PC = PCD’ or 
tan A a 
ma 6664 1 
* cos (S — A) () 
Hence (Art. 21), by substitution and reduction, 


. (2) 
cos (S — A) cos (S B) cos (S — CO) oe 
Again, proceeding as in the last Art., we get 
A/sin s sin (s — a) sin (s SS D sin (s m "x ). 


Cor. 1. Multiplying this last result by (2) of the last Art., 
we have 


tan R = 
tan R = 


— P 2 sin $ a sin $ b sin $c 
sin 8 


2 sin $ z sin 3 ö sin $ c 
sin} (a + ö + c) 


Con. 2. It is convenient to represent the expressions 
A/sin s sin (g — a) sin (s — 5) sin (s — c), 


and / cos S cos (S — RRV ; 


respectively by n and N. 


Then, an „ OOO N Oo 
sin s 2 cos 3 A cos B cos 1 O 
and tan R 9988 _ 2sin$ asin 1 0 sin dc 
N n ` 


Escribed Circles. 


50. To find the radius of the small circle which touches one 
side of a spherical triangle amd, the other sides produced. 
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ESCRIDED CIRCLES, 


— —— 25,020) Uf TTT 
e) u ~ (q — 8) us (p — s) uss uis dioc. La 
pt tasu Xu Ce ç 
(c) EN" ~ (o — s) urs (p — s) GH SE oS 


e 


5 


(p — s) urs š 
~ (9 — s) us EXE IIS i 


*uornujnsqus Aq ‘sou 


(q — s) urs = (9 — 's) uis 
(o — s) urs = (q — ai urs 


sus = (v — "ei urs os puy y 


(v — s) urs = “° urs. (0— xz + q — z + ) £ = ng 


8 
— Nos, 
( — ufs (q — 's) uts (0 — a Ch dx 


SABY O Jo septs eq 9 “q “p esoddus om Jt uəun "n opts eq 
SUIYINO) ott PIQLIOSI oy} jo snipes oy} quəsəidər "4 407 
‘CO ott eq jo opono paquosut eqs st *peonpo1d 
OVA pus ‘Og Surqonojo[or peus oq? jo snrper om MON E 
9 — x “q — z ‘Dore səpts om puy | 
dy — z “q - = x 
0} enbo ore (OH [SUBI 979 Jo sojsue oq? Z|quəopta9 uer, 


K "mt “A ut 700 01 poonpoad eq $S9PIS SI 3e[ pus Totem em? 94 DAY PI 
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And similarly we express these radii in terms of the 
angles in the following form : | 


tan r, = cos $ Beos On = N ___ (4). 


cos + A 2s £ À sin 1 B sin 1 C 


Con. If R,, R,, R, represent respectively the small circles 
described about the triangles BCD, CAE, ABF, then we 
have similarly 

tank a| cos (S — A) 

lun oes 3 ee s 

Tor N => 
8 sin à æ 1 

sin 3 ö sin $c sin A 
2 sin 3 a cos $ b cos $c 

n 
And similar expressions for tan R, tan R. 


The four triangles, ABC and the three formed by pro- 
ducing the sides to meet in D, E, F, are called associated 
triangles, the triangle ABC being the fundamental triangle. 


Ex. III. 


Prove the following relations : 

tan r tan r, tan 7, tan r, = . 

cot R cot R, cot R, cot R, = Nš, 

cot r tan r, tan r, tan r, = sin? s, 

tan r tan r, tan r, cot 7, = sin? (g — a). 

. cot R cot R, cot R, tan R, = cos? (S — A). 

. tan R cot R, cot R, cot R, = cos? S. 

, cot R cot R, + cot R, cot R, = sin B sin C. 

tan r tan >, + tan 7, tan r, = sin Ó . sin c. 
9. The sum of the products of the tangents of the radii of 

the circles inscribed in the associated triangles, when taken 

two and two together, is equal to the sum of the products of 

the sines of the sides of the fundamental triangle when taken 

two together. 


00 -3 O» SU i» 9 bo — 
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10. A similar property belongs to the radii of the circum- 
scribed circles of the associated triangles. 

11. In any spherical triangle, if the vertical angle and the 
difference between the base and the other two sides be given, 
the radius of the inscribed circle will be constant, and the 
centre a fixed point. 

12. Prove also the corresponding theorem for the circum- 
scribing circle, 


CHAPTER VI. 
AREA OF A SPHERICAL TRIANGLE. SPHERICAL EXCESS. 


51. To find the area of a lune. 


Der. The portion of the surface of a sphere which is 
included between two great semicircles is called a Lune, 

Let the lunes ACBD, ADBE, AEBF, have each tho 
same angle A. 

Then, since each may by super- 
position be made to exactly coincide 
with another, they are equal to each 
other, 

Hence it easily follows that any 
lune, whatever the area of ACBD, 
will bear to the area of any lune 
ACBF, the ratio of the angle A to 
the angle. CAB. 

Instead'of the lune ACBF let us tako tho whole sphere 
whose angle is 2 7. 


Then area of lune whose angle is A A 
. _ area of sphere 2 
If r bo the radius of the sphere, then— 
| Surface of a sphere = 4 m.. "mo 
Hence, Área of lune = Lo 4 2 A7. 
a T 


(The student will remember that A here i3 the circular 
measure of the angle.) 
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52. Area of spherical triangle. | 


Let ABC be the spherical triangle; produce the arcs form- 

ing the sides to meet again two 

and two. This will be the case 

when each has become a semicircle. 

Nov in the triangles AFB and 
DCE we have 


ZAFB = ZDCE. 
Also DC = AD AC 
- CAF - AC = AF, 
and EC = BE - BC 
= CBF - BC - BF. 
Hence the triangles AFB and DCE are equal. 
Let = represent the area of the A ABC, then 


Y = ABGDEH - (BGDC + AHEC + DCE) 


= hemisphere — (lune AGD - A ABO) - (lune 
BAE - A ABC) — A AFB; 


And A AFB = lune CAFB - AABC. Hence 
Z = 2 qrr — (2 Ar — 2)- (2 Br — 2) - (2€? - 2) 
= 27 (r - A- B - O) + 32. 


.. 2 = (A + B + C- lr where A, B, C represent 
the circular measures of the angles of the triangle. 


If A, B, C represent the numbers of degrees, we have 
S À + B + C - 180 
i 180 
Der. The excess of the sum of the angles of a triangle 
above two right angles is called the spherical excess. 
Hence, if E be the number of degrees in the spherical ex- 
cess, we have 
A + B + C= 180 = E, 


And o Eo 
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Cor. Since a spherical polygon may be divided into as 
many triangles as the polygon has sides, by drawing arcs of 
great circles from a point within it to the angles, we have, if 
n be the number of sides, 


Area of polygon 
= area of n triangles 
= (sum of angles of the triangles — n. 180°) — 787 
T) 

= (sum of angles of the polygon — x — 2. 1800 1805 

53. Cagnoli's Theorem. To show that 
sin 1 E = y sin 8 sin (s = a) sin (s — b) (s — c) 
2 cos 4 a cos 16 cos 1 c 

We have, sin A E 
= Sin 1 (À + B + C — 7) = — cos 1 (A + D + C) 
= — {cos} (A + B) cos} O sin 3 (A + B) sin í C] 
= sin (A + B) sin Y C — cos 4 (A + B) cos y C. 
Or, by Gauss's Theorem, 


= 0084 (a = O os Osin 30 pad 9 5 Dein C cos 3 C. 
cos ic cos 


= ein k 4 sinibus C; or, by Art. 20, 
cos +c 
sin 1 E 
in ya sin 15 
cos 10 EY 


sin e sin (s—a) sin (s-b) sin (s —c). 


in 8 sin (s—a) sin (s — b) sin Ge 
2 cos 1 G cos Y b cos Xx c 
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54. Lihuillier’s Theorem. To show that 

tan 1 E = ytan ys tan 1 (s — a) tan 4 (s — b) tan z (s — c). 
tan 4 E 

_ 2sn T (A x BTC -r) . cos $ (A c B-C 7). 

2 cos 4 (A+ BT O- r. cos (AT B- Ce 3)" 

or, 

_ sin y (A + B) - sin 3 (z — C) _ sin} y (A+B) — cos } C 
ERC DESEN CH C) 7 cos 4 (A+ B) an 3 C 
Or, by Gauss’s Theorem, after reduction, . 
tan + E 

cos Y (a—b)-cosjc cosy C 

cos }(a+6)+costc sin} C 


sin 4 (ea) sin} (a t=) 


cos 1 (a + b + c) cos (a + b — c) 


_ sin y (s- a)sin y (s- 0) Wa sin s sin (s — c) 


cos y 8 cos 1 (s — c) in (s — a) sin (s — ¿y 


tan Ts tan (s- a) tan 2 (6-5) tani (s — c). 


— 
roo. 


cot 1 C, 


Other formule, involving the spherical excess, follow in 
the exercises upon this chapter. 


Ex. IV. 


Prove the following relations : 


1. cot1g- t Ad cot $b + cos C 
S sin C 


2. cos} E = 1 + cos a + cos b + cos c 
4 cos Š a cos 4 b cos $c 


3. sin} E = sin 4 asin 1 b sec 1 c sin C. 


4. sind Ë = sin keem $ (s — a) sin 4 (s — b) sin 3 (s — c) 


| 


— MÀ  — — —— — — - — — ——— 
— — 


cos y a cos & b eo S e x 
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cos 4 s cos 4 (s — a) cos 1 (s — b) cos 4 (s — d 

A cos 4 a cos 4 b cos 1 c. 

6. tan 1 E tan 1 E, tan 1 E, tan 1 E, = tan? 4 s, where 
E, E, E, E, are respectively the spherical excesses of the 
associated triangles. 

7. cot 1 E cot 4 E, cot 1 E, tan 1 E, = cot? 2 (s — a). 

8. If E, E,, E,, E, be the spherical excesses of the polar 
triangle of the associated tr iangles, then 

cot? 4 E = cot 4 E, cot 1 E, cot 1 E, tan 1 E, 
cot ] E, = cot 1 E cot 1 E, cot 1 E, tan 1 E.. 


«e. = de. 
9. tan 4 E tan 1 E = tan 4 E, tan 4 E, = tan 1 E, tau E, 
= tan} E, tan 1 E. 
10.. cot 3 E 


_ cotr, + cot >, + cot 1. — oe 
E wan r tan Ta tan 7, tan 2. 


tan 7. + tan >, + tan +>, — tanc 


11. Prove similar formule for E,, E,, E.. 


12. If E be the excess of the triangle each of whose angles 
is 120°, and E that of the polar triangle, then 


tan 4 E: tan 3 E :: 27 4+8,/6: 5. 


CHAPTER VII. 


POLYHEDRONS. 


55. By a Polyhedron is meant a solid bounded by plane 
rectilineal figures ; and it is called regular when the bound- 
ing surfaces are similar and equal. We have space for only 
a few of the more elementary propositions. 


56. In any polyhedron, if E be the number of faces, S the 
number of solid angles, E the number d edges, then 


S+F= 8 42 
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Take any point within the polyhedron, and draw to this 
point lines from each of the solid angles. Describe a sphere 
with this point as centre, and let its surface be cut by these 
lines. Draw arcs of great circles connecting the points 
where the lines meet the surface. 


Then the surface of the sphere will be .divided into as 
many spherical polygons as there are faces in the solid. 


Now, Art, 52, Cor., 
Area of one of these polygons 


= (sum of the angles of the polygon — n — 2. 180% 22 180^ 
Hence, total area of all the polygons 


1 
= {sum of angles of all the polygons — (2 E — 2 F) 180°} 180°" 
= (8.3600 - (2 E — 2 F) 180°} 77. 180 = 2(8 - E + P) ar. 


But the tota] area of all the i 
= surface of the sphere = 4 m”. 


Hence 2(8 - E+ Err = 4 rr", 
or S— ETF Z 
.. STF = E 2 


Con. If m be the number of sides in each face, and » the 
number of plane angles in every solid angle, then in any 
regular polyhedron 

2 E = mF = 8. 


57. The sum of all the plane angles which form the solid 
angles of any polyhedron = (S - 2) 360°. 
Now, Sum of all the plane angles 
= sum of all the interior angles of the faces...... (1). 
Now, if m be the number of sides in any one face, then 
(Euc. I., 32) Sum of the interior anges of that face 
= (m — 2) 180°, 
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| And the whole mumiber of sides in the faces is 2 E, 


Hence, Total sum of the interior angles of all ihe faces 
= (2 E — 2 F) 180. 


Hence from (1), 


Sum of all the plane angles = (2 E — 2 F) 180° 
= (E - F) 360°, or (Art. 56), 


= (8 -= 2) 360°. 
58. In any regular polyhedron, 
2 Mo pa _ _ ¿ma — 
2 (m + n) — mn’ 2 (m +n) = mn’ 
4n 


2 (n + n) — mn’ 
We have (Art. 56), S + F = E + 2, 
and 2E = mF = 28, 


The above values of S, E, F at once follow from these 
equations, 


59. There are only five regular polyhedrons. 


The expressions for S, E, F just found must always be 
positive integers. 
1 1 1 


Es (m + n): nien D. Op p os 
n 


Now n, the number of plane angles in a solid angle, cannot 
be less than 3. 


Led 


1.1 1 1 
H — — "P — — ə 
Hence 2>3 — 3. ort 


And hence neither m nor n can be less than 3 or greater 
than 6. 


And on trial the only admissible values of m wx w we 
3,4, 5 
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If we substitute these values in the above values of 
S, E, F, we find the only pairs of values are as follows: 


Name of regular Polyhedron. 


Tetrahedron or Regular Pyrumid. 
Hexahedron or Cube. 
Octahedron. 

Dodecahedron. 


Icosahedron. 


Cor. Since it is not necessary for the relations 
2 E = mF = nS, 
and 8 + F = E + 2, 


that the faces should be equilateral and equiangular, and all 
equal, it, follows that we may conclude the following more 
general] proposition. 

There can only be five solid bodies each of which has all its 
Jaces of the same number of sides, and all its solid angles 
Jormed of the same number of plane angles. 


60. To find the inclination of two contiguous faces of a 
regular polyhedron. 


Lot AD be the common edge of wwo ina; V, By, Sos 
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centres of the faces. Bisect AB in D, and join DC, DE. 
Then evidently CD, CE are perpendicular to AB, 


. Z CDE = I, the inclination of the faces. 


Draw CO, EO at right angles to CD, DE respectively, and 
both in the plane CDE. Join OA, OB, OD. 


Let a sphere be described with O as centre, so as to meet 
OA, OC, OD in a, c, d respectively, and form the spherical 
triangle acd. 


Now AB is perpendicular to CD, CE, Wi it is therefore 
perpendicular to the plane CDE. Hence the plane AOB in 
which AB lies is also perpendicular to the plane CDE or 
the plane COE. 


But ad lies in the plane AOD, and cd lies in the plane 
COE. 

Hence, the angle adc of thespherical triangle acd is à right 
angle. 

Now, if m be the number of sides in each face of the poly- 


hedron, and n the number of plane angles forming each solid 
angle, 


Zug Z KOD =p ACR = p.99 599 


9 
Ul ni 


And Z cad = y one of the equal angles formed upon the 
sphere round the point a. 
360° _ 180° 


— — di 


n 7* 


By Napier's Rules, we have from the right-angled triangle 
acd 
cos cad = cos cd sin acd. 


180? : 
` eos —-— = eos cd sin 
"n 


But cd = Z DOC = 4 EOC = 2 (180° — CDE) = W — 


. cos cd. = sin} i. 
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Hence, from (1), 
coos 180° = sin Af sin 180 
180? 
— 
sin 21 180? 
sin 
m 
Cor. The following results are easily obtained : 
(1.) For the Tetrahedron, sin 11 = sch coe I = 1. 
(2.) Hexahedron or Cube, sin 11 = 725 


cos I = 1, or I = 90°. 
(3) Octahedron, sin 1 I = y3, — cos I = - 1, 


(4.) Dodecahedron, sin 4 I = TF ; 
— eos I = E fd. 
; _ A5 +1, 

(5.) ITcosaÀhedron, sin 4 1 = EN EL 
— cos I = E Jo. 


61. To find the radii of the spheres inscribed in and 
described about a regular polyhedron. 


_ Jn the last diagram, since OC, OE are at right angles to 
the planes ABC, ABE, they are equal to each other. 


Hence O is the centre of the inscribed and circumseribed 
spheres. 


Let AB = a, OA = R, OC = r. 


From the right-angled triangle acd, we have, by Napier's 


Jules, 


cos ac = cot acd cot cad. 
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OC T 
But cos ac = cos AOC = DA = ch 
Hence (Art. 60), 7, = cot a cot 480. T — (1). 
Again, 

OC = CD tan CDO; or r = CD tan 7, 
ind CD = AD cot ACD = 2 cot 180 ES. 
Hence r = cob 180" tan D 
2 m 2 


And therefore from (1), 


180° I 
R = z tan — tan 2 


62. To find the surface and volume of a regular polyhedron. 


Now as m is the number of sides in each face, we have: 


Area of each face = SS cot 180 ; 
a? 
Hence, whole surface = M o ot E. 


Again, Volume of each pyramid, having O for vertex and a 
face for base, 


3 corresponding prism 


l 
es = 
3 
>| 
9 
© 
© 
er 


Hence whole volume 


366 SPHERICAL TRIGONOMETRY. 


Ex. V. 


1. Show how to fit together a number of equal regular 
tetrahedrons, and equal regular octahedrons to form a solid 
mass, without interstices or gaps. 


2. A pyramid stands on a square base, and its altitude is 
half the side of the base. What are the dihedral angles at 
the vertex ? l 


3. Similar polyhedrons are to one another in the triplicate 
ratio of their homologous edges, and their convex surfaces 
are in the duplicate ratio of their edges. 


4. Show by a plane construction how to find the angle 
contained by any two of the planes AOB, BOC, COA, which 
form a solid angle at O. 


5. When two solid angles are contained each by three 
plane angles which are respectively equal, the dihedral angles 
of the one will be equal to the dihedral angles of the other, 
each to each. 


6. In a given dodecahedron inscribe a cube. 


7. If R, r be the radii of the circumscribed and inscribed 
spheres, show that : 


(1.) For the tetrahedron, R = 37. 
(2.) For the cube or octahedron, R = 4/3 . r. 
8, In the regular icosahedron, the distance of the regular 
pentagon, which passes through five of the solid angles, from 


the centre is one-half the radius of the sphere circumscribing 
the pentagon. 


9. In a pyramid on a square base each edge meeting the 
vertex is twice the length of the base. Find the inclination 
of two contiguous faces, 


10. If a, B, y be the angles which a line passing through 
an angle makes with each of the edges of a cube, then 


cos d + cos B + cof y = VX. ` 
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11. If A, B, C, D, be four points in a plane, and A,, B, 
C, D, their projections on any other plane, then the volumes 
of ABCD, and À B,C D are equal to each other. 


12. If a, b, c be three edges of a tetrahedron, and d, e, f 
the three opposite edges, then, if I be the angle between a 
and d, 


_ ( + e) — ( ) 
cos I = . 
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ALGEBRA. 
1.—Pace 13. 

e 165. 2. ei be + a = 0. 
. (z +y)? — p(z + y) + q = 0. 4 4. 
. a (ac' — a'c) + b (a'b — ab!) (ac! — a'c) + c (a'b —ab!y2 = 0. 
m + x + p = 0. 
. & — (p N= 4% z + pp! — 4q = 0. 
. (392 + 4 + 5)(2x + 3y - 2). 

97. 9. 1. 9. 3, 5. 

js. 5. 156. 8, 6. s = 160. 
, 63 tons 8. mp: 20 1. 

mc 1 c nM 
lc zx. s mom 


7:231 ; 937717. 

III.—Pacz 26. 
š Le ës 
2 yr "NU 
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9 : 
=> if no person is to have the same neighbours twice. 


7. 12. 87. 12. m". 16. 10. 
17 3100 
|12 [88 
IV. —PAdk 31. 
1. 38, 288. 2. 171. 3. — 18. 
4. 150. 5. 502 6. 13a. 
7. 102. 8. 844. 9. 5,8, 11 
10. 2291. 11. 2. 
13. a EU- AUD = P-Q 
p — 9 EES 
20. (3% — 7. 91. 3, 5, 7. 92. 1, 2, 3, 4. 


23. An A. P. where p, q, r are the P^, Q^, T^ terms 
respectively. The common differences are the reciprocals of 
each other. 


24. 9 or — 102. 
V.— PAGE 36. 
1. 96. 2. Ze 3. 605. 4. 2140) — 1] 
5 3Í1-(- Al 61- » 7. 2. 
8. 3. 9. 55. 10. 73. 1 5 


a^ (a — b) (a + bF 2 
12. LIT 18. ni” 14. 1 (1175 4/5). 


15. 21. 10. 255. 17. X( J + VY. 
24 


Ó—II, 
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8 PEN 513 o 4,3 
18. 18 19. a= 341° 0 G O 
28,8 8° — 8, 

3. a= 2572 72 A ; 2 (2ra 1). 
23. a Ti D D 95. 2( )+ 1» (n + 1) 
VI.—Pacrx 41. 

L en TU 167) &c. 2. $1, $3: i &c. 


9. — 6, O, 6, 3 and 1, $, 3, 2. 


4, 


. The common difference of the A. P. is Q-P 


| PQ (p - 9) 
2ac — bc — ab 


' 9b-a-c 
Š 123 (4 — / T), +4, I5 (4 + * 7). 


VIL—Pace 63. 


. 126 4˙5 126 ab, 8. 252 (15 9. — 20 a80*. 


3 


9 1:3. 8... . (2n - 1) i pen 
[n ° „ 30 . 


35. 44, 33 45, 35. 4. 3. 4305. 


1 1. 6. 11... . q (57 4) 
311 |" 


(Sa). 


1 E 
Qt län 21. 15. a + 0D, 


. lst term. 22. Ist term. 


VIII. PAdk 72. 


L 17 + 5232 + 48 5 + ke. 
2. 
3 


l + æ- 2 — 5% — Cc. 
] + 2 yc — @ + de, 
5a + 5% + Ma + Ke, D XW x NN ua x Ah 
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3 2 1 1 
7. 2423 5 8 del 6 213] 
1 1 1 
9. 26 TI) + 2 * 2 (z + 3) 
1 1 2 a 
WED a IT 22 
1 9 1 
11 3 — 1 — 1 a 
m — 2 
igo l — z + 22 
cd 1 
CECR * 636-360 
1 
a 
(c — a) (c — 0) (a + c) 
a b 
"Gi . n goes 
A c 
(c — a) (6 — e) (e + cy 
13 a E 


l (a — b) (a — o) (z + a) i (b — c) (b — a) (u + b) 


€-436-96í9 


Ze —— 
i zZ-3 ＋ 3 T7 


a? — ma + 2 a * mb +n 
(a = b) (a c (z (b — a) (b — c) (e + 0) 


c—-me+n 


Y (c — a) (c — b) (z + c) 
X.—Paacr 90. 


. 16 2. 111. $. WWA 
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4. — 84600. 5. 12 afaa; + 6 aja +12 aaa, + 0. 
6. 13. 7. 420. 8. 10. 
9. 810. 10. 6aZa + 24 a,a,a,0, + Laa, 
16.15.14.13 
11. 0. 12. SECH 


13. 1 + m 22% — 22° — Ya 


14.14 2% + 1 — 42 . 


XI.—PaceE 99. 


1. £350 (1-035) . 2. 1 102 2 
log 1:05 
150-76 
. £12 ENEE, v 
3. £1250 1(1:04) 1] > 
5. 6 months. . n= 1089. 
i "decl 
7. 61. 8. See Ex. 2, page 99. 
9. n = 20. €. reckoning 5 per cent, per annum. 
o 
10. 96 (1:06). HE 
(106 M 


log o — log (a — br) 
1 . _ 5 - V 
š log (I + 5”) ` 


XII.—PacEÉ 111. 


5. See Art. 72. 


* amm 
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XIII.—Pacx 121. 


1 1 1 1 
Tus ; . 4 
ER * 
1 1 1 1 1 1 1 
4 A as E OP NR 
di ＋ 344 ELE wae ras E 
1 1 1 1 1 
did rcx . 
1 1 1 1 1 
CT 
1 1 1 1 1 1 1 1 
2 „ 3 
um l+ 14 2+... "41. l+ 24 1+ 
121.1 1 1 1 1 
l+ 12+ l+ 1+ l+ 2+ | 
942 1 1 1] I 1 1 1 1 
3+ l+ l+ 34+.,..4+ 14 1+ 3+ 14 
1 1 1 1 1 1 1 1 1 1 
l+ 27 54+ 27 14 27572717 24 
1 1 1 1 
dul US 74:1 mena, 
1 1 1 1 1 
ENEE rmm 
1 
9g t ] 
š (a+ = -) 13 A20 
9 + A15 
7 
. 2, 3, Z, 12, «e ; 1, 2, 13, 11; 2, 3, 4, We 
. No 
XV. Pace 146. 
l + 5 l 1+ 2 
> 2. 
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l-4z-«Ta« "1-62 + 322 
9-22 6 6-2x+x 
ee I- T 
8 3 — 42 8 6- 3 
nae (1 -2x)(1 +52) =e  (I+72)(1—22)' 

_ 1 2 
ada (IT (IT 22) (1 - 32) 

8 1-42 

02-30-3077 
_ 2- $z 5432 
ee eee eee 

337 5 + 3&7 
13. xm ccr Sp 

` _ 4 + 5x% + 2? 

M. 2= NN 
15. 1 3 + 3a? — a. mil si Ba 
| (1 — x) 
19. 15 (n + 1) (n+ 2) (n + 3) + n (n + 1) (n + 2) + $n (n + 1). 
20. 1Í(z+n)(z+n+1])(+n+2)(z+n+3)-z(z+1)(z+2)(z+3) J 
23 1 1 
"d {150 = 2) (n + 4) (n + 8) (n+ at: 
3n + 5 | 7b 2 

Boo RM ds eg * 2). 
ud dui cuu 5) G + 3) 23. 3 @ + 2) 

1 1 1 
Alaro rr rro 
25. 36 ni — 1). 26. * (227 — 1). 
1 
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4 3 1 

. l — se 

28 dree |n + 1 29. „ 
XVI. PAdE 156. 

1. 3010, 1443. 2. 744. 3. 2672 

4. 9. 5. 12. 6. 7. 

7. 1177. 8. e41. 9. e25:33 
10. 15. 11. 222, 19. 22. 


16. 3”, 1 in one scale, and 3$, 35, 3* in the other. 
19. pi = 4 0 Po 


XVII.—PaceE 171. 


16. (i.) one; (ii.) equal to G. C. M.; (iii.) may be reduced to 
(i.) and (ii.). 


MISCELLANEOUS ExAU LES. — PAE 179. 


3. 4 (9 + 833). 6. Transpose, cube, &c. 
7. 4,9. 10. According as it is beyond or between 3 and 1; 
2 J2 - 3, 
19. (1 + a) (1 + a).... (1 + a). 
x | 
26. — ma + w 1 DE) 


(= ah ( e -a) x-a 


81. 12789:8 sq. met, Mita 


36. 301:9. 37. =. 
Ba, 
43. 2 2 where Bl, Ba, &c., have the following relaticn : 


rB, + ta, e sË EEN B B 0 


370 | ANSWERS. 


44. £3600. 
45. z = y + iPr if + de Af + de. 
1 
. Z = = 6, „3 
nns LD 
PLANE TRIGONOMETRY. 
I.— Pace 200. 
8. sin 71 N l in 22˙ 2 V2 
4/2 2 
sin 374 = M 243 - 4321 J331 
4/2 


12. 008 — = -a= cos? 2 — f. 


II.—Pacxr 218. 
1. :01745, 015705, 000291, 00000485. 
2. 27° 15; 10° 15! 3. 78:54. 


9. 20-nr«(- 1) 4. 10. 6 = 2 ur + yO = dam. 


12. (m + n) 0 = (4r + 1) 7 


13. 0 (ën + 1) 35 or (4n + 1) 5. 


14. 50 = nr y 20. 
15. tan 1 (nr + 0) hos different values according as z is 
even or odd. 
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III.— PACE 232. 
1. Put b = a tan? 0, then a + b = a sec? 0, &c. 
0.502 2n7 + 20. 


IV.—Pace 244. 
1. tang Ain asin (8 — y) — sin ysin (a — P) 
d a cos a sin (f — y) — b eos y sin (a — BY 
2. 1 (a + 1 cot 0). 


3. Sce Ex. 3, page 243. 4. Cob a, — cob Ry y, 
| cota, — cot 51 


D. (oem + ab | $. 


(t — 


6. 12 
sin y 


8. * = a — 2 ab. 


9. ^? sin D + cos a sina + cosa 


%% 1 ` sin (Bo) 


11. z is found from the equation 
a a 
— —_— = t 0 — . 
EE cot $ (co cot di 


19. 8 


cosec? a + cosec? D — 2 cosec a cosec B cos y 


J sin? a + sin? 8 — 2 sin a sin Ü cos y. 


V.—Pacr 275. 


2 mr - . 2mr 
L cos M . sin „ 


9 2 
2. cos CE E a Exc]. au pu where m 


may have any value from 0 to n — 1. 


Tt T 2 T €) 
eg i | 1 e 4 d — Š ` a R 
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10. 
11. 
12. 
13. 
14. 
15. 


17. 
19. 


SL 
22. 
23. 
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SPHERICAL TRIGONOMETRY. 


IT.—Pace 350. 
A = 71° 47 45», b = 138 42 35’, e = 110° 7' 23". 
A = 136 58 51”, B = 82 27 22“, c = 95° 43’ 24". 
a = 158 10 3”, b = 4138 22, A = 108° 16' 32”. 
A = 123° 40'40”, B = 50 15 41”, a = 136° 8 50”. 
a = 31°11' 47’, b = 136 51' 56", e = 128° 3T 32”, 


Impossible. 16. 41° 20’ 44”. 

60. EE O 
sin a 

Impossible. 20. a = 122° 16 6". 


A = 25° 39 37", D = 79°28 39". 
a = 64 46 27", b = 52 37 57". 
sinb.sinA > sina. 24 b = 24 56 40". 


